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We have reached an important transition point in our study of calculus. Until now,
we have been traveling across that broad flat expanse known as the Euclidean plane,
or two-space. The concepts of calculus have been applied to functions of a single vari-
able, functions whose graphs can be drawn in the plane.

The mountains lie ahead. Our charted course winds through three-space and oc-
casionally into n-space. We are going to study multiple variable calculus, the calcu-
lus that applies to functions of two or more variables. All the familiar ideas (such as
limit, derivative, integral) are to be explored again from a loftier perspective.

To begin, consider three mutually perpendicular coordinate lines (the x-, y-,
and z-axes) with their zero points at a common point O, called the origin. Although
these lines can be oriented in any way one pleases, we follow a custom in thinking
of the y- and z-axes as lying in the plane of the paper with their positive directions
to the right and upward, respectively. The x-axis is then perpendicular to the paper,
and we suppose its positive end to point toward us, thus forming a right-handed sys-
tem. We call it right-handed because, if the fingers of the right hand are curled so that
they curve from the positive x-axis toward the positive y-axis, the thumb points in
the direction of the positive z-axis (Figure 1).

The three axes determine three planes, the yz-, xz-, and xy-planes, which di-
vide space into eight octants (Figure 2).To each point P in space corresponds an o1-
dered triple of numbers (x, y, z), its Cartesian ceordinates, which measure its
directed distances from the three planes (Figure 3).

Plotting points in the first octant (the octant where all three coordinates are
positive) is relatively easy. In Figures 4 and 5, we illustrate something more difficult
by plotting two points from other octants, the points P(2,-3,4) and (3,2, -5)-
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2 The Distance Formula Consider two points P;(xy, y1, z,) and Py(x,, y,, 2)

three-space (x; # x,, y; # y,,2; # 2,)- They determine a parallelepiped (i.c.,a r¢
tangular box) with P, and P, as opposite vertices and with edges parallel to the ¢
ordinate axes (Figure 6). The triangles P, QP, and P; RQ are right triangles and,
the Pythagorean Theorem,

P, P = |P,Of + |oP,f

and

R P, = |P,R[* + |ROP

X

Ei 6 Thus,
igure
|P, P, = |P,R]* + |ROP + 0P,
= (xz - x1)2 + (}’2 - }’1)2 + (Zz - 21)2

This gives us the Distance Formula in three-space.

|PBy| = \/(xz x4 (= )+ (Zz —zf

The formula is correct even if some of the coordinates are identical.

EXAMPLE 1 Find the distance between the points P(2, -3, 4) and Q(-3, 2, -
which were plotted in Figures 4 and 5.

Solution .
POl = V(-3 — 22 + (2 + 3 + (=5 — 42 = V131 ~ 1145
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Spheres and Their Equations It is a small step from the Distance Formula to
the equation of a sphere. By a sphere, we mean the set of all points in three-di-
mensional space that are a constant distance (the radius) from a fixed point (the
center). (Recall that a circle is defined as the set of points in a plane that are a con-
stant distance from a fixed point.) In fact, if (x, y, z) is a point on the sphere of ra-
dius r centered at (A, k, [), then (see Figure 7).

(x =B+ (y— kP + (2 - 1*=1

We call this the standard equation of a sphere.
In expanded form, the boxed equation may be written as

X+ Y+ 2+Gx+Hy+1Iz:+J=0
Conversely, the graph of any equation of this form is either a sphere, a point (a de-
generate sphere), or the empty set. To see why, consider the following example.
EXAMPLE 2 Find the center and radius of the sphere with equation
P+ ¥+ 2 -10x—8y —122+68=0
and sketch its graph.
Solution We use the process of completing the square.
(x*-10x+ )+ (-8 + )+(2—-12z+ )=-68
(x® = 10x + 25) + (y* — 8y + 16) + (2 — 127 + 36) = —68 + 25 + 16 + 36
(x =52+ (y—-4*+(z-6)P>=9
Thus, the equation represents a sphere with center at (5,4, 6) and radius 3. Its graph
is shown in Figure 8. =
If, after completing the square in Example 2, the equation had been
(x =52+ (y—4>+(z—-60 =0

then the graph would be the single point (5, 4, 6); if the right side were negative, the
graph would be the empty set.

Another simple result that follows from the Distance Formula is the Midpoint
Formula. If Pl(xl , V1 zl) and Pz(xz, Yo, zz) are end points of a line segment, then
the midpoint M (m, , m,, m;) has coordinates

Xt X _Nntw» m_Z1+Zz

ny = 5 > ny ) 3= )

In other words, to find the coordinates of the midpoint of a segment, simply take the
average of corresponding coordinates of the end points.

EXAMPLE 3 Find the equation of the sphere that has the line segment joining
(—1,2,3) and (5,—2,7) as a diameter (Figure 9).

. Solution The center of this sphere is at the midpoint of the segment, that is, at

(2,0,5); the radius 7 satisfies
P=(5-202+(2-072+(7-572=17
We conclude that the equation of the sphere is
(x =22+ y+(z-5?F=17 o
Graphs in Three-Space It was natural to consider a quadratic equation first

because of its relation to the Distance Formula. But, presumably, a linear equation
in x, y, and z, that is, an equation of the form
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Ax+By+Cz=D, A+B +C#0

should be even easier to analyze. As a matter of fact, we will show in the next sec-
tion that the graph of a linear equation is a plane. Taking this for granted for now,
let’s consider how we might graph such an equation. ,

If, as will often be the case, the plane intersects the three axes, we begin by find-
ing these intersection points; that is, we find the x-, y-, and z-intercepts. These three
points determine the plane and allow us to draw the (coordinate-plane) traces,
which are the lines of intersection of that plane with the coordinate planes. Then,
with just a bit of artistry, we can shade in the plane.

(0,0,6)

The plane
3r+dv+2:=12 EXAMPLE 4 Sketch the graph of 3x + 4y + 2z = 12.

?’% Solution To find the x-intercept, set y and z equal to zero and solve for x, ob-
taining x = 4.The corresponding point is (4,0, 0). Similarly, the y- and z-intercepts
are (0,3,0) and (0,0, 6). Next, connect these points by line segments to get the traces.
Then shade in (the first octant part of) the plane, thereby obtaining the result shown
in Figure 10. ]

race

What if the plane does not intersect all three axes? This will happen, for ex-
* ample, if one of the variables in the equation of the plane is missing (i.e., has a zero
Figure 10 coefficient).

7 2 EXAMPLE 5 Sketch the graph of the linear equation
2x + 3y =6
in three-space.

g Solution The x- and y-intercepts are (3,0,0) and (0,2,0), respectively, and these
points determine the trace in the xy-plane. The plane never crosses the z-axis (x and
(0.2,0) y cannot both be 0), and so the plane is parallel to the z-axis. We have sketched the

- <= S graph in Figure 11. - |
.,47- o
/ Notice that in each of our examples the graph of an equation in three-space

3,0,0 . .
/ ( ) was a surface. This contrasts with the two-space case, where the graph of an equa-
X . . .
tion was usually a curve. We will have a good deal more to say about graphing equa-
Figure 11 : tions and the corresponding surfaces in Section 14.6.

trace

Concepts Review

1. The numbers x, y, and z in (x, y, z} are called the 3. The equation (x + 12+ (y — 372 + (z ~ 5)? = 16de-
of a point in three-space. termines a sphere with center and radius .

2. The distance between the points (—1,3,5) and (x, ¥, 2) 4. The graph of 3x — 2y + 4z = 12isa with x-in-
is . tercept , y-intercept ,and z-intercept
Problem Set 14.1

1. Plot the points whose coordinates are 1,2,3),(2,0,1), 5. Find the distance between the following pairs of points.
(-2,4,5),(0,3,0),and (-1,-2,-3).If appropriate, show the “box” (a) (6,-1,0)and (1,2,3) (b) (-2,-2,0) and (2,-2.-3)

as in Figures 4 and 5.

(¢) (e,,0)and (—m,—4, \/5)
2. Follow the directions of Problem 1 for (\/5 ,—3, 3),

(0, 7,-3), (‘27 3, 2)’ and (0,0, e). ’ 6. Show that (4,5,3),(1,7,4),and (2,4,6) are vertices of an

3. What is peculiar to the coordinates of all points in the equilateral triangle.

-plane? _axis? .
yz-plane? On the z-axis 7. Show that (3, 1, 6), (4,7,9), and (8, 5, =6) are vertices of

4. What is peculiar to the coordinates of all points in the  aright triangle. Hint: Only right triangles satisfy the Pythagore-
xz-plane? On the y-axis? an Theorem.

|



8. Find the distance from (2, 3,-1) to
(a) the xy-plane, (b) the y-fxis, and
(c) the origin.
9. A rectangular box has its faces parallel to the coordinate

planes and has (2,3,4) and (6,—1,0) as the end points of a main di-
agonal. Sketch the box and find the coordinates of all eight vertices.

10. P(x,5, z) is on a line through Q(2, —4, 3) that is paral-
lel to one of the coordinate axes. Which axis must it be and what
are x and z?

11. Write the equation of the sphere with the given center
and radius.
(a) (1,2,3);5
) (m,e, \/5), v

12. Find the equation of the sphere whose center is (2, 4, 5)
and that is tangent to the xy-plane.

(b) (-2,-3,6); V5

In Problems 13-16, complete the squares to find the center and ra-
dius of the sphere whose equation is given (see Example 2).

1B 2+ +22—12x+14y —82+1=0
14 2+ v+ 22 +2x—6y— 102 +34=0
15. 4x* + 4y* + 422 —4x + 8y + 162 - 13 =0
16. >+ Y+ 2 +8x— 4y -2z +77=0

In Problems 17-24, sketch the graphs of the given equations. Begin by
sketching the traces in the coordinate planes (see Examples 4 and 5).

17. 2x + 6y + 37 = 12 18. 3x — 4y + 2z =24
19. x +3y —2z=6 20. 3x +2y+2z=6
2. x + 3y =8 22.3x+4z7=12

23. 2+ yP+22=9 4. (x -2+ Y+ =

25. Find the equation of the sphere that has the line segment
joining (=2, 3,6) and (4, -1, 5) as a diameter (see Example 3).

14.2
Vectors in Three-Space

Z

Here,i =

(1,0,0),j =
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26. Find the equations of the tangent spheres of equal radii
whose centers are (=3, 1, 2) and (5, -3, 6).

27. Find the equation of the sphere that is tangent to the three
coordinate planes if its radius is 6 and its center is in the first octant.

28. Find the equation of the sphere with center (1,1,4) that
is tangent to the plane x + y = 12.

29. Describe the graph in three-space of each equation.

(a) z=2 ®)x=y
() xy=0 (d) xyz =0
() '+ =4 M z=Vo-x-y

30. Thesphere (x — 1) + (y + 2)? + (z + 1)* = 10inter-
sects the plane z = 2 in a circle. Find the circle’s center and radius.

31. A point P moves so that its distance from (1, 2, —3) is
twice its distance from (1, 2, 3). Show that P is on a sphere and
find its center and radius.

32. A point P moves so that its distance from (1, 2, =3)
equals its distance from (2, 3, 2). Find the equation of the plane
on which P lies.

33. The balls (x =1+ (y =22+ (z—-1)*=<4 and
(x = 2)2 + (y — 4)* + (z — 3)® < 4 intersect in a solid. Find its
volume.

34. Do Problem 33 assuming that the second ball is
(x =22+ (y — 4?2+ (z-3) =09

Answers to Concepts Review: 1. coordinates
2V (x + 1)+ (y — 32+ (2~ 5)? 3.(-1,3,5);4

4. plane; 4;—6;3

The material from Sections 13.2 and 13.3 on vectors in the plane can be repeated
almost word for word for vectors in space. About the only difference is that a vec-
tor u now has three components; that is,

u = (U, Uy, Uy) = gl + upj + usk

{0,1,0), and k = (0,0, 1), are the standard unit vectors,

called basis vectors, in the directions of the three positive coordinate axes (Figure
k 1). From the Distance Formula, the length of u, denoted by |u|, is given by

u| = Vul + ud + 13

Vectors in space are added, multiplied by scalars, and subtracted just as in the

plane, and the algebraic laws that are satisfied agree with those studied earlier. The

dot product of u = (uy, uy, uz) and v = (v, v,, v3) is defined by

Figure 1

UV =u 0 + Uy + U3y

and it has the geometric interpretation noted in the previous chapter,

u-v = [u]|vcosd

where 6 is the angle between u and v. Consequently, it continues to be true that two
vectors are perpendicular if and only if their dot product is zero.
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A(1,-2.3)

B(2,4,-6)

Figure 2

Figure 3

C(5,-3,2)

Figure 4

Geometry in Space, Vectors

EXAMPLE 1 Find the angle ABC if A = (1, -2, 3), B = (2, 4, —6), and
C = (5,—3,2) (Figure 2).

Solution _ First we_ determine vectors u and v (emanating from the origin) equiv-
alent to BA and BC. This is done by subtracting the coordinates of the initial points
from those of the terminal points, that is,

u=(1-2-2-43+6)=(-1-69)
v=(5-2,-3-42+6) =(3,-7,8)

Thus,
. —1)(3) + (=6)(=7) + (9)(8
cosg = U v _(DHB) + (6)(T) ()()%0.9251
llvl /1 + 36 + 81 V9 + 49 + 64
6 = 0.3804 (about 22.31°) B

EXAMPLE 2 Express u = (2, 4, 5) as the sum of a vector m parallel to
v = (2,—1,—2) and a vector n perpendicular to v.

Solution Figure 3 tells the story. First, we find m = pr,u, the projectionofuonv
(see Section 13.3).

_ u-v
m = IVI2 v
C{2,4,5) - (2,-1,-2)
T2, -1,-2)P 2.~1,-2)
_ @@+ @D L) )
4+1+4

(21
99’9

n—u—m—<§§gég§>
9°9°9

Then

If you doubt that m and n are perpendicular, compute their dot product. You will
get zero. B

Direction Angles and Cosines The (smallest nonnegative) angles between a
nonzero vector a and the basis vectors i, j, and k are the direction angles of a; they
are designated by a, 8, and y, respectively (Figure 4). It is generally more convenient
to work with the direction cosines cos @, cos 8,and cos y.Ifa = a;i + &, j + a;k,then

cos al_4a
o = = —
lallif lal
and similarly
a a;
cosfB =, cosy =
la lal

Notice that
costa + cos’B + cos’y =1

*
In fact, the vector {cos a, cos B,cos y) is a unit vector with the same direction as the
original vector a.
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EXAMPLE 3 Find the direction angles for the vector a = 4i — 5j + 3k.
Solution Since |a] = V4 + (=5)2 + 3% = 512,
4, V2o V2 32

cosa=_—5—\z 5 osp=—", cosy = ——
and
a = 55.55° B = 135°, v = 64.90° 2
EXAMPLE 4 Find a vector 5 units long that has o = 32° and 8 = 100° as two of
its direction angles.
Solution First, we note that the third direction angle y must satisfy
cos?y = 1 — cos?32° — cos*100° =~ 0.25066
Thus,
cosy = +0.50066
Two vectors meet the requirements of the problem. They are
5(cos a, cos B,cosy) =~ 5(0.84805,—0.17365, 0.50066)
= (4.2403,—-0.8683,2.5033)
and (4.2403, —0.8683,—2.5033). B

Planes One fruitful way to describe a plane is by using vector language. Let
n = (A, B, C) be a fixed nonzero vector and Pi(x1, ys, 7,) be a fixed point. The set

of points P(x, y, z) satisfying Fl?) - n = Ois the plane through P; perpendicular to
n. Since every plane contains a point and is perpendicular to some vector, a plane
can be characterized in this way. .

To get the Cartesian equation of the plane, write the vector P; P in component

form; that is,
P1P=<x‘x1a}’_)’1,l"21> N

Then P, P + n = 0is equivalent to

A(x—x1)+B(y—y1)+C(z—zl)=0

This equation (in which at least one of A, B, and C is different from zero) is called
the standard form for the equation of a plane.

If we remove the parentheses and simplify, the boxed equation takes the form
of the general linear equation’

Ax+By+Cz=D, A*+B+C*#0
Thus, every plane has a linear equation. Conversely, the graph of a linear equation
in three-space is always a plane. To see the latter, let (x1, ¥1, z,) satisfy the equa-
tion; that is, .
Ax, + By, + Cz; = D

When we subtract this equation from the one above, we have the boxed equation,
which we know represents a plane.

EXAMPLE 5 Find the equation of the plane through (5, 1, —2) perpendicular to
n = (2, 4,3). Then find the angle between this plane and the one with equation
3x — 4y + 7z = 5.

Solution To perform the first task, simply apply the standard form for the equa-
tion of a plane to the problem at hand, which gives
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Figure 5

Figure 6

Figure 7

n={,B,C)
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=@ (X Yoo 20)

r (. ¥,2)
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2x —5)+4(y—-1)+3(z+2)=0
or, equivalently,
2x +4y + 372 =8

A vector m perpendicular to the second plane is m = (3,—4,7).The angle 6 be-
tween two planes is the angle between their normals (Figure 5). Thus,

_m-n_ (32) + (H@) + (NG
Imiln] 9 +16 +49V4 + 16 + 9

6 ~ 76.26°

~ 0.2375

Actually, there are two angles between two planes, but they are supplementary.
The process just described will lead to one of them. The other, if desired, is obtained
by subtracting the first value from 180°. In our case, it would be 103.74°. B

EXAMPLE 6 Show that the distance L from the point (xo, Yo, zo) to the plane
Ax + By + Cz = Dis given by the formula

L= |Ax, + By, + Czo — D]
VA + B+ C?

Solution Let (xl , ¥1, ;) be a point on the plane, and let m = {(xg = x4,
Yo — Y1, %o — Z1) be the vector from (x15 Y15 7)) to (xg5 Yoo 2o), as in Figure 6. Now
n = (A, B,C) is a vector perpendicular to the given plane, though it might point in
the opposite direction of that in our figure. The number L that we seek is the length
of the projection of m on n. Thus,

m - n|
L = |lm|cos6| = T

|A(xo = x1) + B(yo — »1) + Clzo — z1)|

- VA& + B+ C
_ IAJCO + BYO + CZO - (Axl + Byl + CZl)l

VA + B>+ C?

But (xl » V1o zl) is on the plane, and so

A.xl + Byl + CZl = D

Substitution of this result in the expression for L yields the desired formula. &

EXAMPLE 7 Find the distance between the parallel planes3x — 4y + 52 =9 and
3x -4y + 5z =4

Solution The planes are parallel, since the vector (3,—4,5) is perpendicular to both
of them (Figure 7). The point (1,1,2) is easily seen to be on the first plane. We find
the distance L from (1, 1,2) to the second plane using the formula of Example 6.

LB - 5@ -4 s

~ 0.7071 g
V9 + 16 + 25 5V2
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Concepts Review .

1. Letu = (2,-3, \/5) andv = (3,2, —2\/3—’) be two vec-
tors. The length of wis ju| = , and the dot product of u
andvisu-v = .

2. Two vectors are perpendicular if and only if their
is

3. 3(x — 2) — 2(y + 1) + 4z = 0is the equation of a plane
through the point , with being a vector per-
pendicular to the plane.

4. The (smallest nonnegative) angle # between the vectors
u and v can be found from the geometric formula for the dot prod-
uct,u-v = . This gives 8 =

Problem Set 14.2

1. For each pair of points P, and P, given below, sketch the
directed line segment P, P, and then write the corresponding vec-
tor in the form ai + bj + ck.

(a) P1(1,2,4), Py(4,5,6)
(b) Py(~1,-3,204), Py(—14,52,26)

2. Follow the directions of Problem 1.
(a) Pl(—zs _2a —2)9 PZ(—S’ —47 5)
(b) Py(0,~1, ), P(—V/14,-5,7)

3. Find the length of and direction cosines for each of the fol-
lowing vectors:

(a) 4i +j + 2k (b) —2i — 3j + 7k

4. Follow the directions for Problem 3.
(a) (2,-1,-2) (b) (-1,2,-2)

5. Find the unit vector with the same direction as (3,4, 5).
Also, find a vector of length 5 oriented in the opposite direction.

6. Find a vector of length 10 with direction opposite to
—4i + 3j + -2k

7. Find the angle between (4, -3, —1) and (-2, -3, 5).

8. Find the angle between —4i + 2j + 3k and 2i + j + 5k.

9. Find two vectors of length 10, each of which is perpen-
dicular to both —4i + 5j + kand 4i + j.

10. Find all the vectors perpendicular to both (1, -2, —3) and
(=3,2,0). :

11. Find the angle ABCif A = (1,2,3),B = (—4,5,6),and
C = (1,0,1) (see Example 1).

12. Show that the triangle ABC is a right triangle if
A =(6,3,3),B = (3,1,—1),and C = (—1,10,-2.5). Hin: Check
the angle at B.

13. Find the scalar projection of m = —i + 5j + 3k on
v = —i + j — k.The scalar projection is the signed magnitude of
the vector projection (Example 2); that is, it is [u[cos§ = wu - v/lvl.

14. Find the scalar projection of w = 5i + 5j + 2k on

v =-V5i+ V5§ + k.

15. Ifu = —3i + 2j + kand v = =3i + 5j — 3k, express u
as the sum of a vector m parallel to v and a vector n perpendicu-
lar to v (see Example 2).

16. Follow the directions of Problem 15 form = ei + 7j + k
andv =1+ §.

17. Find the direction angles for each vector.
(a) u=-31 +2j +k b)u=3i+6§—-k

18. If @ = 46° and B = 108° are direction angles for a vector
u, find two possible values for the third angle (see Example 4).

19. A vector u = 2i + 3j + zk emanating from the origin
points into the first octant. If lu| = 5, find z.

20, If u = 2i + 3j + zk and v = 2i + 6j — 3k are perpen-
dicular, find z.

21. Find two perpendicular vectors u and v such that each is
also perpendicular tow = (—4, 2, 5).

22. Find the vector emanating from the origin whose termi-
nal point is the midpoint of the segment joining (3,2,-1) and
(5,-7,2).

23. Which of the following do not make sense?

(a) u-(v-w) (b) (u-w) +w
(©) faj(v-w) (d) (u-v)w
() (mjv) - w () laf-v

24, Let a, b, ¢, and d be vectors emanating from the origin
and terminating at A, B, C, and D, respectively. Use vector nota-
tion to express a necessary and sufficient condition that the figure
ABCD be a parallelogram.

25. Find the equation of the plane passing through P and per-
pendicular t6 n (see Example 5).

(a) P(1,2,-3),m =2i — 4j + 3k
(b) P(2,-3,4),n=3i—-2j - k

26. Find the smaller of the angles between the planes
3x — 2y + 5z = Tand 4x — 2y — 3z = 2 (see Example 5).

27. Find the smaller of the angles between the two planes of
Problem 25.

28. Find the equation of a plane through (-1,2,-3) and par-
allel to the plane 2x + 4y — z = 6.

29. Find the equation of the plane through (-4,-1,2) and
parallel

(a) to the xy-plane,
(b) to the plane 2x — 3y — 4z = 0
30. Find the distance from (1,-1,2) to the plane
x+3y+z=7

(see Example 6).
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31. Find the distance from (2, 6,3) to the plane
—3x+2y+2z=9
32. Find the distance between the parallel planes
~3x+2y+2z=9 and 6x —4y—2z=19
(see Example 7).
33. Find the distance between the parallel planes
5x —3y—2z=5 and —Sx + 3y +2z=17

34. Find the equation of the plane each of whose points is
equidistant from (-2,1,4) and (6,1,-2).

35. Prove that [u+ v[2 + |u — v[> = 2juf’ + 2|v[’. Hint:
W= w-w.
36. Prove thatu - v = Jju + v — jju — v/
37. Find the angle between a main diagonal of a cube and
one of its faces.
38. Find a unit vector whose direction angles are equal.

39. Find the smallest angle between the main diagonals of a
rectangular box 4 feet by 6 feet by 10 feet.

40. Find the angles formed by the diagonals of a cube.

41. A constant force of F = —4k newtons is applied to an ob-
ject in moving it from (0,0, 8) to (4,4, 0), where coordinates are
given in meters. Find the work done. (Recall that W = F - D (see
Section 13.3).)

42. A constant force of F = 3i — 6j + 7k pounds is applied
to an object in moving it from (2,1,3) to (9,4, 6), coordinates given
in feet. Find the work done.

43. How much work is done by a force of 5 newtons acting in .

the direction 2i + 2j — kin moving an object from (0, 1,2) to
(3,5,7), distances being measured in meters? (See Problem 41.)

44. A weight of 30 pounds is suspended by three wires
with resulting tensions 3i + 4j + 15k, —8i — 2j + 10k, and
ai + bj + ck. Determine a, b, and ¢, assuming that k points
straight up.

45. Find the point one-fifth of the way from (2, 3, -1) to
(7,-2,9).

46. Suppose that the three coordinate planes bounding the
first octant are mirrors. A light ray with direction ai + bj + ckis
reflected successively from the xy-plane, the xz-plane, and the yz-
plane. Determine the direction of the ray after each reflection, and
state a nice conclusion concerning the final reflected ray.

47. Find the distance from the sphere x* + y* + 2% + 2x +
6y — 8z = Oto the plane 3x + 4y + z = 15.

48. Refine the method of Example 7 by showing that the dis-
tance L between the parallel planes Ax + By + Cz = D and
Ax + By +Cz=Eis

__ |D-E
VA + B+ C

49. Leta = (a,,a,,as) andb = (by, b,, bs) be fixed vectors.
Show that (x — a) + (x — b) = 0s the equation of 2 sphere, and
find its center and radius.

50. Show that the work done by a constant force F on an ob-
ject that moves completely around a closed polygonal path is 0.

51. The medians of a triangle meet in a point P (the centroid
by Problem 30 of Section 6.6) that is two-thirds of the way from a
vertex to the midpoint of the opposite edge. Show that P is the
head of the position vector (a + b + ¢)/3, where a,b, and care the
position vectors of the vertices, and use this to find P if the vertices
are (2,6,5),(4,~1,2),and (6,1, 2).

52. Leta,b, ¢, and d be the position vectors of the vertices of
a tetrahedron. Show that the lines joining the vertices to the cen-
troids of the opposite faces meet in a point P, and give a nice vec-
tor formula for it, thus generalizing Problem 51.

Answers to Concepts Review: 1. 4; —6 2. dot product; 0

3.(2,-1,0): (3,-2,4) 4. |uj|vjcos 6;cos™ (u - v/lul[v])

14.3 The dot product of two vectors is a scalar. We have explored some of its uses in ear-
The Cross Product lier sections. Now we introduce the cross product (or vector product); it will also
have many uses. The cross productu X vofu = (uy, uy, uzy and v = (v, V2, v3)

is defined by

u XV = (UyV; — Uy, U3V — U3, UV — Uy vp)

" In this form, the formula is hard to remember and its significance is not obvious. Note
the one thing that is obvious. The cross product of two vectors is a vector.

To help us remember the formula for the cross product, we recall a subject from

an earlier mathematics course, namely, determinants. First, the value of a2 X 2 de-

terminant is

Then the value of a3 X 3 determinant is (expanding along to the top row)

= ad - bc

Ll

a b
c d




-

Torgue

The cross product plays an
important role in mechanics. Let o
be a fixed point in a body, and
suppose that a force F is applied at
another point P of the body. Then F
tends to rotate the body about an
axis through O and perpendicular to
the plane of OP and F.The vector

7'=O-ﬁxF

is called the torque. It points in the
direction of t_h_g axis and has
magnitude |OP||F|sin 6, which is just
the moment of force about the axis
due to F.

Figure 1
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ay a; & ay 4y a3 ag.-dy 03 ay -y a3 |

: |
* bvl bz b3 = aq b1 bz b3 = ay bl b2 b3 + a; bl bz b3 ‘
GG & G €1 G G G G G G & G
b, b b, b b, b
3 1 3 1 2
= a - a, + as
c; Cy ¢ G i O

Using determinants, we may write the definition of u X v as
i j k

U, Uz Uy Us|,
uxXv=iu U Us| = 1

Uy U

i— k

v U3 Dy Y3 v Dy

vy U Vs

Note that the components of the left vector u go in the second row, and those of the
right vector v go in the third row. This is important, because if we interchange the
positions of u and v, we interchange the second and third rows of the determinant,
and this changes the sign of the determinant’s value, as you may check. Thus,

uXxv=-—(vxu)
which is sometimes called the anticommutative law.

EXAMPLE 1 Letu = (1,-2,-1) andv = (-2, 4, 1).Calculateu X vand v X u
using the determinant definition.

Solution
i j Kk
-2 -1 1 -1 -2
axv=|1 -2 -1 =i‘ ‘—j\ +k ‘
4 -2 1 -2 4
-2 4 1 !
=2i+j+0k
i j k
4 1 -2 1 - 4
vxu=[-2 4 1=i‘ —j‘ +k \
-2 - -1 1 -2
1 -2 -1 2 -1 1
=-2i—j+0k -] .

Geometric Interpretation of u X v Like the dot product, the cross product
gains significance from its geometric interpretation.

Theorem A

Let nand v\be vectors in three-space and 0 be the angle between them: Then:
Lu(uxv)=0=v:(ux v),thatis,u X vis perpendicular to bothuandy;
2. u,v,and u x vform aright-handed triple; :
3. ju X v| = [u]|v|sin 6.

Proof letu = (uy, Uy, uz) and v = (vy, Vs, V3).

1.u-(uXv)= uy (03 — Usv) + uz(u3v1 - u v3) + us(wy vy — uzvl). When
we remove parentheses, the six terms cancel in pairs. A similar event occur’s
when we expand v - (u X v).

2. The meaning of right-handedness for the triple w,v,u X vis illustrated in Fig-
ure 1. There 0 is the angle between u and v, and the fingers of the right hand are
curled in the direction of the rotation through 6 that makes u coincide with v.
It is difficult to establish analytically that the indicated triple is right-handed, but
you might check it with a few examples. Note in particular thati X j = k,and
by definition we know that the triple i, j, k is right-handed.

3. We need Lagrange’s Identity, #

u x v = Py} = (u-v)? :
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whose proof is a simple algebraic exercise (Problem 25). Using this identity, we may write
ju x v/ = [ufv? ~ (jullvicos )’

= JuP[v(1 - cos?8)

= |u’lv*sin?6
Since 0 = 6 = m,sinf = 0.Taking principal square roots yields

[w X v| = |ul|v|sing ¢
It is important that we have geometric interpretations of bothu - vandu x v,

While both products were originally defined in terms of components that depend
on a choice of coordinate system, they are actually independent of coordinate sys-
tems. They are intrinsic geometric quantities, and you will get the same results for
u-vandu X vnomatter how you introduce the coordinates used to compute them.

Here is a simple consequence of Theorem A (part 3) and the fact that vectors
are parallel if and only if the angle 0 between them is either 0° or 180°.

Theorem B

Two vectors u and v in three-space are parallel if and only ifu X v = 0.

Applications Our first application is to find the equation of the plane through
three noncollinear points.

EXAMPLE 2 Find the equation of the plane (Figure 2) through the three points
P(1,-2,3),Py(4,1,-2),and P;(-2, -3, 0).

Solution Letu = PP, = (=3,-3,5)andv = P, P; = (—6,—4,2).From the first
part of Theorem A we know that

i jk
uxy=|-3 -3 5| =14i — 24j — 6k
—6 -4 2

is perpendicular to both u and v and thus to the plane containing them. The plane
through (4, 1, =2) with normal 14i — 24j — 6k has equation (see Section 14.2)

14(x —4) - 24y - 1) —6(z+2)=0
or
14x — 24y — 6z = 44 ' ]
EXAMPLE 3 Show that the area of a parallelogram with a and b as adjacent sides
isja X b|.

Solution Recall that the area of a parallelogram is the product of the base times
the height. Now look at Figure 3 and use the fact that ja X b| = |a|b|sin6. ]

EXAMPLE 4 Show that the volume of the parallelepiped determined by the vec-
tors a,b, and cis :

a, a; 4a;
V=la-(bxc)|=]|b b bl
¢ G G

Solution Refer to Figure 4 and regard the parallelogram determined by b and ¢
as the base of the parallelepiped. The area of this base is [b X ¢| by Example 3; the
height 4 of the parallelepiped is the absolute value of the scalar projection of a on
b X ¢.Thus,




o h = |a]|cos 6] =

Check Extréme Cases

Never read a mathematics book
passively; rather, ask questions as
you go. In particular, you should
look at extreme cases whenever
possible. Here we look at the case
where the vectors a, b, and ¢ are in
the same plane. The volume of the
parallelepiped should be zero, and
indeed the formula does give zero.
What happens in Example 3 if the
vectors a and b are parallel?

Figure 5
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alla- (b x ) |a-(bxe)
albxe  pxd

and '
V=hbxc=|a-(bxc)

That V can also be expressed as a determinant is established by expanding
la- (b x ¢)|in terms of components and then comparing it with the value of the in-
dicated determinant. =

Suppose that the vectors a, b, and ¢ from the previous example are in the same
plane. In this case, the parallelepiped has height zero, so the volume should be zero.
Does the formula for the volume yield V = 0? If a is in the plane determined by b
and ¢, then any vector perpendicular to b and ¢ will be perpendicular to a as well.
The vector b X cis perpendicular to both b and ¢; hence b X ¢ is perpendicular to
a.Thus,a- (b X ¢) = 0.

Algebraic Properties The rules for calculating with cross products are sum-
marized in the following theorem. Proving this theorem is a matter of writing every-
thing out in terms of components and will be left as an exercise.

Theorem C
If u, v, and w are vectors in three-space and k is a scalar, then:

1. u X v =—(v X u) (anticommutative law);

u X (v + w) = (u X v) + (u x w) (left distributive law);
k(u x v) = (ku) X v=u X (kv); :
ux0=0xu=0uxu=0
(uxv)-w=mu-(vxw)y

AR I

uX{(vxw)=(u-wyv-=_(a-v)w

Once the rules in Theorem C are mastered, complicated calculations with vec-
tors can be done with ease. We illustrate by calculating a cross product in a new way.
We will need the following simple but important products.

ixj=k jxk=i kxi=]j

These results have a cyclic order, which can be remembered by appealing to
Figure 5.
EXAMPLE 5 Calculateu X vifu = 3i — 2j + kand v = 4i + 2j — 3k.

Solution We appeal to Theorem C, especially the distributive law and the anti-
commutative law.

uxv= (3 - 2j+k) x(4i+2j—3k)

12(i x i) +6(i x j) —9(1 x k) —8(j xi) —4(j x J)
+6(j x k) + 4(k x i) + 2(k x j) — 3(k X k)

12(0) + 6(k) — 9(—j) — 8(—k) — 4(0)

+6(i) + 4(j) + 2(—i) — 3(0)

= 4i + 13§ + 14k

Il

l

Experts would do most of this in their heads; novices might find the determinant
method easier. E
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Concepts Review

1. The cross product of u = (1,2, 1)andv = (3,1,-1)is
given by a specific determinant; evaluation of this determinant
givesu X v =

2. Geometrically, u X v is a vector perpendicular to the
plane of w and v and has length [u X ¥| =

3. The cross product is anticommutative; that is,
axy=

4. Two vectors are ________ if and only if their cross
product is 0.

Problem Set 14.3 .

1. Let a=-3i +2j— 2k, b=-i+2j—4k and
¢ = 7i + 3j — 4k Find each of the following:

(a) axb (b) ax (b+c)
(c)a-(b+¢) (dax(bxc)

2. Ifa= (3,3,1),b=(-2,-1,0),and ¢ = (-2,-3,-1),
find each of the following:
(a) axb
(c) a-(b x ¢)

(b) ax (b +¢)
(d)yax (b xc)

3. Find all vectors perpendicular to both of the vectors
a=i+2j+3kandb=—2i+2j—4k.

4. Find all vectors perpendicular to both of the vectors
.a=-2i+5—2kandb=3i - 2j+ 4k.

5. Find the unit vectors perpendicular to the plane deter-
mined by the three points (1,3, 5),(3,-1,2),and (4,0,1).

6. Find the unit vectors perpendicular to the plane deter-
mined by the three points (-1, 3, 0),(5,1,2),and (4,3, -1).

7. Find the area of the parallelogram witha = -i+j-3k
andb = 4i + 2j — 4k as the adjacent sides.

8. Find the area of the parallelogram with a = 2i+2j—k
andb = —i + j — 4k as the adjacent sides.

9. Find the area of the triangle with (3,2, 1), (2, 4,6),and
(—1,2,5) as vertices.

10. Find the area of the triangle with (1,2,3), (3, 1, 5), and
(4,5,6) as vertices.

11. Find the equation of the plane through (1,3,2),(0,3,0),
and (2,4,3) (see Example 2).

12. Find the equation of the plane through (1,1,2),(0,0, 1),
and (-2, -3,0).

13. Find the equation of the plane through (-1, =2, 3)
and perpendicular to both the planes x — 3y + 2z = 7 and
2x — 2y — 7= 3.

14. Find the equation of the plane through (2,—3,2) and par-
allel to the plane of the vectors 4i + 3j — kand2i — 5j + 6k.

15. Find the equation of the plane through (6, 2, —1) and
perpendicular to the line of intersection of the planes
4x——3y+2z+5=Oand3x+2y—z+11=0.

16. Let a and b be nonparallel vectors,and let ¢ be any nonzero
vector. Show that (a X b) X cis a vector in the plane of a and b:

17. Find the volume of the parallelepiped with edges (2,3,4),
{0,4,-1),and (5,1, 3) (see Example 4).

18. Find the volume of the parallelepiped with edges
3i— 4 + 2k, —i+2) + k,and 3i — 2j + 5k.

19. Let K be the parallelepiped determined by u = (3,2,1),
v=(1,1,2),andw = {1,3,3).
(a) Find the volume of K. ’
(b) Find the area of the face determined by u and v.

(¢) Find the angle between u and the plane containing the face
determined by v and w.

20. The formula for the volume of a parallelepiped derived
in Example 4 should not depend on the choice of which one of the
three vectors we call a, which one we call b, and which one we call
¢. Use this result to explain why |a - (b X o)l =fp-(ax o) =
|e- (a x b)l.

21. Which of the following do not make sense?

(@) us (v X W) (®) u+ (v X W)

(c) (a-b) X ¢ (d) (axh) +k

(e) (a-b) + k () (a+b) X (c+d)
(g) (uXv)Xw (h) (km) X ¥

22. Show tﬁat if a,b, ¢,and d all lie in the same plane then
(axb)x(cxd)=0

23. The volume of a tetrahedron is known to be
1 (area of base)(height). From this, show that the volume of the
tetrahedron with edges a, b, and ¢ is a-(bx ¢)-

24. Find the volume of the tetrahedron with vertices (—1,2,3),
(4,-1,2),(5,6,3),and (1,1, —2) (see Problem 23).

25. Prove Lagrange’s Identity,
lu x v = JuPiv? = (uev)?t
without using Theorem A.
26. Prove the left distributive law,
ux(v+w)=(uxv)+(uXW)
27. Use Problem 26 and the anticommutative law to prove
the right distributive law.

28. Ifbothu X v = 0andu - v = 0, what can you conclude
about u or v?

29, Use Example 3 to develop a formula for the area of the
triangle with vertices P(a,0,0), 0(0,b,0),and R(0,0, ¢) shown in
the top half of Figure 6.

30. Show that the triangle in the plane with vertices (x;, yi)»

(x2, y,),and (xa, y;) has area equal to one-half the absolute value
of the determinant

LN 1

x 1

X3y 1




Q00,50

Figure 6
14.4
Lines and Curves
in Three-Space
,
y
r
P
X
Figure 1
P
V
Tr
L v
y

X

Figure 2

Sec. 144  Lines and Curves in Three-Space 609

, 31. A Pythagorean Theorem in Three-Space ~As in Figure 6,
. let P, O, R, and O be the vertices of a (right-angled) tetrahedron,
and let 4, B, C,and D be the areas of the opposite faces, respec-

tively. Show that A2 + B + C* = D*.

32. Let vectors a, b, and ¢ with common initial point deter-
mine a tetrahedron, and let m, n, p, and q be vectors perpendicular
to the four faces, pointing outward, and having length equal to the
area of the corresponding face. Show thatm + n + p + q = 0.

33. Let a, b, and a — b denote the three edges of a triangle
with lengths a, b, and ¢, respectively. Use Lagrange’s Identity to-
gether with 2a-b = |a]> + |bj*> — |a — b}? to prove Heron’s For-
mula for the area A of a triangle,

A= Vs(s ~ a)(s — b)(s — ¢)

where s is the semiperimeter (a + b + ¢)/2.

34. Use the method of Example 5 to show directly that, if
u =i+ uj + uskandv = vi + v,j + v;k, then

uxv= (u2v3 - u3'l)2)i + (u3v] - u]'l)3)j + (ul?)z - uzvl)k

Answers to Concepts Review: 1.{=3,2,-7yor-3i + 2j — 7k
2. |uilv|sin® 3.—(v x u) 4. parallel

Our study of lines and curves in the plane extends easily to three-space. A space
curve is determined by a triple of parametric equations

x=f(@), y=g@), z=hn@), tel

with f, g, and A continuous on the interval 1. In vector language, a curve is specified
by giving the position vector r = r(r) of a point P = P(¢);that is,

r=rx(t) = (f(1), g(1), h(1)) = f()i + g(1)j + h(1)k

The tip of r traces out the curve as f ranges over the interval I, as we see in Figure 1.

Lines The simplest of all curves is a line. A line is determined by a fixed point Py
and a fixed vector v = ai + bj + ck.Itis the set of all points P such that £, P is par-
allel to v, that is, that satisfy

POPZIV

for some real number ¢ (Figure 2). Ifr = OP and Iy = Wo are the position vectors
of P and P, respectively, then P, P = r — 1y, and the equation of the line can thus
be written ’

r=1ry+1v

If we writer = (x,y,z) andry = {xg, ¥y, Zo) and equate components in the last
equation above, we obtain

x=x0+at, y:y0+bt, Z:ZO+Ct

These are parametric equations of the line through (xo, Yo, zo) and parallel to
v = {a, b, ¢). The numbers a, b, and c are called direction numbers for the line.
They are not unique; any nonzero constant multiples ka, kb, and kc are also direc-
tion numbers.

O ——
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EXAMPLE 1 Find parametric equations for the line through (3,—2,4) and (5,6,~2)
(see Figure 3).

Solution A vector parallel to the given line is
v=(5-3,6+2,-2-—4)=(2,8,-6)
If we choose (xo, Yo, 2o) as (3,—2,4), we obtain the parametric equations
x =3+ 2, y =2+ 8, z=4-—6t

Note that ¢ = 0 determines the point (3, =2, 4), whereas ¢t = 1 gives (5, 6, —2). In
fact,0 < t =< 1 corresponds to the segment joining these two points. |

If we solve each of the parametric equations for ¢ (assuming that a, b, and ¢ are
all different from zero) and equate the results, we obtain the symmetric equations
for the line through (xo, Yo zo) with direction numbers a, b, c; that is,

X=Xy Y~ Y 72

a b c

This is the conjunction of the two equations

XX _ YN 4 YN _27%
a b b c
both of which are the equations of planes (Figure 4); and, of course, the intersection

of two planes is a line.

EXAMPLE 2  Find the symmetric equations of the line that is parallel to the vec-
tor (4,—3,2) and goes through (2,5, -1).

Solution

x—2 y—-5 z+1

4 =3 2

EXAMPLE 3 Find the symmetric equations of the line of intersection of the planes
2x —y— 5z=-14 and 4x + Sy + 4z =128

Solution 'We begin by finding two points on the line. Any two points would do, but
we choose to find the points where the line pierces the yz-plane and the xz-plane
(Figure 5). The former is obtained by setting x = 0 and solving the resulting equa-
tions —y — 5z = —14 and 5y + 4z = 28 simultaneously. This yields the point
(0,4,2). A similar procedure with y = 0 gives the point (3,0,4). Consequently, a vec-
tor parallel to the required line is

(3-0,0-4,4-2)=(3,-4,2)
Using (3, 0, 4) for (xo, ¥o» zo), we get
x=3 y—-0 z-4
3 —4 2
An alternative solution is based on the fact that the line of intersection of two

planes is perpendicular to both of their normals. The vectoru = (2,—1,—5 ) is nor-
mal to the first plane; v = (4, 5,4) is normal to the second. Since

i j k
uxv=[2 -1 -5 =21 =28j + 14k
4 5 4

the vector w = (21, —28, 14) is parallel to the required line. This implies that
lw = (3,—4,2) also has this property. Next, find any point on the line of intersec-
tion, for example, (3, 0, 4), and proceed as in the earlier solution. #
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- EXAMPLE 4 Find parametric equations of the line through (1, =2, 3) that is per-
"pendicular to both the x-axis and the line

Solution The x-axis and the given line have directions u = (1, 0, 0) and
v = (2,—1,5), respectively. A vector perpendicular to both u and v is

i j ok
uxv=[1 0 0/=0i-5-k
2 -1 5

The required line is parallel to (0,—5,—1) and so also to {0, 5, 1). Since the first di-
rection number is zero, the line does not have symmetric equations. Its parametric
equations are

x =1, y=-2+5, z=3+1 ]

Tangent Line to a Curve Let

r=r(r) = f()i + g(1)j + h(r)k

be the position vector determining a curve in three-space (Figure 6). In complete
analogy with what we did in the plane (Section 13.4), we define r'(¢) by

) = }‘]_I;% r(t + h}i - r(t)

It follows that r'(z), if it exists, has the direction of the tangent line to the curve at
the point P(¢) corresponding to t. Moreover, r'(¢) exists if and only if f'(¢), g'(t),and
K'(¢) exist and, in this case,

r(e) =i+ g'0i + Ak

Thus, f'(¢), g'(t), and A'(¢t) are direction numbers for the tangent line at P.

EXAMPLE 5 Find the symmetric equations for the tangent line to the curve de-
termined by

r(t) =ti + 32§ + 3Pk
at P(2) = (2,2.,%).
Solution
r(t) =i+tj+r’k
and
r(2) =i+ 2j + 4k

so the tangent line has direction (1,2,4). Its symmetric equations are
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I H Concepts Review

1. The parametric equations for a line through (1,—3,2) par-

3. Hr(e) = i — 3tj + £k, thenr'(s) =

4. A vector parallel to the tangent line at ¢ = 1 of the curve
determined by the position vector r(z) of Question 3 is
This tangent line has symmetric equations

allel to the vector {4, -2, 1) are x = Yy = ,
Z =

2. The symmetric equations for the line of Question 1
are ___
Problem Set 14.4
In Problems 14, find the parametric equations of the line through
the given pair of points.

2. (2,-1,-5),(7,-2,3)
4. (5,-3,-3),(5,4,2)

In Problems 5-8, write both the parametric equations and the sym-
metric equations for the line through the given point parallel to the
given vector.

5. (4,5,6),(3,2,1) 6. (—1,3,-6),(-2,0,5)
7. (1,1,1), (~10,-100,-1000) 8. (-2,2,~2),(7,—6,3)

In Problems 9-12, find the symmetric equations of the line of in-
tersection of the given pair of planes.

o 9.4x +3y —7z=1,10x + 6y — 5z = 10
1. x+y—2z=23x—-2y+z=3
1L x+4y —2z=13,2x —y—2z=5
12. x -3y +z=-1,6x -5y +4z=9

1. (1,-2,3),(4,5,6)
3. (4,2,3),(6,2,-1)

13. Find the symmetric equations of the line through (4,0, 6)
and perpendicular to the plane x — 5y + 2z = 10.

14. Find the symmetric equations of the line through
(=5,7,-2) and perpendicular to both (2,1,-3) and (5,4, -1).

15. Find the parametric equations of the line through
(5,3, 4) that intersects the z-axis at right angles.

16. Find the symmetric equations of the line through (2,~4,5)
that is parallel to the plane 3x + y — 2z = 5 and perpendicular

to the line
xr+8 y-5 z-1
2 3 -1
17. Find the equation of the plane that contains the parallel lines
x=-2+2 x=2-2
y=1+4 and (y=3-—-4
z=2-—1t z=1+1¢
18. Show that the lines
x—1 y—2 z-4
—4 3. -2
and _
x—2 y—-1 z+2
-1 1 6

intersect, and find the equation of the plane that they determine.

19. Find the equation of the plane containing the line
x=1+2t,y=—1+4 3t,z=4 + tand the point (1,-1,5).

20. Find the equation of the plane containing the line x = 3¢,
¥ =1 + ¢, z = 2t and parallel to the intersection of the planes
2x—y+z=0andy+z+1=0.

21. Find the distance between the skew (nonintersecting and
nonparallel) linesx =2 — ¢,y =3 + 41,z = 2tand x = —1 + ¢,
¥y = 2,z = —1 + 2t by using the following steps.

(a) Note by putting ¢ = 0 that (2, 3,0) is on the first line.

(b) Find the equation of the plane 7 through (2, 3, 0) parallel to
both given lines (i.e., with normal perpendicular to both).

(c) Find a point Q on the second line.

(d) Find the distance from Q to the plane 7. (See Example 6 of

Section 14.2.)

See Problem 30 for another way to do this problem.

22. Find the distance between the skew lines x = 1 + 2,
y=-3+4,z=-1~rtandx =4 —2t,y =1+ 3t,7 = 2t (see
Problem 21).

23. Find the symmetric equations of the tangent line to the
curve with equation

r(t) = 2costi + 6sintj + tk
att = w/3.
24. Find the parametric equations of the tangent line to the
curvex =22 y = 4t,7 = Patt = 1.
25, Find the equation of the plane perpendicular to the curve
x=3,y=20%z="ratt = -1
26. Find the equation of the plane perpendicular to the curve
r(t) = tsinti + 3tj + 2t costk
att = /2.
27. Consider the curve r(t) = sintcosti + sin*tj + costk,
0=t=27m
(a) Show that the curve lies on a sphere centered at the origin.
(b) Where does the tangent line at7 = /6 intersect the xy-plane?

28. Point to Plane Let P be a point on a plane with normal
n and Q be a point off the plane (Figure 7). Show that the distance
d from Q to the plane is given by
_ PG|
[n

Figure 7



Problem Set 14.1
1. A(1,2,3), B(2,0,1),C(-2,4,5), D(0,3,0), E(-1, =2, -3)

lx=0x=0,y=0

5. V43, )5 (© Ve+a)l+(m+4)2+3

9. z
@,—1,4) E(2,3,4)
EAS
. _+_ﬁ ¥
7(65 7’! 4) i )ﬁr_ (2, 3, 0>
R R I ACER)
(6,1, 0) 654
"% % (6,3, 0)::

1L (@) (x — 12+ (y — 2)* + (z - 3)? = 25;
B (x+2)2+(y+3)?%+ (z+6)?2=5;
© (x=7P+(—ef+(z-V2)=n

13. (6,7,4%10 15 (4, -1,-2); V¥

19.

23.

25. (x — 1)+ (y — 1) +
27. (x = 62+ (y — 6 + (z — 6)* =36

29. (a) Plane parallel to and 2 units above the xy-plane;

(b) Plane perpendicular to the xy-plane, whose trace in the
xy-plane is the line x = y;

(¢) Union of the yz-plane (x = 0) and the xz-plane (y = 0);
(d) Union of the three coordinate planes;

(e) Cylinder of radius 2, parallel to the z-axis;

(f) Top half of the sphere with center (0,0, 0) and radius 3

117
3 "
3 12

Answers to Odd-Numbered Problems A-4:

Problem Set 14.2

L. (a) (b)

3i+3j + 2k ~13i + 55j ~ 178k
3. (a) length = \/Z—I;COSa -4 ,cosf3 = L,
V21 V21
cosy _—\/_2——1—
(b) length = V62;cosa = —“Z“,COSB = “i,
V62 Ve2

7

Cosy = ——

V62

5 <_3_ __4 L>.<_ii_;5_>
V2T sV V2! 2 V2

7. cos” ( ——2—)
247

240
jt k;
\/ 3 \/ 593 V593

240

[\

i+ - k
593 V593 593
11
11, cos™ 13. V3
V129
15 m=-8i+%-fgn=-8i+5j+ 5k

17. (@) a ~ 14330°, 8 ~ 57.69°,y ~ 74.50°

(b) o ~ 63.75°, B ~ 27.79°,y ~ 98.48°

19. 2V3 23, (a),(b), (D)

25. (@) 2x —4y + 3z =-15; () 3x — 2y —z =4

27. 56.91° 29. (a) z=2; (b) 2x — 3y —4z=-13
31. 0 33. 12 37. 35.26° 39. 37.86°
V38

41. 32 joules 43. 15 joules
a,+b, a,+ b, a;+ by
o (0 n2h o

45. 3,2,1) 47.0

)-| —b] 51 (4,2,3)

Problem Set 14.3
1. (a) —4i — 10j — 4k; (b) —6i — 36j — 27k; (¢) §;
(d) —98i — 59§ + 88k

3. c(—14i — 2j + 6k),cin R
7.2V74 9. 4V6
13. 7x + 5y + 4z = —5
17. 69 19, (a) 9; () V35; (c) 40.01°
29. $Va? b + a2 + b

7 1 6
i<\/8—6" \/szwza>
1. 2x -y —z=-3

15. —x + 10y + 17z = -3
21. (), (d)




A-44 Answers to Odd-Numbered Problems

o Set 14.4
Problem Set 14 | 29. K=%;T=<————3 —2—> = (0,1,0);
Lx=1+3y=-"2+Tt,z=3+73t 13 13
3ox=4+t,y=22=3-2 B=<____ __3_>

RN PP SN Sk P A B e |
5. x=4+3t,y=5+2,z2=6+¢ 3 -T2 T 1 31 K=%sech23;T=tanh§1+sech%j;

N = sech}i — tanh}j; B = —k
7. x=1+t6y=1+10,z=1+ 100t

33. k= ! 114—1 —1-1(‘
x-1_y-1_z-1 IPSV AR L LR
1 10 100 N L gL 1
PR S P e
g X4 _¥y*S_z g x*8 z+3% N ARV 2' 72
To27 -50 -6 ‘10 2 9
35, ap(t) = —— s ay(f) = 2| —
_ _ . ar(t) = == an(t) =\ 52
B ETA_Y _EZ8 s sy =-3rz-4 V10 + 42 S
1 - 2 e — ™ F+1+e?
= oy = 3. ap(t) = ——————ay(t) = N\ 5 =
17.x +y+6z=11 19.3x — 2y =5 e T m’ 2+ A+ e
M. (b)) 2x+y-z=T; -1,2,-1); (@ V6
(b) 2x +y—z © ( ) (d) 2\/—t

- -3V3 -1 39. ap(t) = === an(t) =
23.x\;=y i 13 25. 3x — 4y + 5z = 22 \/24 " Vot + 3
-\V3

tantsec’t — cott csc’t
3\/ 7 8\/ 3V26 41, ar(t) = ;
27. (b) ( 0) 29. (a) —; (b) ——7—— r(®) /1 + cot?t + tan’t
an(t) = Viescht + 4csc?tsec’t + sectt
Section 14.5 N V1 + cot’t + tan’t
(1) = 4+ 10] + 2ksa)) = 105s(1) = 2V/30 8. T=(G,3N= (3-8 =G40
3. v(2) = ~1i—4j + 80k;a(2) = i + 25§ + 160k; 4 1 ( a )
5, T=————=\|cosh—i+kj
5(2) = \V/ 8,294,737 \/ cosh?Z + 1 6
36
1
22/3 1 N = ————;——— <i - coshé%k);
5. v(2) =4+ 5 ka2) =4 - -k V cosh*& + 1
3 9V2 :
4/3 B=)
s(2) =4[16 + — 1
9 47. T = ———=(—i — 7§ + 27k);
A/ 2
v(m) = —j + ka(a) = i,s(w) = V2 51 N Sk . "l
+6 2 - + 2k
v(Z) = 20 + 3¢ a(F) = 4i + 3™ + 16k; N = T i + (2~ ST
S(%)=‘/4+9€ﬂ/2 V(8+16’7T +57T)( +5’7T)
1L v(2) = 2mi + j — e7k;a(2) = 27i = 27°j + 7'k B= ! [2mi+ (2 +20%)f + (2 + m)k|
@) Vid s 1t V8 + 167% + 5= ' :
5(2) = T e
1 1/{ 1 1/ 1
15. 2V2 17144 19, V41 213 9. T=——i+=> (—— - 1>j + —(—— + 1>k;
5 \sinh : V3 2 \/5 2\\v3
. sinh
Ve ) . _ 1+ \f \/5 L
25 k= ——=;T=—=i+—2j; ok 2\/
10V V5 V5 . .
) ) 5 B=\/;1+ﬁ3\/_~—\/6)3—1—2(3\6+\/6)k
N=——i- j+r——Kk
130 2\/3_0 1 30 51. T= \/_1 + —\/—_—sech jt \;itanh%k;
B=——i-—=j— —=k
Ve V6 Ve N = —tanhZj + sech%k;
2 21\%;T=\/22_1i+\/12_1j+\jﬁk; B = —zsech 7 rtanh Tk
S ] . ‘ \f \f V2 3
N=— i — i+ k; 53. (b) R, = 10R,;t =73
V7T V71 \/ﬁ 55. (a) Winding upward around the right circular cylinder
. Y
B = 4L 4 .1 4 x = sint,y = cost,as t increases.
V33 \/35'] V33 ' (b) Same as part (a), but winding much faster by a factor of 38,



