VECTORS BY 2 AND 3 DIMENSIONS (Chanieri5y 373

VECTORS IN COORDINATE GEOMETRY

VECTORS BETWEEN TWO POINTS
In 2-D: consider points A(z,,v,) and B(x,, y,)

i B In going from A to B,
2, —ax, 1sthe z-step, and
Y84 Y — Y, is the y-step.
A
i vy Consequently
- Ab - | %8 %
‘_i X4 Xp ' - [1‘:’3”9.4]*
. . . N . . ) ey S By
Notice that if O is (0,0) and A is (za, y4a) then OA is |:'HA ]

In 3-D: if the points are A{za, ya, z4) and B(xzp, y5. zB)
ey T — & S TaA ) e oy
AB = {yg—“] OA = lm] and note AB =0B - 0A

T~ EA ZA b

where a, b are the position vectors of A and B respectively.

DISTANCE BETWEEN TWO POINTS
The distance between two points A and B is the length of vector AB (or ﬁ), given by | AB [
Hence, the distance between points A and B is the length of vector ;ﬁi, given by | AB [ .

VECTOR EQUALITY

Two vectors are equal if they have the same length
and direction.

Consequently, in 2-D their z-steps are equal ¢, p=1

and their y-steps are equal iec, g==

¥ Le., [p] = [::’ & p=r and g=s
(where <> reads “if and only if™)

[ P
In 3-D, {b] = {q} & a=p, b=q and c=r.

EXERCISE 15G
i

A(3,6)

Find:

& the coordinates of M
JR—

B vectors CTX, CM and CB.
¢ Verify that CM = %EK e

s

B.

1
5
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Find the coordinates of C and D in: B 1 22

CisO, 1D . Dha4dn

2 Find B if C is the centre of a circle with diameter AB:
a Ais (3, —2)and C(1, 4) B Ais(0,5)and C(=1, —2)
¢ Ais(—1, —4) and C(3,0)

3 . Find the coordinates of C, D and E.
A(-1,5,2) B2 3-3)

| Given ABCD,
the ordering of
- letters is cyelic,

Use vectors to show that ABCD is a parallelogram where
Ais(—2,5), B3. 1), C(2, —1) and D is (-3, 3).

. side AB is parallel to side DC
and is equal in length (magnitude) to
side DC.,

Hence ABCD is a parallelogram.

& Use vectors to find whether or not ABCD 1is a parallelogram:
a A3, -1 B4, 2), C(—1,4) and D(-2, 1)
B A, 0,3), B(—1,2,4), C4, —3,6) and D(10, —5, 5)

¢ A2, —3,2), B(l, 4, —1), C(-2,6, —2) and D(-1, —1, 2).
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Use veetor methods to find IfDis(a, b) then
the remaining vertex of o . [ “
5= [1-60] = (111
b (-1} b+ 1

Al-1,3) B(2, 4) But CD-—BA

el 1o
s Brl )l o34
* a+ 2= -8 and b+l ]
a=-5 and b= -2

So, Dis (-5, —2)

& Use vector methods to find the remaining vertex of;

& b g
A(3,.0) B(2.,—1) —1, 4 3) Q(-2,52) Wi(-1, 5, 8)

/\\

Z(0.4.6)  Y(3,-2,-2)

fago-
b CE-2  s4,0,7)
& Find scalars r and s such that:

ST s e[

Three or more points are said to be collinear if they lie on the same straight line.
Notice that, A, B and C are collinear if AB = kBC for s
some scalar k. pe B

Prove that A(—1, 2, 3), B4, 0, —1) and ({14, —4, —9) are collinear and hence
find the ratio in which B divides CA.

- [5] w4

*. BC is parallel to AB and since B is common to both, A, B and C are collinear.
To find the ratio in which B divides CA, we find

- 5 5
(B : BA — wﬁ{»ﬁ]: ——[wz}:?: 1
=4 |4

B divides CA intemally in the ratio 2: 1.

# & Prove that A(-2,1, 4), B4, 3, 0) and (19, 8, —10) are collincar and hence
find the ratio in which A divides CB.

b Prove that P(2, 1, 1), Q(5, —5, —2) and R(—1, 7, 4) are collinear and hence
find the ratio in which Q divides PR.
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& 8 A2, -3,4), B1,-9,7) and C(—13, a, b) arc collinear Find ¢ and b.
B K1, —1,0), L@, —3, 7) and M(a, 2, b) are collincar, Find ¢ and b,

PARALLELISM

PARALLELISM

If two non-zero vectors are parallel, then one is a scalar multiple of the other and vice versa.

Note: e [f a is parallel to b, then there exists a

, scalar, k say, such that a = kb.
a :
y’ e If a= kb forsomescalark, then

» aisparalleltob, and
» [a = [k||b.

2 1 4
Notice that a :ls J is parallel to b :[ 3 } and c:[u] as a=2b and a = lc
i ~2 -8

-

2 - ,
Also a = {ﬁ:! is parallel to d = [—g] as a= —3d.
6

Example

2 @
Find r and s given that a = [~1] is parallelto b = [ 2 }
7 =3

Since a and b are parallel, then a = kb for some scalar k

e

e ke 108 and pre 36

Consequently, k=-1 and - 2=-1s and r=-3(5})

= 3

?":%and 5= 4

EXERCISE 15H

2 —6
T a= {—1j| and b= [,,. j| are parallel. Find r and s.
3 5

3 a
% Find scalars @ and b, given that [-1] and [z] are parallel.
5 5

4

2
2 2 Find a vector of length 1 unit which is parallel to a = [~1j|.
(Hint: Let the vector be ka.) ~2

—2
b Find a vector of length 2 units which is parallelto b = [_1}.

2

&
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% What can be deduced from the following?
e e e 157 — W — 1
a AB=3CD b RS =-3KL ¢ AB = 2BC d BC=3AC

3 1 2 ~1
5 The position vectors of P, Q, R and S from O are [ 2 J \ [ 4 i|, [—1} and {-2}
respectively. - -3

@ Deduce that PR and QS are parallel.
s What is the relationship between the lengths of PR and QS?

TRIANGLE INEQUALITY

In any triangle, the sum of any two sides must always be greater a b
than the third side. This is based on the well known result “the
shortest distance between two points is a straight line”.

& Prove that |a+b| < |a| 4+ |b| using a geometrical argument.
[Hint: Consider @ a is not parallel to b and use the triangle inequality
& aand b parallel ¢ any other cases.]

UNIT VECTORS

A unit vector is any vector which has a length of one unit.

B
For example, e u} is a unit vector as its length is V12 4+02+02 =1
0

9 2
® o | is a unit vector as its length is \/(;175) + 0?2 + (——:173) =1

, e 0 0 are special unit vectors in the
*t [“} I [1] and k= [G] direction of the positive X, ¥

and Z-axes respectively.

g

Notice that a = [az] & a= i + asf + azk

22
] ¥
component form unit vector form
2 » & - .
Thus, a= |3 can be written as a = 2i + 3j — 5k and vice versa.
—5

We call i, j and k the base vectors as any vector can be written as a linear combination of
the vectorsi, j and k.

EXERCISE 151

i Express the following vectors in component form and find their length:
a i—-j+k b Si—-j+k ¢ i-—5k d 1(i+k)
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%  Find k for the unit vectors:

S I N R Y

Find the length of
2i — Bj.

2 Find the length of the vectors:
a  3i+4j b 2i—-j+Kk ¢ i+2j—-2k d —2.36i + 5.65j
& Find the unit vector in the directionof: & i+2j & 2i—3k ¢ —2i—5j— 2k

% Find a vector b if:

a it has the same direction as [ __21] and has length 3 units

& it has opposite direction to [‘j] and has length 2 units

—1
¢ it has the same direction as [ 4 ] and has length 6 units
1

¢ it has opposite direction to Ii-zj[ and has length 5 units

—2

Note: e vectorboflength b, & > 0 in the same directionasais b= —a

|a ]
e vector b of length k&, k > D in the opposite directiontoais b= ———a

e vector b of length k, & > 0 which 1s parallcltoais b = i&a
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EXERCISE 15C.4

1 a V’TS units b y’ﬁ units £ 5\1’5 units: o \/1_() units
2 /29 units

2 a I0units b 2 T0units ¢ 2/ 10units d 3\/l_ﬁunits
¢ 3310 wnits £ 25 units g &5 units h 85 units
i v’é' units \/:‘3- units

EXERCISE 15D

1 a b P(G—Ez)?'

¥

!
$P(0,0, —3) OP = +/5 units

OP = 3 units
¢ d P(—1,-2.3)
[ N 4
/ e
3‘,./';
Z_‘;@________ £ 1y
X = /26 units OP = /14 units

2 a i VIdunits il (-%.4.2) b i Tdunits if (1, —
¢ i V2lunits B (L—4.0) d i Idunits @ (1.4, g)
& a isosceles b rightangled ¢ right angled
d staight line  § (0, 3,5), r=+/3 units
6 a (0,00 b (0.2 0) and (0, —4. 0)

EXERCISE 15E1
— 3
7 b Ol'= [—1]
{4 4

¢ OT = /26 units

1 a

T3, -1, 4),

b

5
€ é_ﬁ: [%l} = /35 uniis
& a VI3units b /14 units

EXERCISE 15E.2
1 @ a=5, =6, e=—6 b a=4 b=—2 c=1

€ 3 units

2 a a=% b=2 c=1 b a=1 b=2
¢ a=1 b=-1, ¢=12
3 ar=2 s=4, t==-7 b r=-4 5=0 t=3

&

— 2 2
a AB= [-—s} DC = I}fw]
-1 1

b ABCD 15 a paraliclogram
EXERCISE 15F
1 a x=32gbx=2ncx=-ipdx=
e x~——(4s—t) f x=3¢lm— n)

5 aS=(-28 -3

1 "
(r—aq)

»
-]
e
|
p——
o L
S '
o
"
i
%
Fo )
R |
(o]
i
i
| e |
1>:>I|- i
L ES— |
- 8
i
I

& 1 %
b a xz[—ﬁ] b x= ["i} ¢ x= [—1]
5 " 5
) 2
[ s
5 AB= 42 AB = /29 umits
7 a BD=1ab AB=b-a¢ BA=-b+a
dOD=b+1ae AD=b—La t DA=la—b

-
1—|
ey
i—J
o
1
]
L
[S——
(.
|
a.lé-p—»
R

10 a /11 uniis
¢ ’ﬁumta d

b /14 units
\/3 units

e VI f mﬁ
. ST i
e

9

EXERCISE 15G
1 a ML4) b E’E:[Z] 5&1":{5], c"f"B“:[g

-
L SN }

3
2 a B—-L10) & B(—-2 -9 ¢ B(7.4
3 €(5.1,-=8) D8, —1.—13), E(1l, =3, —~18)
& a parallelogram b parallielogram ¢ notparallelogram
E a DO -1 b RE . LE ¢ X2.-1,0
6 a r=2, s=-5 b r=4, §=-—1
7 a ~7:2 b —1:2
8 a a=7 b=-1 b a= -4, hz—%
EXERCISE 15H
1 r=3 s=-— Q 3 a 2 b [
g g=-6, h== -3 —2
4 a AB|CD, AB=3CD £ 4

b RS| KL, RS= KL opposite direction
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A,

A

e 1 ey 3

PR = [%}, QS:[WG} b PR:%QS

EXERCISE 151
1 3

i a {-11], V3 units b [—11} 11 units

i
¢ [0(} V26 units  d {
£

2 ak=+l bhk=+1 ek=0dk=+Y1L ¢ k=42
3 a Sunits b VGunits ¢ Junits d = 6.12 units
b a Z=(i+2)) b —=(21 — 3k) ¢ —=(-2i —5] ~2k)
5 a =

. 1 -1
Sa] o -F[0] « A [7] o2
EXERCISE 1501

a7 b2 ¢20 d66 52 I3 g5 h1

a 2 b 2 ¢ 14 d 14 ¢ 4 F 4
b1l ¢ 0
t=-8 ¢ t=00r2 d t=-}

% < tm%ﬁ d impossible
sc=asc=0 8 b t=-2

LBAC is a right angle

and Coare collinear and AB = 2BC
and € are collinear and -AC = 3BC

z;;z:c

¢
d

E a

L o i

Ea
:| s B units

W oW O Ut W B s
-3
-
i
o
-2

Xﬁnmmo, X

10 b AB = /12 units, BC = /17 units, ABCD is a rhombus
¢ 0, the diagonals of a rhombus are perpendicular,
1 101.3% or 78:7* B 116.6% or 63.4%

a
€ 63.4° or 1166° d 71.6% or 108.4°
a

5 b -9
~2
)
d k[i],k;:ae k[ﬂ.k,’:

EXERCISE 151.2

12
13

k=00 k[ 7]

Ck=0¢ k[;}, k /=0

F

1 a —~1 b 109.45° (acute 705 ¢ | -% d %
—%

2 ALABC = 62.5° ihe exterior angle 117.5°

3 a 547 b 60Y ¢ 35.3°

5 a 3037 B 5427 8§ a M(%,-g-‘ %) b 51.5°

& a t=0o -3 B r=-2 =5, t=-—4

7 a 745 b T2.45°

8

1 0 o
A= [9}, b= [1} ¢ = [ﬂ} will do
9] 0 1

as b=ae¢, but b /=¢
10 a Hint: Square both sides.
b Consider the parallelo-
gram, Find AB and (S_é,
ete.
11 -7

12 aeb mascalarand so a+ b e ¢ isa scalar “dofted”
with a vector which is meaningless.

0

EXERCISE 15K
1 a [2.5 11] b (2.4, 1]
2 & axb=[-11 -2.5]
as{axbi=0U=he(axh
a % b is avector perpendicular to both 'aand b
ixi=0 jxj=0 kx k=10
b ixj=k ixi=—-k ixk=i
ink=~] kxi=j
axa=10 axb==bxa

¢ —i—j—kdi—6j+2k

kxj=~—

2

[ (1« 14

g8 axbb+Og=laxb+laxqg
1T a axb b 0 ¢ 0

i i
12 ak[l} b k[z]
3 15
k

d Gi+j+4an nk

&
4 4

13 k[.a},k,&[} %@[ 5]
7 =7

e ]+ [

EXERCISE 15K2

1
Sa[ex}bl?cl?

7

1 a ixk=—j kxi=j
2 a asb=-1 axb=[L5 1]
b cosf)zw—;lz—g 3 sin‘f)m% d &,m&?m%
4 a OA=123~1] OB=[-L 172
b OA % OB =[7,—3.5] |OA x OB = /&3
¢ Arca AOAB =1 |DA | OB |sin¢
=%](ﬁx_§1=@unhs§
E a OC:apamIIeltoAB b axb=hbxe

EXERCISE 15K.3

1 a L unis® b "“’? units? ¢ @ units®
Sﬁum’fs 2 a D4, 1.3 b 307 units?

2

& a 4units® B (VA2 + 2¢3 4+ 3v2 4 6) units®

5 a (31,00, (,33).4.23), (433 b =7900°
¢ 9 units’ 6 k=2+233

7 S=z{laxb+laxe+bxc+

9 a Yes b No 10 k=%

[(b—a)x (c—a)[}

REVIEW SET 15A
1 e 60 m/s §
& |
Secale: Lem= 10m/s
b




