Chapter 6

Linear Function

6.1. Introduction

We begin recalling what is by now a familiar object, the linear equation. An
equation is linear if it can be written in the form

ax+b=c

where x,a,b and c are any numbers and a # 0.
As you know, when a,b and c are given, there is exactly one value for
the unknown x that makes a linear equation true. For example: if 3x+7 =35,

then only x = %2 makes the equation a true statement.
We now wish to investigate the equation

ax+b=y

where a and b are any constants with a # 0 and x and y are variables. The
meanings of “constants” and “variables” will become clear to you in this
chapter. Here is an example of such an equation:

(6.1) y=2x+7,

where x and y are any numbers that make the equation true.
Instead of discussing Equation (6.1), let us take the simpler equation

(6.2) y=2x

Equation (6.2) is unusual compared to equations you have seen, because
it appears to contain two unknowns instead of just one. Equation (6.2) means
that 2x and y are names for the same number. Maybe you are wondering
“How do I solve it?”

Substituting x = 3 and y = 6, the RHS is 6 and the LHS is 6. Since
LHS = RHS, the pair of numbers (x = 3,y = 6) make Equation (6.2) a true
statement. Therefore, the pair of numbers (x = 3,y = 6) is a solution of
Equation (6.2).
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But that is not all! The pairs

(x=2,y=4),
(x=135,y=10),
(x=06,y=12),
1
—y=1
(x=5,y=1),
2 4
(X—g,)’—g)a
3 6
(x_§7y_§)v

are all solutions too.

Perhaps by now you are thinking that there is no end to the pairs of
numbers that make Equation (6.2) true. Correct! There are infinitely many
pairs of numbers that solve Equation (6.2).

One cannot help but notice how easy it is to to find solutions to Equa-
tion (6.2). Just substitute a particular number for x, then multiply by 2 and
the corresponding value for y appears.

6.1.1. Seriously boring

The author is the first to admit that solving Equation (6.2) is not interesting.
Worse, the task is unending. Find a million solutions for Equation (6.2) and
there will remain infinitely more solutions for you to find.

6.1.2. So what is interesting?

Equation (6.2) shows how two numbers are related and it shows how to find
all and only those pairs of numbers that have that relationship.

6.2. The idea of a function: it’s about the relationship!

Equation (6.2) is interesting when our attention shifts from the pairs of
numbers that satisfy it to the relationship of each pair’s numbers. The
relationship, when one looks at Equation (6.2) is crystal clear: the value of y
is double the value or x.

It is easy to find pairs of numbers that satisfy Equation (6.2), because
the recipe for making them is right in front of our eyes. Just substitute a
particular number for x and multiply by 2.

Finding pairs of numbers that make y = 2x true just amounts to picking
any old number for x, then following the rule multiply by 2. Now, you know
how your calculator feels!

For any value of x, the rule produces the one value of y that makes y = 2x
true. To express this idea, we say y = 2x gives “y as a function of x.” We call
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y = 2x a function; we call y the dependent variable and x the independent
variable. The “2” is called a constant, because value of “2” does not vary.

For the time being, this is a good enough idea of what a function is that
we use it to define the idea of a function.

Definition 6.1 (Function)

A function is a rule that shows how the value of one variable, called the
dependent variable, is uniquely determined by the value of another variable,
called the independent variable.

Remark 6.1
The independent variable is often called the “argument of the function” and
the dependent variable is often called the “value of the function”.

Remark 6.2

Not every equation in which two variables appear is a function. Only equa-
tions in which the dependent variable is uniquely determined by the inde-
pendent variable are of the special kind called functions. For example, the
equation x +y”> = 5 does not determine a unique value of y for every value
of x. When x = 1, y can equal either 2 or —2 and equation x + y* = 5 will be
true. So in x+y? = 5, y is not a function of x.

Definition 6.2 (Linear function)
A function that can be written in the form

y=ax+b,a#0,

is a linear function. [ |

6.3. Ordered pair

On page 147, we listed several pairs of values for x and y that made the
equation y = 2x true. We wrote, for example, (x=2, y=4)and (x=5, y=
10). If we agree that within each parenthesis, the value of the independent
variable will be first and the value of the dependent variable second, then
there is no need to keep writing “x =, y = . Writing “(2,4)” is enough,
because the order indicates that the value of the dependent variable is equal
to 4 when the value of the independent variable is 2. We call pairs such as
(2,4) “ordered” pairs.

Definition 6.3 (Ordered pair)

A pair of numbers within parenthesis such as (a,b) is called an ordered pair.
In (a,b), a is called the first element of the pair and b is called the second
element of the pair. The number b is the value of the dependent variable
corresponding to the value a of the independent variable. |
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Remark 6.3

The order of the elements in an ordered pair matters. The ordered pairs (2,7)
and (7,2) are not the same. The ordered pair (2,7) satisfies 3x+ 1 =y, but
the ordered pair (7,2) does not.

Example 6.1

Suppose y is a function of x such that y = 2x. Write any five ordered pairs
whose elements satisfy y = 2x.

Solution

Five such pairs are (—2,—4),(0,0),(3,6), (2, ), (100,200).

Example 6.2

Suppose ¢ is a function of s such that r = 2 + 5. Write any five ordered pairs
whose elements satisfy t =2 +s.

Solution

Five such pairs are (—5,—3),(—1,1),(8,10), (%, %), (43'17 14—1)

Example 6.3

Suppose y is a function of x such that y = 5 +x. Write the pairing of x and y
as ordered pairs for x = —2,—1,0, %,4.

Solution

(_273)7(_174)7(075)’(%725_7)7(439)'

Example 6.4

Suppose the values of x and y are paired by a certain function as follows:
(1,3),(2,6),(3,9),(4,12). Write y as a function of x.

Solution

Notice that the second element (value of dependent variable) of each pair
is 3 times the first element (value of independent variable). So the function
isy=3x.
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Example 6.5

Given the function ¢t = 5s, which of the following ordered pairs is not (are
not) produced by this function? The candidates are: (—3,—15),(—1,-5),
(0,0),(2,11),(4,20),(3, ), (6,32).

Solution

The function # = S5s requires that the second element be 5 times the first
element. But, 11 #2-5and 32 # 6-5. So (2,11) and (6,32) are not produced
by the function t = 5s.

Exercise 6.1

1. Suppose y is a function of x such that y = 4x. Write the pairing of x
and y as ordered pairs forx = —3,—-2,0,1, %,5.

2. Suppose ¢ 1s a function of s such that # = s+ 3. Write the pairing of s

and ¢ as ordered pairs for s =0, 1,2, 3, %).

3. Suppose z is a function of w such that z = 3w. Write the pairing of w
and z as ordered pairs for w = _TZ, —-1,0,1,2

4. Could the ordered pair (2,9) be produced by the function y = 3x?

5. Could the ordered pair (—1,5) be produced by the function y = x—2?

6. Suppose the values of x and y are paired by a certain function as
follows: (—2,—10),(0,0),(2,10),(3,15). Write y as a function of x.

7. Suppose the values of x and y are paired by a certain function as
follows: (1,5),(2,6),(3,7),(4,8). Write y as a function of x.

8. Suppose the values of s and ¢ are paired by a certain function as
follows: (—2,10),(—1,5),(0,0),(1,-5),(2,—10). Write  as a func-
tion of s.

9. Show that the ordered pairs (2,6) and (6,2) are not the same.
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6.4. Domain and Range
There are many ideas associated with functions. Two of these ideas are

“domain” and “range”.

Definition 6.4 (Domain)
The set of numbers whose members serve as the arguments of the function is
called the domain of the function.

Definition 6.5 (Range)
The set of numbers that the function takes as values is called the range of
the function.

Remark 6.4

The domain of the function is not always stated. If it is not, then the domain
is taken to be the largest set of numbers for which the function makes
mathematical sense. If a number would cause a division by zero, that number
is excluded from the domain.

Example 6.6

Suppose y = 2x and the domain of the function is {0,1,3,5,7}. What is the
range of the function?

Solution

When x =0,y =0. When x =1,y =2. When x =3,y = 6. When
x=15,y=10. When x = 7,y = 14. So the range is {0,2,6, 10, 14}.

Example 6.7

Suppose y = 2x and the domain of the function is {0,2,4,6,8}. What is the
range of the function?

Solution

When x =0,y =0. When x =2,y =4. When x =4,y = 8. When
x=06,y=12. When x = 8,y = 16. So the range is {0,4,8,12,16}.

Example 6.8

Suppose y = 2x and the domain of the function is all numbers between 0 and
5. What is the range of the function?

Solution
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When x =0,y =0. When x =5,y = 10. Since x takes all values between
0 and 5, y takes all values between 0 and 10. So, the range is all numbers
between 0 and 10 including 0 and 10. [

If we know the ordered pairs produced by a function, we know the domain
and the range. Remember, the domain is the set of values the argument takes
and these will be the first elements of the ordered pairs. The range is the set
of values the function produces and these will be the second elements of the
ordered pairs.

Example 6.9
Suppose a function produces these, and only these, ordered pairs:
(—1,-3),(0,0),(2,6),(10,30).

What is the domain and what is the range of this function?

Solution

The domain is {—1,0,2, 10} and the range is {—3,0,6,30}.

Exercise 6.2

1. Suppose that y = x — 5 domain {0,4,8,11}. What is the range of
y=x-—5?

2. If z= 10w domain {—3,—1,0,2,9}, what is the range?

3. Ift = s+ 5 domain {0,1,1 1,3}, what is the range?

1397
4. What is the range of the function y = 3x 4 1 when the domain is
{-2,-1,0,1,2}?
5. What is the range of the function y = 3x + 1 when the domain is
{3,4,5,6}?

6. What is the range of the function y = 3x + 1 when the domain is
{7,8,9,10,11}?
7. A function produces all and only the following pairs

2 3
(1,5):(2.2).3,7),(5.11),(12,27).

What is the domain and range of the function?
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6.5. Idea of function as correspondence

We have said that a function shows how a number in a set called “the range of
the function” is determined by another number in a set called “the domain of
the function”. The correspondence of numbers in the domain with numbers
in the range is shown in Figure (6.1) for the function y = 2x. The picture is
drawn for only a few of the numbers in each set.

Domain = {1,2,3,---} Range = {2,4,6,---}
FIGURE 6.1. Domain and Range of y = 2x

Mathematicians often find it useful to emphasize that a function shows
the correspondence of members of sets. You too will find this idea useful in
subsequent mathematics courses. To write “y corresponds to x”°, we use an

arrow:
X —>y

We can write the correspondences shown in Figure (6.1) like this:
1—2
2—4
3—6
4 —38
5—10

When we write, for example, 1 — 2, we should realize that the function
pairs 1 with 2, 2 with 4, and so on. Writing (1,2) expresses the same idea as
writing 1 — 2. Therefore,

1 — 2 isequivalentto (1,2)
2—4 isequivalentto (2,4)
3— 6 isequivalentto (3,6)
4 — 8 isequivalentto (4,8)
5— 10 isequivalentto (5,10)
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Remark 6.5

The idea of function was refined over a period of decades as people acquired
deeper and deeper insight into what a function is. As a consequence of that
history, the language used in discussing functions is rich (read “confusing
to a beginner”). You might as well know now that “x — y” is also read,
“the function sends x to y” or “the function maps x to y”. For example, the
function y = 2x maps 1 to 2. Or, equally correct, the function y = 2x sends 1
to 2.

Example 6.10

For the function y = 3x+4 domain 7Z, use the “—" notation to write x — y
forx=-8,—-5,—1,0,1,4.

Solution

-8 — —20
-5— —11
—1—1
0—4
1—7
4 — 16

Example 6.11

Suppose that the domain of a function is {—3,—2,—1,0,2,5} and that the
function maps —3 to —12, —2to —8, —1to —4,01t0 0, 2 to &, 5 to 20. Write
the function and state its range.

Solution

We are given that
-3 — —12
-2 — -8
—1— —4
0—0
2—38
5—20

Noticing that —12 is 4 times —3, —8 is 4 times —2 and so on, the function is
y = 4x. The range is {—12,—8,—4,0,8,20}.



If you object that in
fact Romeo was older
than Juliet, you are
thinking of the wrong
Romeo and Juliet. The
Romeo and Juliet
referred to here live in

the Bronx.
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Exercise 6.3
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For the function y = 5x with domain {1,2,3,---}, draw a picture like
Figure (6.1) for elements {1,2,3,4} of the domain.

For the function y =5 —x with domain {--- ,—3—-2,—1,0,1,2,3,--- },
draw a picture like Figure (6.1) for elements {—5,—1,0, 1,7} of the
domain.

Use the “—"” notation to express the idea that 2 corresponds to 7, 3
corresponds to 10, and 5 corresponds to 16.

For the function y = 2x+ 3 domain Z, use the “—” notation to write
x—yforx=-7,-2,—1,0,1,3. [See Example (6.10).]

Suppose a function has domain {1,2,3,4,5} and maps 1 to 10, 2 to
20, 3 to 30, 4 to 40, and 5 to 50. Write the function and state its range.
[See Example (6.11).]

6.6. Romeo and Juliet

Suppose Romeo is exactly two years younger than Juliet. You would have
no trouble telling Romeo how old Juliet will be when he is 13 years old. If
Romeo wanted Juliet’s age when he is 14, you would say she will be 16.
And if he asks, “How old will Juliet be when I am 157", you would say,
“17”. If Romeo asks for her age when he is 16, you might begin to get fed up
and make a chart for him so that he could just look up Juliet’s age without
bothering you. You provide the handy pocket chart shown below.

Romeo’s ageinyears | 10 | 11 | 12| 13|14 (15|16 |17 | 18|19 | 20

Juliet’s agein years | 12|13 |14 15|16 17| 18|19 | 20| 21 | 22

TABLE 6.1. Romeo and Juliet Ages

All is well with Romeo, until one night you get a call because he wishes
to know how old Juliet will be when he is 31 years old. Instead of continuing
the table, you might simply tell him a rule for finding Juliet’s age. “Just add
2 to your age in years to get Juliet’s age in years.”

Rule for finding Juliet’s age, j (years), given Romeo’s age, r (years):

(6.3)

j=r+2.
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Table (6.1), Equation (6.3), and the instruction “Just add 2 to Romeo’s
age in years to get Juliet’s age in years,” all express the same idea. Each
provides Juliet’s age, given Romeo’s age. In mathematics, we say each tells
Juliet’s age as a function of Romeo’s age.

6.6.1. Cute story, but what’s the point?

First point. The author was hoping that you would look at Table (6.6) and
realize it is just another way of expressing correspondence or pairing. If you
did not think of Table (6.6) that way, look at it again and think

10—12 ...or... (10,12)

I1—13 ...or... (11,13)

12— 14 ...or... (12,14)
and so on up to

20—22 ...or... (20,22).

Second point. We often use a function to accomplish a practical end. Just
as Romeo used a function to know Juliet’s age, given his age, so also do
engineers use functions to predict the deflection of a bridge as a train passes
over it, and resource biologists to predict the population of wolves in a region
over a period of time. Those are somewhat complicated functions that you
will get to know in subsequent mathematics courses.

Example 6.12

Suppose Jane leaves work at 5:00 PM and drives home at a constant speed
of 40 mph arriving home at 5:30 PM. Write the distance Jane covers as a
function of time. Also, state the domain and range of the function.

Solution

Let d represent distance in miles and ¢ represent time in hours. Then
d = 40¢. The domain is all numbers between 0 and % Whent=0,d =0

and when ¢t = %, d = 20, so the range is all numbers between 0 and 20.

Example 6.13

John drives at a constant speed of 60 mph. Write the distance d miles he
covers as a function of time ¢ hours.

Solution

d =60t.
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Remark 6.6

The author knows from experience that the phrases “distance d miles” and
“time ¢ hours” confuse beginning algebra students. All that “distance d miles”
means is “when you write the function, use d to represent distance and the
units are miles”. All that “time ¢ hours” means is “use the letter ¢ to represent
time and the units are hours”. In other words, you are just being told what
letters and units to use. That’s all there is to it.

Example 6.14

A tank, initially empty, is being filled with water at the rate of 5 gallons per
minute. Write the volume V' gallons of water in the tank as a function of time
¢ minutes.

Solution

V =5t.

Example 6.15

A tank that initially contained 800 gallons of water is being drained at the
rate of 4 gallons per minute. Write the volume V gallons of water in the
tank as a function of time # minutes. Also, state the domain and range of the
function.

Solution

V =800 —4r. At time ¢ = 0, the tank contains 800 gallons. It will be
empty when 4¢ = 800. So, the tank will be empty when ¢ = % minutes
which is 200 minutes. Therefore the domain is all numbers between 0 and

200. The range is all numbers between 0 and 800.

Example 6.16

Make a table that shows the quantity of water in the tank from Example (6.15)
at 20 minute intervals.

Solution

t(min) | 0 | 20 | 40 | 60 | 80 | 100 | 120 | 140 | 160 | 180 | 200

V (gal) | 800 | 720 | 640 | 560 | 480 | 400 | 320 | 240 (160 | 80 | 0
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Example 6.17

Barb saves $400 per month. Write her total saved T dollars as a function of
n months.

Solution

T = 400n.

Example 6.18

A construction supervisor wishes to know how many lineal feet of sidewalk
a crew paves as a function of time. The crew paved 36 feet in 12 hours, 45
feet in 15 hours, and 93 in 31 hours.

Solution
Noting that
12 — 36
15— 45
31 — 93

The supervisor realizes that in general

t — 3t.

The supervisor concludes that the function is L = 3¢ where L represents lineal
feet of sidewalk and ¢ represents time in hours.

Example 6.19

The supervisor from Example (6.18) must tell her boss how long the crew
will take to pave 306 lineal feet of sidewalk. What should she tell her boss?

Solution

She knows that the quantity of sidewalk paved as a function of time is
L = 3t where L is in lineal feet and # is in hours. Substituting 306 for L she
obtains the equation 306 = 3¢. After she solves this for 7, she tells her boss it
will take 102 hours to complete 306 lineal feet of sidewalk.
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Exercise 6.4

1. Write the function that gives d miles as a function of # hours, if the
constant speed is 60 M/hy,

2. A pail that initially contains 2 gallons of water is filled at a rate of
3 gal/pip,
a) Write the volume V gallons as a function of time ¢ minutes.
b) Make a table that shows the volume at increments of 2 minutes
from O minutes up to 12 minutes.

3. Gary’s combine harvests soybeans at the rate of 7 aC€I€S/pr,
a) Write the number of acres A harvested as a function of time ¢
hours.
b) Find the value of this function at ¢t = 7.

4. Jill walks to school at a constant rate of 4 Mi/hr The distance from
her house to school is 0.75 mi.
a) Write the time remaining, ¢, in Jill’s walk to school as a function
of the distance, d, she has walked.
b) State the domain of the function.
c) State the range of the function.

5. Suppose that the correspondence between two variables, x and y, is
as shown below.

X—>Yy
0—0
1—5
2—10
3—15
4 —20

a) Write the function as a rule that shows how the value of y is
determined by the value of x.

b) State the domain of the function.

c) State the range of the function.

d) Find the value of this function when x is 70.
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6.7. Graphs

One of the best ways to acquire an understanding of a particular function
is to create a picture of it. That picture is referred to as the graph of the
function. We will return to our discussion of functions in a little while. But
for now, the topic is graphs.

6.7.1. The coordinate plane

vertical axis

Quadrant I1 Quadrant |

— DN W A O\ 00O

horizontal axis
9%465434%

3

-4
QuadrantIII -5
-6
-7
-8
-9

123456789

Quadrant IV

FIGURE 6.2. The coordinate plane

Figure (6.2) shows the coordinate plane. The point at which the axes intersect
is called the origin. The axes intersect at a right angle. It is understood that
each axis continues in both directions in spite of the fact that in this book
we do not put arrows on the ends of the axes. The two axes divide the plane
into four regions called quadrants. The quadrants are named with roman
numerals as in the figure.

Other names for the coordinate plane are the “Cartesian plane”, the
“Cartesian coordinate system”, or the “rectangular coordinate system”.

The exact location of any point in the plane can be given by an ordered
pair of numbers that are always written in parentheses. These numbers
are called the coordinates of the point. The first number of the pair is the

horizontal coordinate of the point, the second number the vertical coordinate.

Yes, there are many
coordinate systems
that are not
rectangular.
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FIGURE 6.3. The coordinate plane

Figure (6.3) shows several points in the plane labeled with their coordi-
nates. The dashed lines show how the coordinates of the points are obtained.

It is worth noting that although we rarely write the numbers on the axes
as ordered pairs, we could do so. Figure (6.4) shows how this would look.

0,3) 1

0,2) +

©O,1) +

(-3,0) (-2,0) (-1.0) (1.0) (2.0) (3.0)
0-1) |

0,-2) ¢

0,-3) +
FIGURE 6.4. The coordinates of points on the axes.

The first coordinate of every point on the vertical axis is 0. The second
coordinate of every point on the horizontal axis is 0.
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Exercise 6.5

9
T e 8
7
6 o P
5
4
3
Qe 2
1

123456789
S

9-8-7-6-5-4-3-2-

Re

FIGURE 6.5.

1. Based on the appearance of Figure (6.5), state the coordinates of each
point. (The first question is answered as an example.)
a) T.  Answer: (—4,8).
b) P.
c) Q.
d) R.
e) S.
2. In which quadrant does each point in Figure (6.5) lie?
a) T.
b) P.
c) Q.
d) R.
e) S.
3. Plot each of the following points.
a) A(3,5).
b) B(3,-3).
c) C(—3,5).
d) D(-3,-5).
4. Draw the axes. Label the points —3, —2,—1,1,2,3 on the horizontal
axis and —3,—2,—1,1,2,3 on the vertical axis, using ordered pairs.
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6.8. The graph of y =2x

Figure (6.6), shows the function
y=2x, domain={-3,-2,—-1,0,1,2,3,4}

as a correspondence and as a graph.

y
X—>Yy 8 e (4,8)
-3 — -6 7
6 e (3,0)
—2— —4 5
-1 — -2 4 e (2,4)
0—0 X
2 e (1,2)
1—2 1
2—4
6 -5 4 -3 2 -1 1 2 3 4 5 6 7 8
3—6 (—1.-2)e
4—8 -3
(=2,—4) e 4
5
(—3,-6) e -6

FIGURE 6.6. y = 2x, domain {—3,—2,—1,0,1,2,3,4}

Who can help but think, “The points make a straight line!”?

So it seems. But, looks can deceive.

We might try to get a finer view of how the function behaves at values
of x between, for example, 0 and 1. We consider the same rule, but with a
different domain.

y = 2x, domain = {—0.5,—-0.375,—-0.25,--- | 1}.

Figure (6.7) shows the graph. Note that the horizontal (x-axis) is marked
every 0.125, the vertical (y-axis) every 0.25.

The evidence that graph of the function y = 2x is a straight line of points
is somewhat convincing. But we can do better. We can be certain. But to
achieve such certainty, we need a few more ideas. For now we will leave
open the question Do the points produced by the function y = 2x all lie on
the same straight line?
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1.75 °
1.5 °
1.25 °

FIGURE 6.7. y = 2x, domain = {—0.5,—0.375,--- |1}

6.8.1. Rise and run

If you study Figure (6.8), you will learn what is meant when we say “rise”
and “run”.

y
8 ]
1
1
7 :rise=2
1
6 e--'run=1
1
1
5 :rise:Z
1
4 *--)run=1
1
1
3 :rise:2
1
2 *--J
run =
1
+ + + + + + + i X
-2 -1 1 2 3 4 5 6
—1
-2

FIGURE 6.8. Graph of y = 2x, domain = {0,1,2,3,4}

If you have the idea that the run is “how far to the right” and the rise is
“how far up”, then you are on the correct track. There is an additional detail
that you will discover when you study Figure (6.9).

The additional idea is that rise can be “how far down” in which case it

T1se

is a negative number. The ratio of rise to run, =, is a number that plays an
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y
9
run =
8 o-—4
1
7 | rise = —2
1
6 é-- run=1
1
5 | rise = —2
1
4 &-- run=1
1
3 | rise = —2
1
2 - run=1

FIGURE 6.9. Graph of y = 2x, domain = {1,2,3,4,5}

important part in the study of functions. If you examine Figure (6.8), you
. rise __ 2 __ . rise _ —2 __
will see that the 2= = 1 = 2. In Figure (6.9), 17 = 7 = —2.
The phrases “How far up” and “How far right” are valuable, because they
express our sense of what “rise” and “run” should mean. Let us see if we can
say more precisely, though, what our ideas of rise and run are.

Let P and Q be two points whose coordinates are P(x;,y>) and Q(x2,y2)
as shown in Figure (6.10).

y
1 O(x2,y2) .
Y1+ ; 4§ Y2
X1 "X —x i i
” . 2
X1 X2

FIGURE 6.10. Computing % ratio.

Guided by Figure (6.10), the answer to “How far is Q up from P?” is
y2 —y1. And the answer to “How far right is Q from P?” is x, —x.
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Not only have we made our ideas about rise and run more precise, we
have even found a way to measure “How far up” and “How far right”. The
computations are shown in Equation (6.4) and Equation (6.5).

(6.4) rise =y, — yi
and

(6.5) run = xp — Xxj.
Example 6.20

Find the rise, run, and rrlu—S: ratio for the points P(2,1),0(7,5).

Solution

FIGURE 6.11. Example

4

The rise is 4, the run is 5, and % =<

(6.20)

Another way to think through Example (6.20) would be like this: From

point P, point Q is 5 right then 4 up, so the run is 5, the rise is 4, an

Figure (6.12) illustrates this.

Q(7,5)

[
A

4

rise
run

P(2,1

)

5 right

4

5

d rise __
T

4
A

4 up

FIGURE 6.12. Another good way to think about Example (6.20)
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Example 6.21

Find the ratio % for each of the following pairs of points.

(a) P(—3,-5) and Q(9,2)
(b) P(_277) and Q(47 _5)
(c) P(3,—1) and Q(—4,7)

Solution
Both ways of thinking will be used for each problem.

(a) Q1is 12 right and 7 up from P, so friui: = 17—2

@)y —y1 =2—(=5)=Tandx; —x; =9 — (—3) = 12. So, € = T
(b) Qs 6 right and 12 down from P, so 2% = =12 — 3

(b)ys—y; =—5-7=—12andx, —x; =4—(—2) =6. So, B = =12 — _»

(c) Qis 7 left and 8 up from P, so Tu—S: = _% = _78

©yr—y1=T—(=1)=8andxy —x; = —4—3=—7.So, e 8 _ -8
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Exercise 6.6
[Part 1] Find the ratio > rise =% for each pair of points.
1. P(2,5) and Q(6, 8) 5. P(—1,—7)and Q(—3,—11)
2. P(1,4) and Q(7,2) 6. P(—4,-3) and Q(-2,6)
3. P(—5,8) and Q(3,10) 7. P(1,7) and Q(—3,—38)
4. P(—2,-5) and Q(2,3) 8. P(0,0) and Q(—3 )
[Part 2]
8 + °
y D
7 -
6 1 .
C
5 -
4 + °
B
3 -
24 e
A
1 -
72710123456)76

FIGURE 6.13. Graph of y = 2x, domain = {0, 1,2,3,4}

-2 4+

1. Based on the appearance of Figure (6.13), complete the following ta-
ble of the ratio > for each pair of points. (The first row is completed

as an example.)

0

>

=]

a

=)

undefined

=2

—[r

[NSIE

WIS
I
2o

|00
I
[\

2. What is notable about the % that you filled in?

undefined

undefined

undefined

undefined

3. Why does the word “undefined” appear in certain cells of the table?




Think of the map to
buried treasure so
popular among the

pirates of old.
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6.8.2. Collinear points

In Figure (6.14), the path from one point to the next point is always the same,
“1 right, 2 up”. We can say more.The path from every point to every other
point is in the ratio lzri‘g;lt. The consequence is that the four points lie on the

same line. This idea is general and we state it in Definition (6.6).

. o
2
41
2
I
2
T

(a) Direction constant. (b) Straight path.

FIGURE 6.14. ¢ shows direction.

run

Definition 6.6 (Collinear points) .
For a given collection of points, if the ratio 7 is the same for every pair of
points in the collection, then all the points of the collection are collinear (lie

on the same straight line). [ |

6.8.3. The graph of y = 2x

On page 164 we wondered Will the points produced by the function y = 2x
always lie on the same straight line? The answer is “Yes”. And we can be
certain of this. All we need to show is that for every pair of points produced
by y = 2x, the ratio rrlu—S: is identical. Here goes.

Let points P(x,y;) and Q(x2,y;) be any two points produced by y = 2x
where x| # x». Then y; = 2x; and y, = 2x,. The rise is 2x, — 2x;. The run

18 xp —x1. So
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rise  yy—yi
run X2 — X1

B 2x7 — 2x1

X2 — X1

5 (xz—x1>
X — X1

=2.

Since friui: is identical for every pair of points produced by y = 2x, the

points produced by y = 2x are collinear.

6.8.4. The function y = ax unbounded

We have just discovered in Section (6.8.2) that the graph of y = 2x is a set of
collinear points for every possible domain. If we allow the domain to be all
the numbers, then the points of the graph fill in to produce a solid continuous
straight line. The graph is in Figure (6.15). It is understood that the graph,
like the axes, continues in both directions.

=N Wh UV J0O

-9-8-7-6-5-4-3-2- 123456789

FIGURE 6.15. Graph of y = 2x, domain all numbers.

Remark 6.7

There is a difference between plotting points and graphing. We might plot
points in science class to make a chart of, for example, temperature and
number of cricket chips per hour. The chart would consist of accurately
plotted points on carefully laid out axes. When we graph a function in
mathematics, we plot only a few points. The process by which we arrived at
the graph of y = 2x in Figure (6.15) is a good example of how we graph in
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mathematics We knew to draw a straight line, because we understood that
the constant guaranteed the graph would be a straight line.

6.9. Graphing the function y = ax

The function y = 2x is but one example of y = ax where a is a constant. By

now we know that the number a is the > rise ~ ratio. We could write y = (%) X,

9

but letting “a represent — makes a better looking equation. In fact, since

ratio @ turns up so often it is convenient to give it a name. We agree to call

this ratlo the slope.

Example 6.22

Graph the function y = 3x, domain all numbers.

Solution

1 1

(a) Plot (0,0). Then use slope. (b) Draw the line.

FIGURE 6.16. Graphing y = 3x

Figure (6.16) shows the steps. (a) The point (0,0) is on the graph, because
0=3-0. The slope is 3 = % and we use it to locate another point on the line
thinking “1 right, 3 up,”. (b) Then draw the straight line through points (0,0)
and (1,3). |

Figure (6.16)(a), shows what we thought as we made Figure (6.16)(b).
You would not show Part (a) when graphing.

The several examples that follow should answer some of your questions
about graphing.
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Example 6.23
Graph y = x.

Solution

The graph goes through the origin. The slope is 1, think “y =1-x". So
another point on the line is (1,1).

FIGURE 6.17. Example (6.23)

Example 6.24
2

Graph y = —x.
3

Solution

The graph goes through the origin. The slope is %, think “three right, two
up”. So another point on the line is (3,2).

y

y=3X

FIGURE 6.18. Example (6.24)
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Example 6.25
Graph y = _?x.
Solution

The graph goes through the origin. The slope is _Tz, think “three right,
two down”. So another point on the line is (3, —2).

y

y=x

FIGURE 6.19. Example (6.25)

Example 6.26
Graph y = _Tx.
Solution

The graph goes through the origin. The slope is ’Tl, think “four right,
one down”. So another point on the line is (—1,4).

y
~1
y=-— %

4

FIGURE 6.20. Example (6.26)
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Example 6.27
Graph y = 3x.
Solution

The graph goes through the origin. The slope is 3, so another point on
the line is (1,3).
In Figure (6.21), we
write the coordinates
of the point (1,3)
beside the point, since

y y=3x there are several
numbers shown on the
3+ (1,3) axes.
2
14
X
12

FIGURE 6.21. Example (6.27)

Exercise 6.7

Graph the function y = 4x.
Graph the function y = }lx.
Graph the function y = —2x.

Graph the function y = —3x.

-2
Graph the function y = Tx.

AN o A

Graph the function y = 8x.
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6.9.1. Graphs to equations

Sometimes we wish to write the function, given its graph. For example,
consider the graph of Figure (6.22) which is of a straight line through the
origin (0,0).

10 ¢
y
(2.3)
, xl
~10 10
—-10 +

FIGURE 6.22. A straight line through points (0,0) and (2,3).

Since the graph is a straight line through the origin, it must have an
equation of the form y = ax where a is the slope of the line. The point (2,3)

on the line is 2 right of the (0,0) and 3 up from (0,0), so the slope equals %

Therefore the function must be y = %x.

Exercise 6.8

For each of the following graphs, write the function.
1.
10 4 10 4
(a) y (b) y

(2.4)

-10 10 —10 10
(2.-3)

—10 - —10"
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10 | 10
(c) y (d) y
2,1
L x\ 1 x\
~10 10 ~10 10
2.-1)
~10 10

6.10. Slope

We have been using the words “rise” and “run” quite a bit. But, it is unlikely
that you will hear them used in more advanced mathematics courses. What
we have been calling the “rise” is the change in the value of the dependent
variable. Similarly, the run is the change in the value of the independent
variable. So,

6.6) rise  change in the value of the dependent variable
' run  change in the value of the independent variable

Nobody really wants to say “the change in the value of the dependent
variable over the change in the value of the independent variable”. Usually

we do not have to, because usually we are talking about a particular function.

If, for example, y = ax, then we just say “the change in y over the change in
X
Improved, but admittedly, not so much. We can do better yet. In
mathematics, the uppercase Greek letter A means “change”. To express the
idea change in y, we just write Ay. Similarly for the change in x, just write
Ax. We can express the idea of Equation (6.6) by writing Equation (6.7)
rise Ay
6.7 — =
©.7) run  Ax

We now define “slope”.

Definition 6.7 (Slope)
A
If y = ax, then the slope a is A—)yc m

A is pronounced
“delta”.
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Remark 6.8

. . . At
If the function were written ¢t = as, we would write the slope as A If the
s

) ) ) Z
function were written z = aw, we would write the slope as —.

Example 6.28

Suppose z = %w. Using the A notation, write the rise, the run, and the slope.

Solution

Az 7

Az=T7, Aw=6, — =-_.

Example 6.29

For the graph in Figure (6.23), use the A notation to write the rise, the run,
and the slope.

y
3t (1,3)

y=73x

12

FIGURE 6.23. Example (6.29)

Solution

Example 6.30

For the graph in Figure (6.24), use the A notation to write the rise, the run,
and the slope.

Solution

Ay=-3, Ax=2, 2=""®
y ) 9 A_x 2
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(-2,3) 3¢

FIGURE 6.24. Example (6.30)

Someone is bound to point out that Example (6.30) could also be worked
like this:

Alternate solution to Example (6.30)

Ay =3,

Ax = -2,

Ay 3

Ax -2
I

Both the solution and the alternate solution provide the correct answer.
So which solution is better? Figure ( 6.25) shows a picture for each solution.

(a) Solution. (b) Alternate solution.
FIGURE 6.25. Alternate solutions for Example (6.30)
When studying the solution (a) shown in Figure (6.25), you should think:

As the values of x increase from —2 to 0, the values
of y decrease from 3 to O.

When studying the solution (b) shown in Figure (6.25), you should think:
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As the values of x decrease from O to —2, the values
of y increase from O to 3.

“Which correct solution is better?” The original solution which is shown
in Figure (6.25)(a) is better. The thinking that accompanies it, “As the values
of x increase from —2 to 0, the values of y decrease from 3 to 07, is well
suited to some mathematics you will use a few years from now. We prefer to
think about what happens to y as x increases, and “increases” means to the
right on the x-axis.

Since we have the ideas “increasing” and “decreasing”, we may as well
define two ideas that you will use in subsequent courses.

Definition 6.8 (Increasing (decreasing) function)

Let y be a function of x. If the value of y increases as the value of x increases,
we say y is an increasing function of x. Alternatively, if the value of y
decreases as the value of x increases, we say y is a decreasing function of x.

Theorem 6.1
Let y be a function of x of the form y = ax. If a is positive, y is an increasing
function of x. If a is negative, y is a decreasing function of x. [ |

Figure (6.26) illustrates these ideas.

y y
a positive a negative
X X
(a) y is an increasing function of x. (b) y is a decreasing function of x.

FIGURE 6.26. Graphing y = ax

6.10.1. Slope - extreme cases
Horizontal line

What is the slope of a horizontal line? Since the rise, Ay, of a horizontal
line is O, the slope is % = 0. Therefore, the slope of a horizontal line is 0.
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Vertical line What is the slope of a vertical line?
Since the run, Ax, of a vertical line is 0O, the slope would be %. But this is

undefined. Therefore, the slope of a vertical line is undefined.

Figure (6.27) illustrates these ideas.

(a) Slope is 0. (b) Slope is undefined.

FIGURE 6.27. Slope: extreme cases

You might be surprised to know that in each of these cases, we can still
write an equation for the line. In Figure (6.27) (a), the equation is y = 2. In
(b), the equation is x = 3.

Exercise 6.9

[Part 1] Use the A notation to write the rise, run, and slope. State whether
the function is increasing or decreasing.

1 y:%x 4, y=3x
5.y=2
Z_13—1W Y=ot
| 6. t =—9s
3. t=—s5

[Part 2] Use the A notation to write the rise, run, and slope. State whether
the function is increasing or decreasing.
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1 3.
y y
10 1 10 |
51 425 ENCE
10 -5 510 10 -5 5 10
51 s
Lo —10 !
2 4.
f y
10 1 10 |
5 5
1.3) 23)
‘ ; ; S ; ; ; B
10 -5 510 10 -5 5 10
_ —54
Z10 ! —qo !

6.11. Linear functions and rate of change

Suppose that
(6.8) y =2x.

Equation (6.8) says that whatever number x is, y is double that number. It is
not quite so obvious that Equation (6.8) also says that whatever the change
in x, the change in y is twice that. Table (6.2) provides some evidence for
this claim. The first row of Table (6.2) shows that when x = 1,y = 2. These
values are called “old x and old y”. When x = 3,y = 6. These are called
“new x and new y”. The change in x, Ax, is the old value minus the new value
which is 3 — 1 = 2. The change in y, Ay, is “new y” subtract “old y” which
is 6 —2 = 4. The last column of the table points out that the change in y
is 2 times the change in x, Ay = 2Ax; in this example, the computation is
4=2.2.

We can do better than merely provide evidence that the change in y is
double the change in x when y = 2x. We can prove that this must be so.
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oldx lnewx | Ax |oldy |newy| Ay result
1 3 2 2 6 4 4 is 2 times 2
3 9 6 6 18 12 12 1s 2 times 6
2 13 11 4 26 22 22 is 2 times 11
9 109 100 18 218 | 200 | 200 is 2 times 100
1/2 | 11/16 | 3/16 1 11/8 | 3/8 | 3/81is2 times 3/16

TABLE 6.2. Several computations showing effect on y of
increasing x when y = 2x.

Proof. Let y = 2x. Suppose that x changes by an amount Ax and y by an
amount Ay. Then

y+Ay=2(x+Ax)

y+Ay=2x+2Ax

y+Ay=y+2Ax, [WHY?]
Ay =2Ax

Therefore, the change in y is 2 times the change in x. |

Another way to express the idea that the change in y is 2 times the change
in x is to say that “the rate of change in y with respect to x is 2”. This is true
for all non-zero values of a. Theorem (6.2) says just that.

Theorem 6.2
If y = ax,a # 0, then the number a is the rate of change of y with respect to
X. [ |

It may be reassuring to know that Theorem (6.2) says what we have
known, though perhaps not so generally, since 6th grade or earlier.

For example, you know that distance traveled equals the speed times the
time of traveling at that speed. That is,

(6.9) distance = (speed) x (time), provided the speed is constant.

Now, Equation (6.9) has the form y = ax, with speed playing the role of
a. Theorem (6.2) tells us that @ must be the rate of change in y with respect
to x. And speed is exactly that: the rate of change in distance with respect to
time.



184 6. LINEAR FUNCTION

Example 6.31

At what rate does the circumference of a circle change with respect to its
diameter?

Solution

The circumference, C, of a circle is a function of its diameter, D. The
function is C = wD. This equation has the form y = ax with a constant, C
and D variables. Therefore, the rate of change in circumference with respect

. AC .
to diameter, A, s T

Exercise 6.10

1. A tank is being filled with water. The volume, V liters, of water in the
tank is a function of time, t minutes. In fact, V = 23 ﬁt. Find %.

2. For a triangle whose base is 10 feet, at what rate is the triangle’s area
changing with respect to the triangle’s height in feet?

3. Sally runs at a rate 1% that of Peter. If Peter covers 800 feet in a

certain period of time, how many feet will Sally cover in that same
period of time?

4. Tank A is being filled according to the function V = 40¢ while tank B
is being filled according to the function V = 60¢, where V is in liters
and t is in minutes. How much has the volume in tank B increased
when the volume of tank A has increased from 30L to 60L?

5. * Tank A is being filled according to the function V4 = 407 while
tank B is being filled according to the function Vp = 607, where V4
and Vjp are in liters and t is in minutes. How much has the volume in
tank B increased when the volume of tank A has increased an amount
AVy liters? Answer in terms of AVj4.
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6.12. Graphs and rate of change

Consider the graph in Figure (6.28).

240 +

180

120

60 +

d(miles)
(4,240

(3,180)
(2,120)

(1,60)
#(hr)

12 3 4

FIGURE 6.28. A four hour trip at a constant speed.

Time is shown on the horizontal axis. Distance is shown on the vertical
axis. What feature of the graph shows the speed?
Well, speed is the rate at which d changes with respect to . And, that is

the slope of the line! Or, what is equivalent, it is the ratio

equivalent, the ratio AA—f.

I1 .
%€ " Or, what is
run

To find the speed, think as illustrated in Figure (6.29).

240

180

120

60 +

d(miles)
(4,240
(3,180)
(2.120) Ad =60
At=1
(1,60)
. t(hr)

12 3 4

FIGURE 6.29. Same four hour trip.

Since speed is rate of change in distance with respect to time,

the speed = — =

A il
d_60mle_6

mi
hr*

At 1 hour
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Example 6.32

Figure (6.30) shows the distance Tom traveled as a function of time and
the distance Sue traveled as a function of time. Which person’s speed was
greater?

10 1 1

0 km 0 km

8 8

6 6

41 4

2t 2
+ + + + hrl + + + + hrl
2 4 6 8 10 2 4 6 8 10 (b)
(a) Tom’s journey. Sue’s journey.

FIGURE 6.30. Tom and Sue, Example (6.32)

Solution

The slope is greater for Sue than for Tom. The slope of the line is

%. So, the rate of change in distance with respect to time is greater for

Sue than for Tom. Sue traveled at the greater speed.

Exercise 6.11

1. Alice drove at a constant speed of 40 mph from Town A to Town B.
She completed the trip in 3 hours. Write the distance she covered, d
miles, as a function of time ¢ hours. Be sure to state the domain of
the function.

2. A bucket of ice, temperature 0°C, was heated on a stove. The water
boiled (100°C) after 20 minutes of heating. Assuming that the rate
of increase of water temperature was constant, write the temperature
T °C, as a function of time ¢ minutes.
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3. The graph showing distance and time of a journey by automobile is

distance

. . . . time
1IPM 2PM 3PM 4PM

shown in Figure (6.31).

FIGURE 6.31. Four hour car ride.

a) During what time did the car travel the fastest?
b) The driver stopped for lunch. When was that?
c) How long did the lunch stop take?

6.13. y=ax +b

We have discussed the function y = ax, a constant. It is the special case of
y =ax+b when b = 0. Now we consider y = ax+b,a # 0,b # 0.

6.13.1. The role of b

To appreciate the effect of b in y = ax + b, think how you would compute
y= %x + 3 when, for example, x = 2. First you would determine the value

of 2x. Thatis -2 = 1. Then you would add 3. When x = 4, you would
compute % -4 = 2, then you would add 3. The “4-3” tacked onto “%x” just

causes y to be 3 greater than %x for every value of x. Figure (6.32) illustrates
this idea.

The lines y = ax and y = ax + b must be parallel, because they have
identical slope. As Figure (6.32) shows, the line y = 2x 4 3 is the line y = 2x
shifted 3 units in the vertical direction. When a line is shifted without any
rotation, as in Figure (6.32), we say the line is “translated”. Every point on
the line y = ax -+ b is a point on y = ax translated b units vertically.

The graph of y = ax+ b where b is a negative number, is the graph of
y = ax translated b units in the negative vertical direction (otherwise known

as “down”). Figure (6.33) shows the graphs of y = %x and y = %x -3.



188 6. LINEAR FUNCTION

(2.4
3up

3up

@.n

FIGURE 6.32. y = 2x compared to y = 2x + 3.

Y 1
y=3X

Y

(-2,-1)
w/
3 down / Y= 3

(-2-4)

FIGURE 6.33. y = 2x compared to y = 2x — 3.

6.13.2. Intercepts

The points at which a graph crosses the axes are landmarks. They are called
intercepts.

Definition 6.9 (Vertical intercept)
The second coordinate of the point at which a graph crosses the vertical axis
is called the vertical intercept.

Definition 6.10 (Horizontal intercept)
The first coordinate of the point at which a graph crosses the vertical axis is
called the horizontal intercept.

Remark 6.9
If the function is written y = ax + b, we often call the vertical axis the “y
axis” and speak of the “y intercept”. If the function is written t = as + b,
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the vertical axis may be called the “¢ axis” and the vertical intercept the “¢
intercept”.

Example 6.33

State the intercepts of the function y = 2x + 6 shown in Figure (6.34).
Solution

The line y = 2x + 6 crosses the y y
axis at the point (0,6) where the
second coordinate is 6. It crosses
the x axis at (—3,0).Therefore, the

y intercept is 6 and the x intercept
is —3. (=3,0 x

Vi
FIGURE 6.34

(0,6) y=2x+6

Was it necessary to make a graph? No. Recall from page 162 that the
first coordinate of every point on the vertical axis is 0 and that the second
coordinate of every point on the horizontal axis is zero. These facts are used
in Example (6.34).

Example 6.34
Find the intercepts of y = 8x+ 5.

Solution

Find the y intercept by setting x = 0. Then y = 8(0) + 5. So the y intercept
is 5.
Find the x intercept by setting y =0. 0 =8x+5 = x = _?5 So the x

intercept is %5.

6.13.3. Solving problems just by looking at them

When a linear function is written y = ax + b, all one needs to do is look!
The coefficient of x must be the slope, the constant » must be the y intercept.
When we answer by merely looking at y = ax + b, we say that we found the
slope and y intercept “by inspection”.
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Example 6.35

Determine the slope and y intercept of y = 19x 4 100.

Solution

By inspection, the slope is 19 and the y intercept is 100.

6.13.4. Slope-intercept form
We call the form y = ax + b the “slope-intercept” form of a linear function.

Slope-intercept form

y intercept

iy

Q‘ *c

Example 6.36

Determine the slope and ¢ intercept of t = %x —5.

Solution
The function written in slope-intercept form is t = %x + (—5). By inspec-

tion, the slope is % and the ¢ intercept is —5.

Example 6.37

Determine the slope and x intercept of 3x 45y —7 = 9.

Solution
Begin by writing 3x + 5y —7 = 9 in slope-intercept form.
3x+5y—-7=9
Sy =—-3x+16.

(6.10) y="2x+12
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Equation (6.10) is in slope-intercept form. By inspection, the slope is =3

5
and the y intercept is 15—6.

Exercise 6.12

Write the slope and both intercepts for each of the following.

1. y=3x+7 6. 2y+x=26
2. t="5s+1 7. 3x—y+2=0
8. 2(3x—y)—7=10
3. t=2542 (3x=)
8§ 2 9. 12— (x+7)=>5y
:__5 X y
— =3 _
Example 6.38

Graph the function y = %x +3.

Solution
The y intercept is 3, so the point Since the slope is %, 2 units right
(0,3) is on the line. then 3 units up produces another
point on the line.
Y y
6 4
3e 3
/ y=-+3
X . X
2
(a) Plot (0,3). (b) Draw the line.

3
FIGURE 6.35. y = 3 +3
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An alternative method for graphing a function is to find the intercepts,
then draw a line though them.

Example 6.39

Graph the function y = %x +2.

Solution

The y intercept is 2, so the point y
(0,2) is on the line. The x inter-

5
cept is —5, so the point (—5,0) is /
on the line. 2

/ x

5

2
FIGURE 6.36. y= §x+2

Exercise 6.13

Graph each of the following functions. Label the intercepts.

Ly=1x+3 5. t=—65+6
_ 3

3. y:§x+2 7. y:%x—Z

4, y:%3x+3 8. z:%w—l




6.13. Y =AX+ B 193

Example 6.40

Places A and B are 1000 meters apart. Sue walks 200 meters per minute
from place A to Place B.

(a) Write Sue’s distance from Place A, d meters, as a function of time ¢
minutes. State the domain of the function. Graph the function.

(b) Write Sue’s distance from Place B, d meters, as a function of time ¢
minutes. State the domain of the function. Graph the function.

Solution

(a) The function is d = 200¢. Sue will complete her walk when d is
1000 m. Solving 1000 = 200¢, for ¢, we find that t = 5 when d = 1000. So
the domain of the function is all numbers between 0 and 5.

(b) The function is d = 1000 —200¢. Sue will complete her walk when
d 1s O m. Solving 0 = 1000 — 200z, for ¢, we find that t =5 when d = 0. So
the domain of the function is all numbers between 0 and 5.

The graphs of both functions are shown side by side in Figure (6.37).

(a) (b)
1,200 + 1,200 ;
d(m) d(m)
1,000 ¢ d =200t 1,000 1 d = 1000 — 2007
800 + 800 +
600 t 600 +
400 t+ 400 +
200 + 200 +
. . . . tl(min)‘ . . . . ‘
1 2 3 4 5 6 1 2 3 4 5 6
(a) Distance from Place A. (b) Distance to Place B.

FIGURE 6.37. Sue’s walk, Example (6.40)

Remark 6.10

Example (6.40), notice that Sue’s distance from Place A is an increasing
function of time and her distance from Place B is a decreasing function of
time.
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Example 6.41

A tank of capacity 1600 gallons initially contains 200 gallons of water. Then
water is added to the tank at the rate of 50 gallons per minute until the tank
is full.

(a) Write the volume of water in the tank, V gallons, as a function of time
¢t minutes. Graph the function.

(b) Write the volume of water that must be added to fill the tank, V
gallons, as a function of time # minutes. Graph the function.

Solution

(a) The function is V = 200 + 50¢. The tank will be full when V is
1600 gal. Solving 1600 =200+ 50¢, for ¢, we find that = 28 when V = 1600.
So the domain of the function is all numbers between 0 and 28.

(b) The function is V = 1400 — 50¢. The tank will be full when V is
0 gal. Solving 0 = 1400 — 50¢, for ¢, we find that = 28 when V = 0. So the
domain of the function is all numbers between 0 and 28.

The graphs of both functions are shown side by side in Figure (6.38).
(@) (b)

1.600 1 €D V/(gal)

V =200+ 50¢
1,400 4 V = 1400 — 50¢

200

t(m) #(m)
28 28
(a) Volume water in tank. (b) Volume water to add.

FIGURE 6.38. Tank filling, Example (6.41)
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Part (a) of Example (6.41) suggests a helpful way to think of a linear
function.

Slope-intercept form

amount change
total amount initial amount

y=ax-+b

Figure (6.39) illustrates this idea.

y y=ax+b

FIGURE 6.39. A helpful way to think abouty = ax+b

Exercise 6.14

1. Station B is 900 miles east of Station A. Station C is 300 miles east
of Station A. A train travels at 60 mph from Station C to Station B.

a) Write the distance of the train from Station A, y miles, as a

function of time # hours. Graph the function. State whether the
distance is an increasing or decreasing function of time.

b) Write the distance of the train from Station B, y miles, as a

function of time ¢ hours. Graph the function. State whether the
distance is an increasing or decreasing function of time.
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. Alex walks at 1.5 meters per second (m/s) and Barb runs at 4 m/s. Al

and Barb each start at the same time, but Al has a 10 meter head start.
How long does it take for Barb to catch Alex? Write Alex’s distance,
v4 meters (m) as a function of time ¢ seconds (s) and and Barb’s
distance yp m as a function of time ¢ s. Then graph both functions on
the same axes and estimate the time at which Barb catches Alex.

. Find the exact answer to Question (2).
. On page 183, we showed that if y = 2x, then the change in y is 2 times

the change in x. Is it also true that if y = 2x 4 5, then the change in y
is 2 times the change in x? Provide the reasoning for your answer.

. Draw a graph like the one in Figure (6.39) for the function y = 2x+5.
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Answers to Exercise 5.4
m km m m m
(1) IZOZ 2) 727 3) 1320% @)] 818Z (5 37SZ

Answers to Exercise 5.5
(1) 260 miles. (2) 3%h or 3h 30m. (3) 6.5 miles. (4) S%h or5h20m
(5)26 km/h.  (6) 72 (7) 64 mph.  (8) 40 mph.  (9) 30 mph.
(10) 2% hours. (11)20. (12)12:09 PM. (13) 1:15PM. (14) 1320
miles.

Answers to Exercise 5.6
(1)6  (2)3inches (3) 151,152,153 (4)17 (5)100 (6) $200000
(7)4:.00PM (8) 3% hours or 3h 12m  (9) 136.5 miles  (10) 1:06 PM

Answers to Exercise 6.1
1) (—4,-12),(-2,-8),(0,0), (1,—4),(3,3),(5,20).
(2)(0,3),(1,4),(2,5),(3,15), (]2, D). 3 (5,-2),(-1,-3),(0,0),(1,3),(2,6).
(4) No, because 3-2=6#9. (5) No, because —1—-2=-3#5. (6)
y=5x (Dy=x+4. (@8 r=-5. (9) To see that (2,6) and (6,2)
are not the same, note that (2,6) is a solution of y = 3x but (6,2) is not.

Answers to Exercise 6.2
() {-5,-1,3,6} (2){-30,-10,0,20,90} (3){5,%. 1 6,8}
@) {-5,-2,1,4,7}  (5){10,13,16,19}  (6) {22,25,28,31,34}
(7) Domain = {1,2,3,5,12}. Range = {3,3,7,11,27}.

Answers to Exercise 6.3

(D)
1 5
2 A / ~10
3 ~15
4 ~20

Domain Range
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Domain Range

32—73—10,5— 16.
4-7—-11,-2-—-1,-1—1,0—3,1 —5,3—09.
(5) y = 10x, range = {10,20,30,40,50}.

Answers to Exercise 6.4
Md=60t. (2) (a)V=2+3.

t(min) | O 2 4 6 & | 10 | 12
Vi(gal) | 2 8 | 14 | 20 | 26 | 32 | 38

(b)

B3 @A=T7t. B49. @ (a)t=23=4 (b) All numbers
between 0 and 0.75.  (¢) All numbers between 0 and 0.1875.
5) (@y=5x (b){0,1,2,3,4}. (¢){0,5,10,15,20}. (d) 350.

Answers to Exercise 6.5
(1) (a) Done as example. (b) (3,6). (¢) (—3,2). (d) (—6,—06).
(e) (5,-3).
2) (@I. MmIL (@I (@I (e)IV.
®))

[ ]
— WA U000

9-8-7-6-5-4-3-2- 123456789

De B

Coouddhbibn

(4) Answer should look the same as Figure (6.4) page 162.
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Answers to Exercise 6.6
Part11()3 2= Fi=7 @Di=2 G&F=2

0 4 N 3 4
©2 @ 8

4
[Part 2]
0 A B C D
0 undefined %:2 %:2 g:Z %:2
2 4 6
(1) A undefined 1= 2 7= 2 3= 2
2 4 _
B undefined 1= 2 7= 2
C undefined % =2
undefined

(2) The ratio % equals 2 whenever it is defined. (3) The run is 0, so the ratio
% is undefined because division by zero is undefined.

Answers to Exercise 6.7

(1,4)
(1,25

~10 10 -10 10 ~10 (12) 10

(1 10 (2) -10 3) ~10

(1.8)

X (1.3 X X
—10 10 —10 10 —10 10
(1,-3)

4 10 ©) 0 (6) -
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Answers to Exercise 6.8

-3 1 —1
1 @y=2x. (b)y= 5t ©y= o (d)y= 5

Answers to Exercise 6.9
[Part 1] (1) Ay =2,Av =5, = % increasing ~ (2) Az=3,Aw =11, =

%, increasing (3) At = —1,As =4, ﬁ—; = _Tl, decreasing

o Ny 3, . . A Ay 5
(4 Ay =3,Ax = 1,5~ = 7 =3, increasing  (5) Ay =5Ax =2, = = 7,

increasing  (6) At = —9,As =1, % = _T9 =0, decreasing

[Part 2] (I)A)’ZSAXZZ,%:g,increasing (Z)At:3,As:17%:

% =3, increasing (3) Ay = —4,Ax =2, % = _74 = —2, decreasing

- _ _ A -3 .
(4) Ay = —3,Ax =2, = = —=, decreasing

Answers to Exercise 6.10
(1) 23% (2)5feet (3) 1200 feet (4)30L (5 %b

Answers to Exercise 6.11

(1) d = 40¢, domain is all numbers from O to 3.  (2) T = 5¢, domain is all
numbers from 0 to 20. (3) (a) 3PM-4PM (b)2PM (¢) 1 hr.

Answers to Exercise 6.12

(1) slope = 3,y intercept = 7,x intercept = _77

-1

10

—12
5

(2) slope = 5,¢ intercept = %, s intercept =

(3) slope = %,t intercept = %,s intercept =
(4) slope = %5, y intercept = 6, x intercept = 55—4

(5) slope = _73,)7 intercept = —1,x intercept = %4

(6) slope = _71, y intercept = 3, x intercept = 6
(7) slope = 3,y intercept = 2, x intercept = =2
p Yy P p 3

(8) slope = 3,y intercept = _T”,x intercept = %

(9) slope = %1, y intercept = 1, x intercept = 5
(10) slope = ’TZ, y intercept = 2, x intercept = 3
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Answers to Exercise 6.13
y y
3 / 3
-6 / X / X
/ / 3

1 )

<
/
/

3) )

) (6)

(7 @®)
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Answers to Exercise 6.14
(1) (a) y=300+ 60r,Domain = all numbers from O to 10. Increasing.

y(mi)
900 + y= 300+60l

300 1

1(h)
10

(b) y =600 — 60¢, Domain = all numbers from 0 to 10. Decreasing.

y(mi) y =600 —60¢
600 A
t(h)
10
(2)
20 1
y(m)
15 1 y=1.5t+10
10 1 y=4t
5 4
O

2 3 4 5 6
It appears that Barb catches Alex at about 4 seconds.
(3) Barb catches Alex at time 4 seconds.
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(4) True.

Proof. Let y =2x-+5. Suppose that x changes by an amount Ax and y by an
amount Ay. Then

y+Ay=2(x+Ax)+5
y+Ay=2x+2Ax+5
y+Ay=y+2Ax

Ay =2Ax

Therefore, the change in y is 2 times the change in x.

)
y y=2x+5







Index

(—a) not necessarily negative, 35
y=ax+b,b+#0, 187
1-1 correspondence, 1

Addition
counting on, 20, 26
Additive inverse of additive
inverse, 35
Argument, 149
Axiom(s), 74
rational numbers, 74

Base(of exponent), 55
Basic unit of fraction, 80
Blob, 17

By inspection, 189

Cancellation

before multiply, 77

invalid, 114
Cartesian plane, 161
Change

rise and run, 177
Circumference

rate of change, 184
Collinear points, 170
Constant, 149
Coordinate plane, 161

axis (axes), 161

coordinates, 161

origin, 161

point, 161
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point and ordered pair, 161
quadrants, 161
Correspondence, 154-155

Decreasing, 180
Definition, 73
Dependent variable, 149
Distribution, 40
common sign troubles, 45
expand, 40
informal, 38—40
multiplication with columns, 39
Division, 68-70
multiplication by multiplicative
inverse, 75
Division by zero undefined, 72-73
Domain, 152
not stated, 152
ordered Pair, 153

Equality, 6, 7
reflexive, 7
symmetric, 7
transitive, 7
verses equivalence, 96
Equation, 93
equivalent, 95
example various degree, 98
linear, 98
satisfied, 95
solve, 95
add and subtract, 98
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chain of equivalent equations,

97
check answer, 97
clear fractions, 110-112
decimals, 103-104
distribution, 105
multiply and divide, 100
several operations, 104
strategy, 104
subtle features, 116
Equivalence
verses equality, 96
Equivalent equations, 95
Expand, 40
Exponent, 55

Function, 149
argument, 149
as correspondence, table,

ordered pairs, 157

as rule, 149
change in values, 177
constant, 149
correspondence, 154-155
definition, 149
dependent variable, 149
domain, 152
increasing (decreasing), 180
independent variable, 149
linear, 187
linear function, 182
map, 155
ordered pair, 149-151
range, 152
rate of change, 182
sends, 155
shift, 187
table of values, 156
translation, 187
unique value, 149
value, 149

Fundamental idea(s)
associative, 15
closed, 14
commutative, 14

INDEX

Graph
y=ax, 172
and rate of change, 185
coordinate plane, 161
intercepts, 188
line by intercepts, 192
verses plot, 171-172
when domain all numbers, 171
write equation given graph, 176

Identity element
for addition, 23
multiplication, 65-66
Increasing, 180
Independent variable, 149
Integers, 23
add and subtract
four familiar cases, 26
four unfamiliar cases, 28-30
idea 1, 29
idea 2, 30
idea 3, 30
idea 4, 30
ideas four into one, 30-31
cannot obtain 1 by
multiplication, 65
important subsets of integers,
23
not closed under division, 65
subtraction, 31
Intercepts, 188
Inverse element(s), 22
for addition, 23
multiplication, 66
tiny system with inverses, 22
Irrational numbers, 67
examples, 67-68

Letter(s)
as substitute for a long name, 3
to make general statements, 3—4
to represent a number, 75
to represent unknown, 96
unknown in word problem, 126
used as variable, 147



INDEX

Linear equation, see also Equation
defined, 98
two unknowns, 147

solve, 147-148

unique solution, 122

Linear function, see also Function
defined, 149
intercepts, 187-189
slope-intercept form, 189—-190

Map, 155
Multiplication
several ways to write, 37
sign of product, 41-44
case 1 discussed, 41
case 2 discussed, 43
case 3 discussed, 43
case 4 discussed, 44
four cases, 41

Name
Mark Twain and Samuel
Longhorn Clemens, 6
rewriting fractions when
adding, 9
substitution, 6, 9
unknown in Word problem,
127-128, 130
Natural number(s), 19
closed,commutative,associative
for addition and
multiplication, 15
not closed under subtraction,
16, 20
Numbers
extensions, 73

Ordered pair, 149-151
domain and range, 153

Polynomial, 50
binomial, 50
monomial, 50
trinomial, 50

Principal of substitution, 6
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in proving addition and
cancellation laws, 8
Proof
of several basic facts, 81-83

Range, 152
ordered Pair, 153
Rate of change
graph, 185
Rational expressions, 86
factor out —1, 120
Rational numbers, 66
axioms of, 74
signed, 75
product, 76
quotient, 76
simplifying, 77-79
Reciprocal, 84
Rectangular coordinate system,
161
Rise
computation, 167
how far up (down), 165
Rise/Run ratio, 166
change, 177
slope, 177
Romeo and Juliet, 156
Run
computation, 167
how far right, 165

Sends, 155

Set, 10
aggregate, 10
class, 10
collection, 10
element, 10
empty set, 11
member, 10
membership, 10
notation, 10
proper subset, 11
subset, 11
universal set, 11

Simplify



