From Schaum’s Outlines: Probability, Seymour Lipschuf

Chapter 4

Conditional Probability
and Independence

CONDITIONAL PROBABILITY

Let F be an arbitrary event in a sample space S with P(E) > 0. The probability that
an event A oecurs cnce E has occurred or, in other words, the eonditional probability of
A given E, writtén P(4 {F), is defined as follows:

_ PANE)
P (A!E) - P(E)

As seen in the adjoining Venn diagram, P(A{E) in a
cerfain sense measures the relative probability of A s
with respect to the reduced space E.

In particular, if S is a finite equiprobable space and |A] denotes the number of elements
in an event A, then

|ANE]
PANEY = r
( ) 9]
That is,
Theorem 4.1: Let § be a finite equiprobable space with events 4 and F. Then

_ number of elements in ANE
Eh ) = number of elements in F

PANE) _ |ANE|
PEy — |E

PE) = % andso PA|E) =

or

i

P(AE) = number of ways 4 and & ean occur
number of ways K can oceur

Example 41: Let a pair of fair dice be tossed. If the sum is 6, find the probability that one of
the dice is & 2. In other words, if

E = [sum is 6} = {(1,5}, (2,4), (3,8), (4,2), (5, 1)}

and A = {a 2 appears on at least one die}
find P(A | B). '

Now H consjsts of five elements and two of them, (2, 4) and (4, 2), belong to A:
ANE = {(2,4), (4,2)}. Then PA|E) =L

On the other hand, since A, consists of eleven elements,

4 = {(2,1), (2,2), (2,8), 2 1), (2 5), (2,6), (1,2), (3,2), (4,2), {5,2), (6,2)
and S consists of 36 elements, P(4) = ;‘_é-

Example 42: A couple has two children, Find the probability p that both children are boys if (i) we are
given that the younger child is a boy, (i) we are given that (at least) one of the children
.15 a boy. ; .
The sample space for the sex of two children is S = {bb, bg, gb, gg} with
probability § for each point. (Here the sequence of each point corresponds to the
sequence of births.} )

{i} The reduced sample space consists of two elements, {bb, gb}; hence p = 1.
{if) The reduced sample space consists of three elements, {bd, bg, gb}; hence p = }.
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MULTIPLICATION THEOREM FOR CONDITIONAL PROBARILITY

If we cross multiply the above equation defining conditional probability and use the
Tact that ANE =KL N4, we obtain the following useful formula.

Theorem 4.2: P(ENA) = P(E)P(A|E)
This theorem can be extended by induction as follows:

Corollary 43: For any events Ay, As, ..., 4, -
PlAiNAst- - Ay
= P(A) P(A2] A) P(A3 | AiNAg) -+ - P(A | AiNAa0 - NAR-)

We now apply the above theorem which is called; appropriately, the macltiplication
theorem.
Example 43: A ot contains 12 ftems of which 4 are defective, Three items are drawn at ran-

dom from the lot one after the other. Find the probability p that all three are
nondefective.

The probability that the first item is nondefective is i’% since 8 of 12 items are
nondefective. If the first item is nondefective, then the probability that the next
item iz nondefective is ITI since only 7 of the remaining 11 items are nondefective,
Ii the first two items are nondefective, then the probability that the last item is
nondefective is 1% since only # of the remaining 10 items are now nondefective.
Thus by the multiplication theoren:,

_8.7.6 _ 14
PTIETi10 T 5

FINITE STOCHASTIC PROCESSES AND TREE DIAGRAMS

A (finite) sequence of experiments in which each experiment has a finite number of
‘outcomes with given probabilities is called a (finite) stochastic process. A convenient
way of describing such a process and computing the probability of any event is by a tree
diagrom as illustrated below; the muitiplication theorem of the previous section is used to
computie the probability that the result represented by any given path of the tree does oceur.

Example 44: We are given three boxes as follows; .
Box 1 hag 10 light bulbs of which 4 are defective.
Box I1 has 6 light bulbs of which 1 is defective.
Box IIT has B light bulbg of which 3 are defective.

We select a box at random and then draw a bulb at random. What is the proba-
bility p that the bulb is defective?

Here we perform a sequence of two experiments:
(i} select one of the three boxes;
(ii} select a bulb which is either defective (D) or nondefective ().

The following tree diagram deseribes this process and gives the probability of each
branch of the tree:
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The probability that. any particular path of the ivee eccurs is, by the multiplica-
tion theorem, the product of the probabilities of each branch of the path, e.g.,

2 _ 2
the probability of selecting box I and then a defective bulb fg L2 =Z.

Now sinee there are three mutualy exclusive paths which lead to a defective
bulb, the sui of the probabilities of these paths is the reguired probability:
o L. 1,8 _ 113
1"‘§’5+3 6*3 3 = 60

Ezample 45: A coin, welghted g0 that P(H):= 2 and P(T) =%, is tossed. If heads appears,
then = number is selected at random from the numbers 1 through 8; if tails ap-
pears, then a number is selected at random from the numbers 1 through &, Find
the probability p that an even number iy selected.

The tree diagram with respective probabilities is

Note that the probability of selecting an even number from the numbery 1
through 9 s § since there are 4 even numbers out of the 9 numbers, whereas the
probability of selecting an even number from the numbers 1 through § is 2 since
there are 2 even numbers out of the 5 numbers. Two of the paths lead to an
even number: HE and TE. Thus :

2 4 .1 2 58
A ih i e

185

PARTITIONS AND BAYES THEOREM

Suppose the events Ay, Ay, ..., A, form a partition
of 5 sample space S; that is, the events 4; are mutually
exelusive and their union iz 8. Now let B be any other
event, Then

B = SﬂB = (A;_UA‘;U g 'UA“)HB
= (AiNBYU(AnB)U---U{4d.NB)
where the 4:NFP are also mutuslly exclusive. Ac- B is shaded,
cordingly,

P(B) = P(4iB) + P(42nB) + -+ + P(A.NB)
Thus by the multiplication theorem,

P(B) = P(A)P(B|A1) + P(A) P(B{Az) + -+ + P(A) P(B|A,) ()
On the other hand, for any 4, the conditional probability of A: given B ig defined by
; P{A:nB)
P(4:| By = ~P@

In this equation we use (1) to replace P{B) and use P(4:NB} = P(Al) P(B{A) to replace
P{A;nB), thus cbtaining

Bayes’ Theorem 4.4: Suppose A, As, ..., A, 18 a partition of S and B iy any event. Then
for any i, !
P(Ai[B) = PlA) P(B| Ay
PAN PB4} + PlA) P(B|An) + - + P(4.) P(B| Aq)
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Example 4.68: Three machines 4, B and ¢ produce respectively 50%, 30% and 20% of the total
number of items of a factory. The percentages of defective putpub of these ma-
' chines are 3%, 4% and 5%. If an item is selected at random, find the probability

that the item is defective.

Let X be the event that an item is defeetive.
Then by {1) above,

P(X) = PAYPEX|A4) + PBPX|B)
4 PIOPX|C)
= (50).08) + {30304} -+ {.20){.0R)
= .037

Observe that we can also consider this problem as
a stochastic process having the adjoining tree
diagram. ‘ '

Example 47: Consider the factory in the preceding example. Suppose an item is gmelected at
random and is found to be defeclive, Find the probability that the item was pro-
duced by machine 4; that is, find P{A ] X).

By Bayes' theorem,

PAYP(X | 4)
P4 LX) BATPE[A) ¥ PB X B) + PO PEIG)
(,50)(.08) L 15
(E0)(03) F (20)(.04) - (ZOVc08) 37

In other words, we divide the prohability of the required path by the prebability
of the reduced sample spaee, i.e. those paths which lead to a defective item,

INDEPENDENCE

An event B iz said to be independent of an event A if the probability that B oceurs is
not influenced by whether 4 has or has not oceurred. In other words, if the probability
of B equals the conditional probility of B given A: P(B)= P(B]A). Now substituting
P(B) for P(B{A) in the multiplications theorem P(ANB) = P(A)P(B}A), we obtain

o P(ANB) = P(4)P(B)
We use the above equation as our formal definition of independence.

Definition: Events 4 and B are independent if P(A(‘;B) = P(4}P(B); otherwise they
are dependent.

Example 48: Let a fair coin be t;osse'df three times; we obtain the equiprobable space
§ == {HHH, HOT, HTHE, HTT, THH, THT, TTH, TTT}
Consider the eventy
A = {first toss is heads}, B = {second toss is heads}
C == {exactly two heads are fossed in a row}

Clearly A and B are independent events; this faet is verified below. On the other
hand, the relationship between 4 and € or B and € is not obvious. We claim
that 4 and C are independent, but thet B and C are dependent. We have

PlA) = P{{HHH, HHT, HTH, BTT}) = % = .;:
P(B) = P({HHI, HHT, THH, THT}) = ‘_é = Jé
P(C) = P({EHT, THH}) = % =1
Then
PAnE) = P(HHE, HET) = 3, PANC) = P{HET)) = %

1

PERC) = PHHHET, THH}} = i
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Acecordingly, g
PIAYPEB) = %é = % = P(AnB), andsod and B are independant;
P({l) PGy = % :11- = % = PANC), andso A and C are independent;
PBPC) = 2-5 = 1 % P(BAC), and so B and C are dependent.

Frequently, we will postulaie that two events are independent, or it will be clear from
the natore of the experiment that two events are independent,

Example 49:  The probability that 4 hits a tarvget is 4 and the probahility that B hits i is &
What is the probability that the target will be hit if A and B each shoot at the
target?

~ We are given that P(4) = 3 and P(B) = 2, and we seek P(AUB). Further-
more, the probability that A or B hits the target is not influenced by what the
other does; that is; the event that ‘A hits the target is independent of the event
that B hits the target: P(ANB) = P(4) P(B). Thus

FlauBy = P4+ PB) — PARE) = P{A)} + P(B) — Pl4) P(B)
T | + 2 _ l.g = AL
4 5 45 T 20.

J

Three events 4, B and C are independent if: ]
() PANB) = P(A)P(B), P(ANC) = P(AYP(C) and P(ENC) = P(B)P{C)
. i.e. if the events are pﬁirwise independent, and '

(i) P(ANENC) = P{4) P(B)} P(C).

The next example shows that condition (ii) does not follow from condition (i); in other
words, three events may be pairwise independent but not independent themselves.

Example 410: Let » pair of fair coins be tossed; here & = {HH, HT, TH, TT} ig an equiprobable
space. Consider the events

4 = {heads on the first coin} = {HH, HT}
B = {heads on the second coin} = [HH, TH)
¢ = {heads on exactly one coin} = {HT, TI_{}

Then P(A) = P(B)=P(C)=%=1 and
1
4 )
Thus condition (i) is satisfied, Le., the events are pairwise independent. However,
AnNBnf =@ and so

PANBNC) = P{@) = 0 » P(4)P(B) PLC)

In other words, condition (ii) is not satisfed and so the three events are not inds-
pendent.

PlAnB) = P{HH)) = I%’ FANCy = PUATY = PBNCY = ({TH}) = ;1'"

INDEPENDENT OR REPEATED TRIALS

We have previously discussed probability spaces which were associated with an experi-
ment repeated a finite number of times, as the tossing of a coin three fimes. This concept
of repetition is formalized as follows:

Definition: Let S be a finite probability space. By n independent or repeated trials, we
mean the probability space T consisting of ordered n-tuples of elements of 8
with the probability of an n-tuple defined to be the product of the probabilities
of its components:

Pl(si, 82, ...,8)) = P(s1) Psq) - - < Psa)
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Example 411: Whenever three horses o, b and ¢ race together, their respective probabilities of
winning are &, I and . In other words, 8= {a,b,¢} with P(a}= & P(B) =3
and P(g) = }. If the horses race twiee, then the sample space of the 2 repeated
trials is

T = {oa, ab, ac, ba, b, be, cu, cb, e}

For notational convenience, we have written ac for the ordered pair (g,¢). The
probability of eaeh point in T ix

_ = 1,1 _1 = 3 =y
Pleg) = Pla) Pla) = 5 =g Pba) = i Flea) = i3
- ok o B | - 1
Plab) = Plu) P{b) = 3°2 T g P(bby = 5 Pich) = 18
_ S B o B -1 o
Placy = Pla)Ple) = 58 15  Plbe) = % Plecy = 26
Thus the probability of ¢ winning the first race and o winning the second race is

Plea) = 25,

From another point of view, a repeated _
trialg process is a stochastic process whose i 2
tree diagram has the following properties: /%/ :
{i) every branch point has the same outcomes;
(ii) the probability is the same for each
branch leading to the same outeome. For
example, the tree diagram of the repeated

trials process of the preceding experiment
is as shown in the adjoining figure.

Observe that every bhranch point has the
outcomes o, b and ¢, and each branch lead-
ing to outcome o has probability 3, each
branch leading ioc b has probability 4, and
each leading to ¢ has probability %

1

[

Solved Problems

CONDBITIONAL PROBABILITY IN FINITE EQUIPROBABLE SPACES

41. A pair of fair dice is thrown. Find the probability p that the sum is 10 or greater if
(i} a 5 appears on the firet die, (ii) a 5 appears on at least one of the dice.

(i} If u 5 appears on the first die, then the redueced sample space is
4 = {3 1), 52), (58) 5,4, (55), (56)}
The sum is 10 or greater on two of the six outcomes: (B, 5), (5,6). Henee p= ‘2-:“ %
{ii) If a 5 appears on at least one of the dice, then the reduced sample space has eleven elements:
B = {5, 1); (5,2), (5,8), (5, 4), (5:5), <s,fi); (L. 5), (& 8), (375), (4,5), (6:5)}
The pum is 10 or greater on ffhree of the eleven outeomes: (5, 5), {5, 8), (6,5}, Hence p = %.



80

4.2.

43.

4.5,

4.6.
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Three fair coing are tossed. Find the probability p that they are all heads if (i) the
first coin is heads, (ii) one of the coins is heads. '

The sample space hag eight elements: 5 = {HHH,HHT, ETH, HTT, THH, THT, TTH, T'FT}.

i) If the first coin iz heads, the reduced sample space s A4 = {HHH, HET, HTH, HTT}, Since
the coing ave all heads in 1 of 4 cages, p= 1.

(ii} IF one of the coins is heads, the reduced sample space iz B = {HHH, HHT, HTH,HTT, THH,
THT, TTH}. Since the coins are all heads in 1 of 7 cases, p =1,

A pair of fair dice is thrown. If the two numbers appearing are different, find the

probability p that (i) the sum is six, (iI) an ace appears, (iii) the sum is 4 or less.
Of the 36 ways the pair of dice can be thrown, § will contain the same numbers: (1,1), (2,2),

..., (6,6). Thus the reduced sample space will consist of 36— 6 == 30 elements.

(i} The sum 6 can appear in 4 ways: (1,5), (2, 4), (4, 2), (5,1). {We cannct ineclude (3,3) since
the numbers are the same.) Hence p = 4 =& :

15

(i) An ace can appear in 10 ways: (1,8), (1, 8, ..., (1,8) and (2,1), (3,1), ..., {6,1). Hence
1

(iii} The sum of 4 or less can gecur in 4 ways: (8, 1), (1,8),(2,1), (1,2). Thus p= 3% =g,

i

Two digits are selected at random from the digits 1 through 9. If the sum is even,
find the probability p that both numbers are odd.

The sum is even if both numbers are even or if both numbers ave odd. There are 4 even -
numbers (2,4, 6, 8); hence there are (‘;) = 6 ways fo choose two even numbers. There are 5 add
numbers (1,3,5,7,9); hence there are (‘:.) = 10 ways to choese two odd nwmbers. Thus there are
6 + 10 = 16 ways o choose two numbers such that their sum is even; since 10 of these ways oceur

when both numbers are odd, p = —(1 = §.

A man is dealt 4 spade cards from an ordinary deck of 52 eards. If he is given
three more cards, find the probability p that at least one of the additional cards is
alzo a gpade.

Since he is dealt 4 spades, there are 52 — 4 = 48 cards remaining of which 13 —4 = § are
spades. There are ( ) == 17,296 ways in which he can be dealt three more eards. Since there are
48 — 9 = 39 cards Whlch are not spades, there are ( ) 9139 ways he can be dealt three cards
which are not spades. Thus the probahzhty g that he iz not dealt another spade iz g¢= 1?,3293,

o BIST
hence p = 1—¢ = 17555+

Four people, called North, South, East and West, are each dealt 13 cards from an
ordinary deck of 52 cards.

(i) If South has no aces, find the probability p that his partner North has exactly
two aces. '

(if) If North and South together have nine hearts, find the probability p that East
and West each has two hearts,

{i} 'I‘here are 39 cards, including 4 aces, divided among North, East and West, There are
( ) ways that North can be dealt 13 of the 389 eards, There are {2) ways he can be dealt 2 of
the four aces, and (n) ways he can be dealt 11 cards from the 39 —4 == 85 cards which are
not aces, Thus g

(3D 6-12-13:25-26 _ 650

PE C® T TEgesv-3e89 2109
13) )
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{#i) 'There are 26 cards, including 4 hearts, divided ameng East and West. There are (?g) ways
that, say, East can be dealt 13 cards. (We need only analyze East’s 13 cards since West must
have the remaining cards,) There are (2) ways Bast can be dealt 2 hearty from 4 hearts,
and {u) ways he can be dealt 11 non-hearts from the 26 —4 = 22 non-hearts. Thus

GED  ge12.13-12-13 234

@ T T®d%me2s 5

MULTIPLICATION THEOREM

4.9,

4.8.

4.9,

4.10,

A class hag 12 boys and 4 girls. If three students are selected at random from the

-clasg, what is the probability p that they are all boys?

. The probability that the first student selected is a boy is 12/16 éince there are 12 hoys out of
‘16 students. If the first student is a boy, then the probability that the second is a boy is 11/15
since there are 11 boys left out of 15 students. Finally, if the first two students selected were boys,
then the probability that the third student is a boy is 10/14 since i:here are 10 hoys left out of
14 students. Thus, by the multiplication theorem, the probability that all three are hoyz is

12 11 10 _ 11

P> 161614 = 28
Another Method. There are {1_:) 660 ways to select 3 students of the 16 students, and
(12) = 220 ways to select 3 boys out of 12 boys; hence p = 20 55 = %.

A Third Method. If the students are selected one after the other, then there are 16+ 15 14 ways
113.10

to select three students, and 12+ 11 10 ways to select thres boys; hence p = Iﬁ‘zs”'_f-i' 23

- A man is dealt 5 cards one after the other from an ordinary deck of 52 cards. What

iz the probability p that they are all spades?

 'The probability that the first card is a spade is 13/52, the second is a spade ig 12/51, the third
is a spade is 11/50, the fourth is a spade iz 10/48, and the last is a spade is 9/48. (We assumed in

13 12 10 9 . 8
each ease that the previous cards were spadesn.) Thus p = T HRCIETE Y e

An urn contains 7 red marbles and 3 white marbles. Three marbles are drawn from
the urn one after the other. Find the probability » that the first two are red and
the third is white.

The probability that the first marble is red is 7/10 since there are 7 red marbles out of 10
marbles. If the first marble is Ted, then the:probability that the second marble is red is 6/9 since
there are 6 red marbles remaining out of the 9 marbles. If the first two marbles are red, then
the probability that the third marble iz white is 3/B since there are 3 white marbles out of the
8 marbles in the urn. Hence by the multiplication theorem,

v & 8 1

P= 10978 T M

The students in a class are selected at random, one after the other, for an examina-
tion. Find the probability » that the boys and girls in the class alternate if (i} the
class consists of 4 boys and 3 girls, (i) the elass consists of 8 boys and 3 girls.

i) 14 the boys and pirls are to alternate, then the first student examined must be a boy. The
probability that the first is a boy is 4/7. If the first is a boy, then the probability that the
second iz a girl is 8/6 since there are 3 girls out of 8 students Jeff. Continuing in this manuer,
we obtain the probability that the third is a boy is 3/5, the fourth is a girl is 2/4, the fifth is a
boy iz 2/3, the sixth is a girl is 1/2, snd the last is a boy is 1/1. Thus

4332?:.1.1.__1.
P = B'5°2°38'2°1 " 33
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-~

F

(ii) 'There are two mutually exclusive cases: the first pupil is a bay, and the fizst is a girl. If the
first student is a boy, then by the multiplication theorem the probability p; that the students
alternate is

If the first student is a girl, then by the muiltiplication theorem the probability p, that
the students alternate is 2 2 1.1 1

—3,8.2.2.1.1
=g e T e el B0
Thus p = py+pp = &+ 55 = 1

MISCELLANEOUS PROBLEMS ON CONDITIONAL PROBABILITY .

4.11. In g eertain college, 25% of the students failed mathematies, 16% of the students
failed chemistry, and 10% of the students faﬂed both mathematics and chem1stry
A student ig selected at random.
(i) If he failed chemistry, what is the probability that he failed mathematics?
(i) If he failed mathematics, what is the probability that he failed chemistry?
(iii) What is the probability that he failed mathematics or chemistry?
Let M = {students who failed mathematics} and = {students who failed ch'entihtry}; then
P(M) = 25, P(C) = .15, P@MnQC) = :
{i} The probahility that a student failed mathematies, given that he has fajled chemistry is

PMNCH _ 2
PMIO) =~y T 15 3
{ii) The probability that a student failed chemistry, given that he has failed mathematics is
PCAM) A0 2
Pl = Tppt = =g
(1) P(MUC) = P(M) + P(C) — P(MNC) = 25+ 15—.10 = .30 = 13_0

4,12. Let 4 and B be events with P(A)=1%, P(B)=1} and P(AnB)=4. Find (i) P(A [ B),
(i) P(B|4), (iii) P(AUB), (iv) P(4°{B"), (v} P(B°|A%). ~

A
H PAIB = % = E = % (i) P(B|4) = P(PB(Q;Q} =§§_

ez L
~ 3

oot . L
3 4 12 _
{iv} First compute P{B*} and P{denBe). P(B9) = 1—~P{B) = 1~4% = 2 By De Morgan’s
law, (AUB)® = 4*nB%; hence P{4°nBe) = P{AUB)?) = 1 — P{AUR) =1 — & = #,.
PlacnBe) _ 15 _ 6

P(ES) : 7w

Gil) PLAUB) = P(4) + P(B) — P{AnB) = &

Thus P{dec|Bs) =

o &
() P49 =1-PA)=1—}=4 Then PBejds=LE04Y 355

413. Let A and B be events with P(4)=3, P(B)=% and P(4UB)=4%. Find P(4|B)

and P(B|A).
First compute P(4 1\ B) using the formula P(4UB) = P(4) + P(B} P(ANB):
8 =3.:0-PanB o PUnm =1
Then P(4]B) = f—%{%@ % £ and P(B(4) —%:%-%
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4.14. Find P(B|A) if (i) A is a subset of B, (ii) A and B are mutually exclusive.

(f) If A is-a subset of B, then whenever A oceurs B must oceur; henee P(B |4} = 1. Alternately,
- if A is a subset of B then ANB = 4; hence

PANB) _ PA) _
P4y T PA) T

© (" )®

) | i)

PBlA) =

(if) If A and B are mutnally exclusive, i.e. disjoint, then whenever A occurs B cannot oceur; hence
P(B|A)=0. Alternately, if A and B are muinally exclusive then ANE = {; hence

PANB) _ P@) _ 0

PB4} =~y = BA) ~ PlA)

=0

4.15. Three machines 4, B and C produce respectively 60%, 30% and 10% of the tofal
number of items of a factory. The percentages of defective output of these machines
are respectively 2%, 3% and 4%. An item is selected at random and is found defective.
Find the probability that the item was produced by machine C.

Let X = {defective items}. We seek P(C| X), the probability that an item is produced by machine
C given that the item is defective, By Bayes” theorem,

PIOYPIX|O)

PCIX) = BOpEIA ¥ PBPE| B + BT BEC)
(10).04) _ 4
(B0j(62)  (.805,.03) + (1008 ~ 25

4.16. In a certain college, 4% of the men and 1% of the women are taller than 6 feet.
Furthermore, 60% of the students are women. Now if a student is selected at
" random and is taller than 6 feet, what is the probability that the student is a woman?
Let A = {students taller than 6 feet}. We seek P(W | 4), the probabﬂlty that a student is a
woman given that the student is taller than 6 feet. By Bayes’ theorem,
P(W)P(A | W) _ (.60)(.01) . B

PWIA) = sompd|w) + PODBATID = (800,00 + (400000 — il

et F he an event for which P(E) > 0. Show that the conditional probability function
P(+| E) satisfies the axioms of a probahility space; that is,

[P.] Foranyevent A, 0=PA[E)=1.
[P:] For the certain event S, P(S|E) =1.
[P;] If A and B are mutually exclugive, then P(AUE| E) P(A|E) + P(B|E).

[Pl If Ay, As, ... is a sequence of mufually exclusive events, then
P(A1UAzU -+ |E) = P(AL|E) + P(A: | E) + -
P

(Ank) . g
P 1 and is also non

{i) * We have An¥ CH; hence P(ANE) = P(E). Thus PA}H) =
negative.- That is, 0= P{A|¥) =1 anpd so [P;] holds.
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PEnE) _ PE} _

{(il) We have SnF = B, hence P(S|E) = PE - PE 1. Thus [P,] holds,

(ifi) If A and B are mutually exclusive evenis, then so are ANE and BnE. Furthermore,
(AUB)NE = (AnE)yU{BnE). Thus
PAUBINE) = PUANEYU(BNE) = PANE) + P(BNE)
and therefore.
P{AUBINE) _ PANE) + P(ENE)

PAUBIE) = o = e
PANEY | PBnE}Y :
P + E) PALE) + P(BIE)
Hence [P,] holds.
(iv) Similarly if A,, A,, ... are mutually exclusive, then so are 4;NF, 4,NH,.... Thus

PUAUA L NE) = PUAINEYUAnEYU ) = PANE) + Pld0E) + -+
and therefore .
PUAVAU - )NE)  PANE) +P{ANE) + -
P(E) - P(E)
_Pl4nE) | PAyNE)

=gty T T PR B bR B

P(AIUAZ'U"' |E) =

That is, [F,] holds.

i

FINITE STOCHASTIC PROCESSES

418, A hox contains three coins; one coin is fair, one coin is two-headed, and one coin is
weighted so that the probability of heads appearing is 4. A coin is gelected at
random and togsed. Find the probability » that heads appears.

Construct the tree diagram as shown in Figure (a) helow. Note that T refers fo the fair eoin,

IT to the two-headed coin, and ITT io the weighted eoin. Now heads appears along three of the
paths; hence i 1 1

- 1.1 1, 1.1 i1
p = gr3+grlitygys ¢ o

1.‘}<H LA

§

A

R
w
E

t
coho
=
%.

o)

(4]
tnpo

enioe
H W

(e} (b}

4.19. We are given three urng as follows:
TUrn A contains 8 red and 5 white marbles.
Urn B contains 2 red and 1 white marble.
Urn € contains 2 red and 3 white marbles.

An urn is selected at random and a marble is drawn from the urn. If the marble
is red, what is the probability that it came from urn A? '

Construct the iree diagram as shown in Figure (b) above. ’

‘We seck the probability that A was selected, given that the marble is ‘Ted; that is, P(4 | E).
In order to-find P(A | B), it is necessary first to compute P{ANE) and P(R).

The probability that wm A is selected and a red marble drawn is

P{AnE) == % Since there are three paths leading to a red marble, P(E) m;}
Thus
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4.20.

4.21.

4.22.

1
ANER B 45
rair = PopB o 3 = &
360
Alternately, by Bayes’ theorem,
— PAYPR[A)
PAIR) = BETP®RIA) + FB) P B) + B BRI )
34 4B

AR EET I

Box A contains nine cards numbered 1 through 9, and box B containg five cards
numbered 1 through 5. A box is chosen at random and 2 card drawn. If the number
is even, find the probahility that the card came from box A.

The tree diagram of the process is shown in Figuie {z) below,

We seek P(A | B), the probability that A was selected, given that the number is even. The

probability that box 4 and an even mumber is drawn is ;--%: % that is, P(AnE)=3. Since
there are two paths which lead to an even number, P{E) =51- g—+% g?— 1: . Thus
2
_ PAnE) _ 3 _ 10
PUIE) = “pm =5 = i
45
§ & % R
5
i A<o SR
i g - %R
i B : ag —I i
o W

(o) ()

An urn containg 8 red marbles and 7 white marbles. A marble is drawn from the
urn and a marble of the other color is then put into the urn. A second marble is
drawn from the urn.

(1) Find the probability p that the second marble is red.

{if) If both marbles were of the same color, what is the probability 7 that they wers
both white?

Construct the tree diagram as shown in Figure (b} above.

(i) Two paths of the tree Iead fo a red marble: p= 10 120+ 1'1,' fﬂ 17

(i) The probability that both marbles were white i ;5°5 =35 The probability that both

marb]es were of the same color, ie. the probability of the redueed sample space, is

130 R T IB = ;g Henee the conditional probability p = -9/25 ;

We are given two urns as follows:

Urn A contains 3 red and 2 white marbles.
Urn B containg 2 red and 5 white marbles.

An urn is selected at random; a marble is drawn and put into the other urn; then
a marble is drawn from the second urn. Find the probability p that both marbles
drawn are of the same color.

Construct the following tree diagram:
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. R

3 E 7 i

3 * 2 W_%<R
g

% R

E<|
w&-‘/\m\\-
3 W

Note that if vrn A is selected and a red marble drawn and put into urn B, then wrn B hag
3 red marbles and & white marbles,
Sinece there are four paths which lead to two'marbles of the same color,

i %8 . 3. 248.1.2.2.% K2 . %0l
5'5'§te s itavytaria T oiemo

INDEPENDENCE

423, Let A = event that a family has children of both sexes, and let B =-event that a
family has at most one boy. (i) Show that A and B are mdependent events if a
family has three children. (ii) Show that 4 and B are dependent events if a family
has two children.

(i We have the equiprobable space S = {bbb, bbyg, bgb, bgg, gbb, gbg, ggb, ygg}. Here

A = {bby, bgb, bgy, gbd, gbg, gyb} and so P4y = g- = %
B = {bgg, gby, gub, pvi} and 50 P(B) = % = %
ANEB = {bgg, gbg, ggb} and so P(ANB) =—g—

Since PAYP(B) = §+4 = § = P(AnB), A and B are independent.

{ii) We have the equiprobable space S = {bb, by, gb, pg}. Here

4 = {bg, gb} and so Pl4) = %
B = {bg,gb,gg} andso PB) = %
AnB = {bg, gb} and g0 P(ANB) = %

Since P{A)P{B) # P{(AnB), A and B are dependent.

-» 424. Prove: If A and B are independent events, then A¢ and B® are independent events.

P{A®nBY) = P(AUB)) = 1—PAUB) = 1— P(4) — P(8) + P(4NB)
= 1 — P(A) — P(BY + P(A) P(B) = [1 — P(A)]l1 — P(B)] = P(A¢) P(Be)

4.25. The probability that a man will live 10 more years is 1, and the probability that his
wife will live 10 more years is §. F'ind the probability that (i) both will be alive in
10 years, (ii) at least one will be alive in 10 years, (iii} neither will be alive in
10 years, (iv) only the wife will be alive in 10 years.
Let A= event that the man is alwe in 10 years, and B = event that his wife is alive in
10 years; then P(4) = § and P{B) =

{ii We seek P{ANnB). Since 4 and B are independent, P(ANB) = PA)PB) =434 =
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(i) We seck PLAUB). PAUB) = P(4) + P(B) ~ P(ANB) = 1+ — & = §

(i} We saek P(4cnBc). Now P(dc)=1—Pd)=1-~%1=2% and P(B)=1-PB}=1—-% =4}
Furthermore, since A¢ and B¢ ave independent, P(AenBe) = P(AS) P(Be) = §2 = 4.

Alternately, sinee {4UB)t = AenBe, P(AcnB¢) = P((AUBY¥) =1~ PAuB)=1—1=£f

(iv) We seek P(AcnB). Sinca PAs)=1-—-P{A)= 2 and A¢ and B are independent {gee Problem
456), P(AcnB) = P(Ac) P(B) = L.

4.26. JBox A contains 8 items of which 3 are defective, and box B contains 5 items of which
' 2 are defective. An item is drawn at random from each box.

(i) What is theé probability p that both items are nondefective?

(if) What is the probability p that one item is defective and one not?

(iii) If one item is defective and one is not, what is the probability » that the defec-
tive item came from box A?

i

(i) The probability of choosing a nondefective item from A is % and from B is g—. Since the
events are independent, p = —g-g =3,

(ii) .Method 1. The probability of choosing two defective items is &

2
probability that both are nondefective is g. Hepee p=1 w%—é}a = ‘11—3.

Z_.
i=

Blee

From (i) the

Method 2. The pro%aabilit_v p; of choosing a defective item from A and a nondefective item
from B is g-% =45- The probability p, of choosing a nondefective itemn from 4 and a
defective item from B is %-% = % Hence g=p;+p= -fg-iw;lg = 711%. i

(iii) Consider the evenis X = {defective item from AY and ¥ = {one item iz defective and one

nondefective}, We seek P(X|¥). By (ii), P(XnY)=p = 4—% and P(Y} = :1%. Hence

PXAY) i 9

p=FXIY)="py "B 1p

¥
The probabilities that three men hit a target are respectively §, 1 and t. Each
shoots once at the target. (i) Find the probability p that exactly one of them hits
the target. (if) If only one hif the target, what is the probability thaf it was the
firat man?

Consider the events A = {first man hils the target}, B = {second man hits the target}, and:
¢ = {third man hits the target}; then P{4) =1, P(B) =] and P(C) = §. The three events are
independent, and P(A7) = &, P(B®) =%, P(C%) = §..

(i) Let [E = {exactly one man hits the target;. Then
B = (AnBencau (AenBnCe)u{denienc)

In other words, if only one hit the target, then it was either only the first man, AnBenCe,
or only the second man, A¢nBriCe, or only the third man, denBendC, Since the three evenis
are mutually exclusive, we obtain {using Problem 4.62) :

p = PE = PANBNOY + PAsNBNCe) + PlA°nBeNC)
= P(A) P(B¢) P(C%) + P(A¢) P(B) P(C<) + P(Ac) P(BY) P(C)
_ 82 B8 .3 o g BB o Bl
= §'9'3TEiitEis T uwtmtu Tow

(i) We seek P{4|JE), the probability that the first man hit the target given that only one man
hit the target. Now ANnE = AnBenCc js the event that only the first man hit the farget.
By (i), P(ANE) = PAnBenCe) = % and P(E) = £: hence

PANEY _

3
PA|E) = > =H =5
72
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INDEPENDENT TRIALS

4.28,

4.25.

4.506.

A certain type of missile hits its target with probability .3. How many missiles
should be fired so that there is at least an 80% probability of hitting a target?
The probability of a missile missing its target is .7 hence the probability that n miesiles miss a
target is {(7)=. Thus we seek the smallest n for which
1—- (T > & or equwaler:isly (T < .2

Compute: (7Y =7, {(7)2= 49, {708 =.848, (7)* == .2401, (7)5 = 16807. Thus at least 5 missiles

should be fired.

A certain soccer team wins (W) with probability .6, loses (1) with probability .3
and ties (T) with probability .1. The team plays three games over the weekend.
(i) Determine the elements of the event 4 that the team wins at least twice and doesn’t
lose; and find P(A). (ii) Determine the elements of the event B that the team wins,
foses and ties; and find P(R).

(i) A consists of all ordered triples with at least 2 W's and no I’s. Thus
= {WWW, WWT, WI'W, TWW}
P(WWW) + P(WWT) + P(WTW) + P(TWW)

{-6)(.8)(.8) + (.BILBI.1) + (B)13(6) + (1)(.B).6)
= .216 + .D36 4 .036 1 036 = .324

It

Furthermore, PlA)

il

(i) Here £ = {WLT, WTIL, LWT, LTW, TWL, TLW}. Since each element of B has probability
(6).8)(1) = .018, P(B) = 6(.018) = .108.

Let S be a finite probability space and let T' be the probability space of » independent.
trials in S. Show that T iz well defined; that is, show (i} the probability of each
element of T is nonnegative and (ii) the sum of their probabilities is 1.

¥ §={ay...,u}, then 7 can be represented by

T = ey oy iy oo dy= oo, 1)

T
Sinee Pla) = 0, we have
P(@il' ¢ -a,-n) = P(Gil)' : ‘P(&’f(n) =

for a typieal clement g; el in T, which proves (i}

We prove (it} by induction on n. It is obviously frue for m = 1. Therefore we consider n > 1
apgd assume (ii) bas been proved for » — 1. Then

T T r -
- §n=1 Play --a;) = - %ﬁ , Plag) Pla) = - -32;;“1 i Play)--Pla; ) inz;i Play )
T r
= E = P{ail). il gl = s «;2 w1 Bl iyl = 3
gre by 1 7l b 2 |

by the inductive hypothesis, which proves (ii} for =.



