
Chapter 3

Quadratic Equations

A polynomial equation has a polynomial on one side and a constant on the

other. For example, the linear equations 2x+3 = 5 and 5x−8 = 0 are each

polynomial equations. The equations 2x2+7x+6 = 0 and x3−x2+5x+7 =
0 are also polynomial equations. The degree of a polynomial equation that

contains only one unknown is equal to the greatest exponent that occurs on

the unknown. Table (3.1) shows some polynomial equations and their degree.

Equation Degree Common Name

3x+7 = 0 1 linear

5x2 +3x−17 = 0 2 quadratic

5x3 +3x2−8x+1 = 0 3 cubic

x4 +4x3−9x2 + x−7 = 0 4 quartic

7x5−3x4 +7x3−2x2−5x+17 = 0 5 quintic

TABLE 3.1. Polynomial equations in one unknown

Our study in this chapter is limited to quadratic equations in one un-

known.

Definition 3.1 (Quadratic equation)

A quadratic equation in one unknown is any equation that can be written in

the form

ax2 +bx+ c = 0,

where a,b and c are any numbers and a 6= 0. �

There are several methods of solving a quadratic equation. All methods

are based on the following fact.
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Theorem 3.1

Let a and b represent any numbers. If ab = 0 then a = 0 or b = 0. �

3.1. Solve by factorization

Several examples illustrate using Theorem (3.1) to solve quadratic equations

by factoring.

Example 3.1

Solve x2 +5x+6 = 0.

Solution.

x2 +5x+6 = 0

(x+2)(x+3) = 0.

Using Theorem (3.1),

x+2 = 0 or x+3 = 0.

∴ x =−2 or x =−3.

Example 3.2

Solve x2 +2x−15 = 0.

Solution.

x2 +2x−15 = 0

(x−3)(x+5) = 0.

Using Theorem (3.1),

x−3 = 0 or x+5 = 0.

∴ x = 3 or x =−5.

Example 3.3

Solve x2−25 = 0.
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Solution.

x2−25 = 0

(x−5)(x+5) = 0.

Then,

x−5 = 0 or x+5 = 0.

∴ x = 5 or x =−5. �

The next example requires the equation be put in the form required by

Theorem (3.1).

Example 3.4

Solve −8x =−x2−12.

Solution.

−8x =−x2−12

x2−8x+12 = 0

(x−2)(x−6) = 0.

Then,

x−2 = 0 or x−6 = 0.

∴ x = 2 or x = 6. �

The values of the unknown that make a polynomial equation true are

usually called the “solutions” or the “roots” of the equation.

Example 3.5

Find all solutions of 2x2−7x+3 = 0.

Solution.

2x2−7x+3 = 0

(2x−1)(x−3) = 0.
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Then,

2x−1 = 0 or x−3 = 0.

∴ x = 1

2
or x = 3.

Example 3.6

Find all roots of x2−4x+4 = 0.

Solution.

x2−4x+4 = 0

(x−2)2 = 0.

Then,

x−2 = 0.

∴ x = 2.

Example (3.6) shows that sometimes both solutions are identical. In such

a case we say the equation has “one root multiplicity two.”

Example 3.7

Find all roots of x2 = 7.

Solution.

x2 = 7

x2−7 = 0

(x+
√

7)(x−
√

7) = 0

Then,

x+
√

7 = 0 or x−
√

7.

∴ x =−
√

7 or x =
√

7.

3.1.1. Equations quadratic in form

Some polynomial equations of degree greater than 2 are quadratic in form.

You have already practiced factoring polynomials that are quadratic in form.
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So, solving equations of higher degree that are quadratic in form by factoring

will seem natural to you. Before we do this, however, we must extend

Theorem (3.1) to cover any number of factors.

Theorem 3.2

Let a1,a2, · · · ,an represent n-number of factors. If a1 ·a2 · . . . ·an = 0 then

a1 = 0 or a2 = 0 or . . . or an = 0.

Example 3.8

Find all solutions of x4−16 = 0.

Solution.

x4−16 = 0

(x2−4)(x2 +4) = 0.

(x−2)(x+2)(x2 +4) = 0.

Then,

x−2 = 0 or x+2 = 0 or x2 +4 = 0.

So,

x = 2 or x =−2 or { } (x2 +4 does not factor in the real numbers).

The equation has two roots in the real numbers.

x =−2 or x = 2.

Example 3.9

Find all roots of (x+2)2 +5(x+2)+6 = 0.

Solution.

(x+2)2 +5(x+2)+6 = 0

((x+2)+2)((x+2)+3) = 0.

(x+4)(x+5) = 0.
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Then,

x+4 = 0 or x+5 = 0.

∴ x =−4 or x =−5.

3.2. Solve by completing the square

Our success solving quadratic equations has depended on our discovering

the factorization of a polynomial. But, some polynomials are inconvenient to

factor. Others are just plain hard to factor. For example, the equation

x2−5x−6 = 0(3.1)

is easy to solve, because

x2−5x−6

is simple to factor.

x2−5x−6 = 0

(x−3)(x−2) = 0

∴ x = 3 or x = 2.

On the other hand, merely changing the last term of Equation (3.1) from

6 to 7 produces

x2−5x−7 = 0(3.2)

which factors as
(

x− 5−3
√

53

2

)(

x− 5+3
√

53

2

)

= 0.

Hardly anyone’s idea of a good time. Despair not. The procedure called

“completing the square” makes solving an equation such as Equation (3.2) a

routine matter.

3.2.1. Producing a square trinomial

The point of this subsection is to practice one of the several steps of com-

pleting the square. We shall then return to the technique of completing the

square.

The trinomial x2 +6x+9 is a square trinomial. Notice that the constant

term 9 is (one half of 6)2. Another square trinomial is x2 + 12x+ 36. The

constant 36 is
(

1

2
·12

)2

.
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What we observe in these two examples is true for all square trinomials

whose leading coefficient is 1. That is

x2 +bx+
(

b

2

)2

.

This is no surprise when we think of producing a square trinomial:

(x+b)2 = x2 +2bx+b2
.

The constant term is (one half of 2b)2.

Example 3.10

For each of the following, supply the constant term that results in a square

trinomial. Then write the trinomial in its factored form.

(1) x2 +8x+

(2) x2 +10x+

(3) x2−6x+

(4) x2−8x+

(5) x2−12x+

(6) x2 +5x+

(7) x2− x+

(8) x2− x

2
+

Solution

(1) x2 +8x+16 = (x+4)2

(2) x2 +10x+25 = (x+5)2

(3) x2−6x+9 = (x−3)2

(4) x2−8x+16 = (x−4)2

(5) x2−12x+36 = (x−6)2

(6) x2 +5x+ 25

4
=
(

x+ 5

2

)2

(7) x2− x+ 1

4
=
(

x− 1

2

)2

(8) x2− x

2
+ 1

16
=
(

x− 1

4

)2
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Exercise 3.1

For each of the following, supply the constant term that results in a square

trinomial. Then write the trinomial in its factored form.

1. x2 +14x+

2. x2−20x+

3. x2−16x+

4. x2 +7x+

5. x2−9x+

6. x2 + 2x

3
x+

3.2.2. Factor by completing the square

Knowing how to select the constant term to create a square trinomial as

in Example (3.10) and Exercise (3.1), is a valuable tool for factoring an

expression that appears otherwise hopeless.

Before we try our new tool on a seemingly hopeless case, we will practice

using it to factor several expressions whose factorization we already know.

We know x2−6x−16 = (x−8)(x+2).

Example 3.11

Factor x2−6x−16 by completing the square.

Solution

Adding 9 to x2−6x would produce the square trinomial x2−6x+9. We add

and subtract 9.

x2−6x−16 = x2−6x+9−9−16(3.3)

The square trinomial x2−6x+9 factors into (x−3)2. Also, −9−16 =−25.

= (x−3)2−25

This is the difference of squares. So,

= ((x−3)−5)((x−3)+5)

= (x−8)(x+2),

as expected. �
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We added and subtracted 9 in Equation (3.3). You have on many occa-

sions made good use of multiplying by 1, the multiplicative identity. This

example used “the ol’ add and subtract trick”. No trick, really, we added 0,

the additive identity element.

We know that x2 +7x+12 = (x+3)(x+4).

Example 3.12

Factor x2 +7x+12 by completing the square.

Solution

x2 +7x+12 = x2 +7x+ 49

4
− 49

4
+12

(

note: 49

4
=
(

7

2

)2
)

=
(

x+ 7

2

)2

− 49

4
+12

=
(

x+ 7

2

)2

− 1

4

=

(

(

x+ 7

2

)

−
√

1

4

)(

(

x+ 7

2

)

+

√

1

4

)

=
((

x+ 7

2

)

− 1

2

)((

x+ 7

2

)

+ 1

2

)

= (x+3)(x+4) �

Example (3.12) has probably convinced you that you would need to be

desperate before turning to completing the square. But if you need to factor

x2−3x−1,

you will soon be desperate enough to use completing the square.
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Example 3.13

Factor x2−3x−1.

Solution

x2−3x−1 = x2−3x+ 9

4
− 9

4
−1

(

note: 9

4
=
(

3

2

)2
)

= (x− 3

2
)2− 5

4

=

(

(

x− 3

2

)

−
√

5

4

)(

(

x− 3

2

)

+

√

5

4

)

=
((

x− 3

2

)

−
√

5

2

)((

x− 3

2

)

+
√

5

2

)

=
(

x− 3+
√

5

2

)(

x− 3−
√

5

2

)

.

We got started on completing the square when we considered solving

Equation (3.2) on page 14. We solve this equation in Example (3.14).

Example 3.14

Solve x2−5x−7 = 0.

Solution

x2−5x−7 = 0

x2−5x+ 25

4
− 25

4
−7 = 0

(

note: 25

4
=
(

5

2

)2
)

(

x− 5

2

)2

− 53

4
= 0

(

x− 5

2
−
√

53

2

)(

x− 5

2
+
√

53

2

)

= 0

(

x− 5+
√

53

2

)(

x− 5−
√

53

2

)

= 0

x− 5+
√

53

2
= 0 or x− 5−

√
53

2
= 0

∴ x = 5+
√

53

2
or x = 5−

√
53

2
.
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Answers to Exercise 2.1

(1)
1

6
(x−1)(x−3) (2)

(

x+ 2

3

)

(x+1) (3)
(

x− 1

4

)(

x+ 1

2

)

(4)
(

x+ 1

2

)2

(5)
(

x− 1

5

)(

x+ 1

5

)

(6)
1

3

(

x+ 1

2

)2

(7) (x−
√

2)(x+
√

3 (8) (x−
√

5)(x−
√

2) (9) (x−
√

2)(x−1)

(10) (x−
√

2)2 (11) (x+
√

5)2 (12) (x−
√

5)(x+
√

5)

(13) (x−
√

7)(x+
√

7) (14) (x−
√

11)(x+
√

7) (15) (x−
√

2)(x−
√

7)

(16) (x−2)(x−
√

8)

Answers to Exercise 3.1

(1) x2 +14x+49 = (x+7)2 (2) x2−20x+100 = (x−10)2

(3) x2−16x+64 = (x−8)2 (4) x2 +7x+ 49

4
=
(

x+ 7

2

)2

(5) x2−9x+ 81

4
=
(

x− 9

2

)2

(6) x2 + 2x

3
x+ 1

9
=
(

x+ 1

3

)2


