14.3
The Cross Product

[og-12-09- V1Ll

The dot product of two vectors is a scalar. We have explored some of its uses in ear-
lier sections. Now we introduce the cross product (or vector product); it will also
have many uses. The cross productu x vofu = (u;, Uy, u;) and v = (vy, v3, v3)
is defined by

u X V= (Ul — Uy, Uty — U V3, Uy — U vy)

In this form, the formula is hard to remember and its significance is not obvious. Note
the one thing that is obvious. The cross product of two vectors is a vector.

To help us remember the formula for the cross product, we recall a subject from
an earlier mathematics course, namely, determinants. First, the value ofa2 X 2de
terminant is '

ab

c d = ad — bc

Then the value of a3 X 3 determinant is (expanding along to the top row)




orgue

‘he cross product plays an

nportant role in mechanics. Let O
¢ a fixed point in a body, and
ippose that a force F is applied at
nother point P of the body. Then F
:nds to rotate the body about an
dis through O and perpendicular to
te plane of OP and F. The vector

=OP x F

called the torque. It points in the
rection of the axis and has
agnitude |WHF[ sin @, which is just
€ moment of force about the axis
1eto F.
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Using determinants, we may write the definition of u X v as
i j k
Uy Usl. U, U u
uXxXv= U ul = S e e _]+ “ ’|k
(%3 (%) (% (%) 'Ul (%)
Y, Y

Note that the components of the left vector u go in the second row, and those of the
right vector v go in the third row. This is important, because if we interchange the
positions of u and v, we interchange the second and third rows of the determinant
and this changes the sign of the determinant’s value, as you may check. Thus,

>

uXxv=—(vXu)

which is sometimes called the anticomrutative law.

EXAMPLE 1 Letu = (1,-2,-1)andv = (-2,4,1). Calculateu X vandv X u
using the determinant definition.
Solution
i j k
-2 -1 1 -1 1 =2
uxv=|1 -2 -1 =il I—j' +k l
- -2 4
2 4 1 4 1 2 1 2
=2i+j+ 0k
i
- -2 4
T O B R I S PO
1 -2 -1
=-2i—-j+0k =

Geometric Interpretation of u X v Like the dot product, the cross product
gains significance from its geometric interpretation.

Theorem A
Let n and v be vectors in three-space and 6 be the angle between them. Then:

Lu-(uxv)=0=v-(ux v),thatis,u x. v1sperpend1culartobothuandv
2 w,v,andu X-v form a rlght-handed triple;
3. lu X v| = |u]jv|siné.

Proof Letw = (uy,uy,usy andv = (v;, vy, 3).

lL.u-(uxv)= u](uzv3 - u3vz) + uy(usvy — 1y vs) + u3(u1 v, — uyv;). When
we remove parentheses, the six terms cancel in pairs. A similar event occur’s
when we expand v - (u X v).

2. The meaning of right-handedness for the triple u, v,u X v is illustrated in Fig-
ure 1. There 6 is the angle between u and v, and the fingers of the right hand are
curled in the direction of the rotation through 6 that makes u coincide with v.
It is difficult to establish analytically that the indicated triple is right-handed, but
you might check it with a few examples. Note in particular thati x j = k, and
by definition we know that the triple i, j, k is right-handed.

3. We need Lagrange’s Identity,

o x v = JuPivf — (u-v)?
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whose proof is a simple algebraic exercise (Problem 25). Using this identity, we may write
Ju x v[2 = [ufiv{? = (jullvcos )’
= JuPv}(1 — cos?6)
= |uf*|v|*sin*@
Since 0 = # =< m,sin@ = 0.Taking principal square roots yields

lu X v| = |uj|v|sin6 ¢

It is important that we have geometric interpretations of bothu - vandu X v.
While both products were originally defined in terms of components that depend
on a choice of coordinate system, they are actually independent of coordinate sys-
tems. They are intrinsic geometric quantities, and you will get the same results for
u-vandu X vnomatter how you introduce the coordinates used to compute them.

Here is a simple consequence of Theorem A (part 3) and the fact that vectors
are parallel if and only if the angle 6 between them is either 0° or 180°.

"‘_’:‘Iw:)”\'r”ec':tolrs‘ u and v i'_ri,thr"ee-sﬁaée}_‘afe p'a'r;‘xllel_ if and only if uxy=0
uxv Applications Our first application is to find the equation of the plane through
three noncollinear points.

EXAMPLE 2 Find the equation of the plane (Figure 2) through the three points
Py(1,-2,3), P,(4;1,-2),and P5(-2, =3, 0). :

Solution Letu = BP, = (-3,-3,5)andv = B P = (—6,—4,2).From the first
part of Theorem A we know that

i jk
axv=|-3 -3 5| =14i - 24j — 6k
Figure 2 -6 -4 2

is perpendicular to both w and v and thus to the plane containing them. The plane
through (4, 1, —2) with normal 14i — 24j — 6k has equation (see Section 14.2)

14(x — 4) —24(y = 1) = 6(z +2) =0
or
lax — 24y — 67 =44 g

EXAMPLE 3 Show that the area of a parallelogram with a and b as adjacent sides
isla x b|.

Solution Recall that the area of a parallelogram is the product of the base times
the height. Now look at Figure 3 and use the fact that J]a x b| = |a||b{siné.

Figure 3

EXAMPLE 4 Show that the volume of the parallelepiped determined by the vec-
tors a, b, and c is .

a, a; a3
v=la-xc)|=b b bl
G € G

Solution Refer to Figure 4 and regard the parallelogram determined by b and ¢
as the base of the parallelepiped. The area of this base is|b X ¢| by Example 3; the
height h of the parallelepiped is the absolute value of the scalar projection of a on
b X ¢.Thus,
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jalla- (bx )| _|a-(bxc)

h =‘ = =
fallcos 8l = = b x ¢ b % ¢

and
V=Hhbxc=|a-(bxc)

That V can also be expressed as a determinant is established by expanding
la- (b x ¢)|in terms of components and then comparing it with the value of the in-
Figure 4 _ dicated determinant. |

Suppose that the vectors a, b, and ¢ from the previous example are in the same

Check Extreme Cases plane. In this case, the parallelepiped has height zero, so the volume should be zero.
Never read a mathematics book Does the formula for the volume yield V = 0? If a is in the plane determined by b
passively; rather, ask questions as and ¢, then any vector perpendicular to b and ¢ will be perpendicular to a as well.
you go. I particular, you should The vector b X ¢is perpendicular to both b and ¢; hence b X ¢ is perpendicular to
look at extreme cases whenever a.Thus,a- (b X ¢) = 0.

possible. Here we look at the case

where the vectors a, b, and ¢ are in . . . .
the same plane. The volume of the Algebraic Properties The rules for calculating with cross products are sum-

parallelepiped should be zero, and marized in the following theorem. Proving this theorem is a matter of writing every-
indeed the formula does give zero. thing out in terms of components and will be left as an exercise.

What happens in Example 3 if the
vectors a and b are parallel? Theorem C

If u v, and w are Vectors ‘m three-space‘ and k isa scalar, th

Once the rules in Theorem C are mastered, complicated calculations with vec-
tors can be done with ease. We illustrate by calculating a cross product in a new way.
We will need the following simple but important products.

ixj=k jxk=i kxi=j

These results have a cyclic order, which can be remembered by appealing to
Figure 5 Figure 5.
EXAMPLE 5 Calculaten X vifu = 3i — 2j + kandv = 4i + 2j — 3k.

Solution We appeal to Theorem C, especially the distributive law and the anti-
commutative law.

uxv=(3i—2j+k)x (4+2j—3k)
= 12(i x i) + 6(i x j) — 9(i x k) — 8(j x i) — 4(j * j)
+6(j x k) + 4(k x i) + 2(k X j) — 3(k x k)
= 12(0) + 6(k) — 9(=) — 8(-k) — 4(0)
+6(i) + 4() + 2(-i) - 3(0)
= 4§ + 13§ + 14k

Experts would do most of this in their heads; novices might find the determinant
method easier. a
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Ce=gepts Review

1. The cross product of u = (-1, 2,1)Yandv = (3,1, —1)is
given by a specific determinant; evaluation of this determinant
givesu X v =

2. Geometrically, u X v is a vector perpendicular to the
plane of u and v and has length lu X v} =

3. The cross product is anticommutative; that is,
uxy=

4. Two vectors are
product is 0.

if and only if their cross

Problem Set 14.3

1. Let a=-3i+2j -2k b =-i+2j— 4k, and
¢ = 7i + 3j — 4k.Find each of the following:
(a) axbh (b) a x (b +¢)
(c)a-(b+¢) (d) a x (b x ¢c)

2. Ifa=(3,31),b=(2-10)andc= (-2,-3,-1),
find each of the following:
(a)axb (b) a x (b +¢)
(c) a-(b X ¢) (d)ax (bxc)

3. Find all vectors perpendicular to both of the vectors

=1i+2j+3kandb = -2 + 2 — 4k.

. 4. Find all vectors perpendicular to both of the vectors
a = —2i +5j — 2kandb = 3i — 2j + 4k.

- 5. Find the unit vectors perpendicular to the plane detér-
Ilu'\ned by the three points 1,3,5), (3,1, 2),and (4,0, 1).

6. Find the unit vectors perpendicular to the plane deter-
mined by the three points (-1,3, 0),(5;1,2),and (4,3, -1).

7. Find the area of the parallelogram witha=-i+j— 3k
andb = 4i + 2j — 4k as the adjacent sides.

8. Find the area of the parallelogram witha=2i +2j — k
andb = —i + j — 4k as the adjacent sides.

9. Find the area of the triangle with (3,2,1), (2,4, 6), and
(-1,2,5) as vertices.
10. Find the area of the triangle with 1,2,3), (3, 1,5), and
(4,5, 6) as vertices. .

11. Find the equation of the plane through (1,3,2),(0,3,0),
and (2, 4,3) (see Example 2).

12. Find the equation of the plane through (1,1,2),(0,0,1),
and (-2,-3,0).

13. Find the equation of the plane through (-1, =2, 3)
and perpendicular to both the planes x — 3y + 2z =7 and
2x—2y—z="3

14. Find the equation of the plane through (2,—3,2) and par-
allel to the plane of the vectors 4i + 3j —kand2i — 5) + 6k.

15. Find the equation of the plane through (6,2,-1) and
perpendicular to the line of intersection of the planes
4x—3y+21+5=Oand3x+2y—z+11=0.

~~_ 16. Let aand b be nonparallel vectors, and let ¢ be any nonzero
ector. Show that (a X b) X cisa vector in the plane of aand b.

17. Find the volume of the parallelepiped with edges (2,3,4),
(0,4,—1), and (5,1,3) (see Example 4).

18. Find the volume of the parallelepiped with edges
3i—4j+ 2k -+ 2+ k,and 3i — 2j + 5k.

(8 (mXvy)Xw

19. Let K be the parallelepiped determined by u = (3,2, 1),
v=(1,1,2),andw = (1,3,3).
(2) Find the volume of K.
(b) Find the area of the face determined by u and v.
(c) Find the angle between u and the plane containing the face
determined by v and w.

20. The formula for the volume of a parallelepiped derived
in Example 4 should not depend on the choice of which one of the
three vectors we call a, which one we call b, and which one we call
¢. Use this result to explain why la: (b X ¢ =-(ax o)l =
e« (a X b)|.

21. Which of the following do not make sense?

(a) u+ (v X w) (b) u + (v X W)

(c) (a-b) Xec (d) (axb)+k

() (asb)y+k - (® (a+b)x(c+d)
(h) (ku) % ¥

22. Show that if a,b, ¢,and d all lie in the same plane lhgn
(axb)x(exd) =0 '

23. The volume of a tetrahedron is known to be
1 (area of base)(height). From this, show that the volume of the
tetrahedron with edges a,b,and cis §la - (b X o)l

24. Find the volume of the tetrahedron with vertices (—1,2,3),
(4,-1,2), (5,6, 3),and (1,1, —2) (see Problem 23).

25. Prove Lagrange’s Identity,
lw x v = [uPlvP - (u- V)
without using Theorem A.
26. Prove the left distributive law,
ux(v+w)=(u><v)+(uxw)

27. Use Problem 26 and the anticommutative law to prove
the right distributive law.

28. Ifbothu X v=0andu-v=0, what can yoﬁ conclude
about u or v? :

29, Use Example 3 to develop a formula for the area of the
triangle with vertices P(a,0,0),0(0,b, 0),and R(0,0, ¢) shownin
the top half of Figure 6.

30. Show that the triangle in the plane with vertices (21, ¥1)s
(x5, y2),and (x, ys) has area equal to one-half the absolute value
of the determinant

x n 1

.x2y21
X3y31




Answers to Odd-Numbered Problems  A-43

Problem Set 14.1 Problem Set 14.2
1 A(1,2,3),B(2,0,1),C(-2,4,5),D(0,3,0), E(-1, -2, -3) 1. (a) 2 (b)
6 5 P,
6 Y
6,
3+ 3§+ 2k —13i + 55§ — 178k
3.x=0x=0,y=0 3. (@ length=\/_2_1;cosa=—%,cos[3=—%,
5. V43, 05 © Vi{e+m)+ (m+4)+3 2
cosy = ~——F—
9. t V21
2 3
-1, @3,% ‘ () length = V62;cosa = —-——,co8f = ——F—,
@2,-1,4) L2 \/6_2 \/6—2
(5,—1,4_)’- 1 ‘j:’ (2,3,0) > cosy = __7—_
Q-LO—" £ J6,3.9) V62
(6,—!.0)1(630)1 5 < 3.4 _1_><__3__4____i_>
“\sva sv2 V2N V2'V2 V2
il (a) (x—1)2+(y—2)2+(z—3)2=25; 2
7. cos™ (—-—-*)
®) (x+22+ (y+3P+(z+6=5 V247
0 . 40 240
(c)(x_w)2+(y_e)z+(z_\/§)2=ﬂ. 9. \/5—9— \/—‘ \/—’
13. (6,-7,4);10  15. (3,-1,-2); g - 1o . 240
r 11
C 11. cos! 13. \/5
V129 :
15. m= -——1 + 433 gk n= ——1 + 43] + 43k

17. (a) @ ~ 14330°, B = 57.69°,y = 74.50°

(b) a ~ 63.75°, B = 271.79°y = 98.48°

19. 2V3  23. (a),(b), ()

25, (a) 2x — 4y + 3z = -15; () 3x — 2y —z=—4

27. 5601° 29. (@) z=2; (b) 2x —3y —4z=-13
12

23.

3L 0 33—  37.3526°  39. 37.86°
: V38
ERN 41. 32 joules 43.715 joules 45. (3,2,1) 47. 0
a1+b1 az+b2 a3+b3 1
5. (x— 12+ (y -1+ (z-3=% 9. ( T2 2 i3la—bl 5L (42,3)

27. (x — 62+ (y — 62 + (z— 6= .
(x— 62+ (y— 6+ (z-6) Problem Set 14.3

1. (a) —4i — 10j — 4k; (b)) —6i — 36j — 27k; (O &
(d) —98i — 59§ + 88Kk

29, (a) Plane parallel to and 2 units above the xy-plane;
(b) Plane perpendicular to the xy-plane, whose trace in the
xy-plane is the line x = y;

. . ' . 7 1 6
© Uni.on of the yz-plane (J;.= 0) and the xz-plane (y = 0); 3. ¢(-14i — 2j + 6k),cinR 5. :\:<-\/—8—g,— Vet ‘—§g>
(d) Union of the three coordinate planes; ™ 2\/?2 9. 46 1L 2% —.y =3

(e) Cylinder of radius 2, parallel to the z-axis;

Ton half of the sph " 0.0.0) and radius 3 13. 7x + Sy + 4z =5 15. —x + 10y + 172 =3
op half of the sphere with center (U,0,0) and ra ius
® 1117’7 P ©.0,0) 17. 69  19. @ 9 (b) V/35; (o) 40.01° 2L (c),(d)

B B 29. 1V + d*c + B2




