674 INTEGRATION (Chapter 26)

Summary

To find the total distance travelled given a velocity function v(t) = s'(t) on a <t < b:

e Draw a sign diagram for v(¢) so that we can determine directional changes, if they exist.

Determine s(t) by integration, with integrating constant ¢, say.

Find s(a) and s(b). Also find s(t) at every point where there is a direction reversal.
e Draw a motion diagram.

Determine the total distance travelled from the motion diagram.

Example 15

A particle P moves in a straight line with velocity function

v(t) = t? — 3t + 2 ms~ L. How far does P travel in the first 4 seconds of motion?

+ ., -, +
>t

1 2

v(t) = §'(t) =t*—3t+2 .. sign diagram of v is: I
=@t-1)(t-2) 0

Since the signs change, P reverses directionat ¢ =1 and ¢ =2 secs.

Now s(t) = [(#* —3t+2)dt

3 32
L,
3 5 +2t+c
Now s(0) =¢
s(l)=2-2+2+c=c+2
s2)=8-6+4+c=c+32
s(4)=8 —-24+8+c=c+5%
Motion diagram: _ | g | »
@ N c+5%
C+§C+%
total distance = (c+3 —c)+ (c+3 —[c+2]) + (c+53 — [c+ 2])
_5.5_2 12
=§ts-3+55—3
:5§m

EXERCISE 26H

1 A particle has velocity function wv(t) =1 — 2t cms™! as it moves in a straight line.
Find the total distance travelled in the first second of motion.

2 Particle P has velocity v(t) =t> —¢t—2 cms~!. Find the total distance travelled in
the first 3 seconds of motion.

3 A particle moves along the z-axis with velocity function '(t) = 16t — 4¢3 units/s.
Find the total distance travelled in the time interval:

a 0<t<3 seconds b 1<t¢t<3 seconds.
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4 The velocity of a particle travelling in a straight line is given by v(t) = 50 — 10e=°-5¢

ms— !, where ¢ >0, t in seconds.

Discuss v(t) as t— oo.

Draw the graph of wv(t) against t.

W == 0 O n O 0o

State the initial velocity of the particle.

Find the velocity of the particle after 3 seconds.
How long would it take for the particle’s velocity to increase to 45 ms=1?

Show that the particle’s acceleration is always positive.

Find the total distance travelled by the particle in the first 3 seconds of motion.

5 A train moves along a straight track with acceleration 0~ 3 ms~2. If the initial

velocity of the train is 45 ms~!, determine the total distance travelled in the first minute.

6 A body has initial velocity 20 ms—!

function 4e *° ms—2.

as it moves in a straight line with acceleration

a Show that as t increases the body approaches a limiting velocity.
b Find the total distance travelled in the first 10 seconds of motion.

"Il DEFINITE INTEGRALS

If F(z) is the antiderivative of f(z) where f(x) is continuous on the interval
a < z < b then the definite integral of f(z) on this interval is

b
[ 1@z =Pe) - F@

b
Note: / f(x)dz reads “the integral of f(x) from z=a to z =0, with

respect to x”.

Notation:

We write  F(b) — F(a) = [F(x)]5.

Example 16

Find ff’ (22 +2) dz

f13 (% +2)dz

3 3
= [m_ —|—2:c]
3 1

(% +20) - (% +20)

Check:
frInt(EE+2.8.1.3
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2
x
i fa+1)'+ec
2 a y=—2(1-2z

-4z +c

¥+c b yz%x%
c y:x+2ln\a¢\+§+c

NS

3 a f()=1e'-$a’t3ute b f(2) = faf - Lot e
¢ f(z)=3e" —4ln\x\+c
b oa flz)=2—2+3 b f(ﬂﬂ):l"?”rff2 7
¢ fle)=e"+2yz—1—e d f(x)=32"-4/z+%5
5 a fz)=32"+i2"+2+3
b f(x)—4a:2 +42% — 4z +5
¢ f(z)=32"—Laz+5
EXERCISE 26F I
1 4 ; 772
1 a 8(2I+5) +c b 2(3—217)+C < 3(2$_1)3+c
d %(45073)84% e %(39074)%1% f —4v1—5z+c
g ~$0-of+e h 23— date 1 3@r-1ie

y=102z-7%+2 b (-8 -19)

12z-1%+c b %xsf§z4+lx3+c
¢ —5(1-32)"+c d z— 22+ 3% +c
e ——(5—$)2 +c f l$7+§$5+m +zx+ec

2 —3x

h a 2°+2e¥+c b 12+ 2e7¥ 4
< %:cZ +2* +e " +c d tln[2z—1]+c
e —2Injl-3z|+c # —e®—2In[2z+1|+c
g %ezz+2x—§e_2’”+c h —%6_21—46_904-4274-6
i 12°+5Inl—z|+c

5 a y=3-2"+2¢"+c b y=z—2’+3In|z+2|+c
¢ y=—1e* 422z —1|+c

6 Both are correct. Recall that:
L (n[Az)) = +=(in|A| + In]a]) =

7 a f(x):—e_2’”+4
b f(x)—x2+21n|1—:c|+2—2ln2

¢ f(z)= a:2 —fte 4 let -2
8 /232: 8dz*31n\:v+2\ Injz —2|+¢
2 —4

2
/Md:c:%1n\2x—1|—%1n|2x+1|+c

EXERCISE 26G I
1 a {(®+1)°+c b 2V22+3+c¢
e+ +c
1
T 27(32% — 1)3
1 1
S g M i@y ¢

i %(x2+m)5+c

c %(mS—i—m)%—&-c d

e (@ +22+1)°+c f +ec

el™2 4 ¢ b ez2+c <
2eV% 1 ¢ e —ezfﬁ—i—c

o o o

1n’x2+1|+c b —%ln‘Q—mzy—}—c
1n’az2—3x’+c d 2ln‘a:3—as‘+c
e —2ln‘5x—m2|+c f

—%ln‘m3—3x‘ +c

4 a f(z)=-3B-2°+c b f(x)=§1n|a:2—2|+c
c f(x):—%(l—a:z)%—i—c d f(z)=—2'" @ e
e f(x)zfln}x3fx|+c f fz)=1i(nz)"+c

g f(z):ln|x3+2m2—1’+c h f(z) =4ln|lnz|+c
. -1
1 f(I) = m +c

EXERCISE 26H I

1 Zcm 2 52cm 3 a 4lunits b 34 units
4 a 40 m/s b 47.77 m/s ¢ 1.386 seconds
d as t — oo, U(t) — 50 f Y V(t) (m/s)

e a(t)=>5e""% andas

e >0 forall z, 4518 05
a(t) > 0 for all ¢. v(1)=50-10e™
g 1345m
- t(sec
5 900 m v (sec)
6 a Show that v(¢t) =100 — 80e~ %" m/s and
as t — oo, v(t) — 100 m/s b 3704 m
EXERCISE 261 I—
1 a ;b 2 ce-1(=1718 d 15 e 62
f In3(=1.099) g 1524 h 2 i e—1(=1.718)
2 a 4 b 1557 ¢ 205 d 0.0337
e 1In(2)(=-0.6264) f 1(In2)* (= 0.2402)
. . 3n+1

Hint: InA—InB =1In—
3 in n n nB

EXERCISE 26) I
1 a b 32 units® ¢ e—1 (= 1.718) units®
d 202 units® e 18 units’ f In4 (= 1.386) units®

1 2
3 units

2
. 2 12 s . 2
g In3(=1.099)u” h 45u I26—;(;4.701)u
2 —2 . 2 2 2
2 a 4%u b 1+e“(=1135u” ¢ l%u dZiu
a 40% units®> b 8 units®> ¢ 8 units?
4 a 102 units®
i, il Ly
y:x2—3x
(3,0 X
(0,-3)
=x-3
e L (1-2)

i 1% units?

c % units?



