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23. Let the weights at A, B,and C of Problem 21 be 3w, 4w, ly, each year. Where is the best location for the plant, that is, the lo-
and 5w, respectively. Determine the three angles at P at equilibri- cation that will minimize delivery costs (see Problem 23)?

um. What geometric quantity (as in Problem 22) is now minimized?

Answers to Concepts Review: 1. magnitude; direction 2. they
have thé same magnitude and direction 3. the tail of w; the head

24. A company will build a plant to manufacture refrigerators  of v 4, force; velocity

to be sold in cities A, B, and C in quantities a, b, and ¢, respective-

13.3
Vectors in the Plane:
Algebraic Approach

///////

The vector u

Figure 1

y

Pick a special
representative

Figure 2

Identify u with the
ordered pair (u,, uz>

Figure 3

From the geometric perspective of the previous section, a vector can be described
as a family of arrows all having the same length and direction (Figure 1). Our aim
now is to place vectors in an algebraic context. Here is how we do it.

We begin by imposing a Cartesian coordinate system on the plane. Then, for a
given vector u, we pick as its representative the arrow that has its tail at the origin
(Figure 2). This arrow is uniquely determined by the coordinates u; and u, of its
head: that is, the vector u is completely described by the ordered pair (u;, u,) (Fig-
ure 3). This being so, we consider (uy, u,) to be the vector;it is the vector u in its al-
gebraic clothes. Incidently, we use {u,, u,) rather than (ul, uz) because the latter
symbol already has two meanings—an open interval and a point in the plane.

But why do we offer this new interpretation? There are two good answers. First,
for vectors, as we have tried to emphasize for other topics throughout this book,
the interplay between their geometric and algebraic aspects greatly enriches and
clarifies the subject. Second, it is the algebraic viewpoint that most easily general-
izes to higher dimensions. This is because it is almost as easy to talk about an ordered
n-tuple {u;, Uy, ..., u,) as it is an ordered pair {uy, uy).

Operations on Vectors The numbers u; and u, are called components of
u = (uy, u,). Two vectors u = (u;, u,) and v = {(v,, v,) are equal if and only if
u; = v; and u, = v,.To add u and v, we add corresponding components; that is,

u+v=(u +v,u+ v
To multiply u by a scalar ¢, we multiply each component by c. Thus,
uc = cu = {cuy, Cuy)

In particular,

—u = (~uy, )
and

0 = Ou = (0,0)
Figure 4 shows that these definitions are equivalent to the earlier geometric ones.
y ' y
2u ={2u, 2u,)

v =+ v, w4 ) »

u =iy, 4,)

-u= (_u » _u2>
Vector Addition Scalar Multiplication

Figure 4

Using the algebraic interpretation of vectors, the following rules for operating
with vectors are easily established.
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'Eqr any ve_c‘tdré}l, v, and w and kany scalars a and b; thé followmg rela’u nshlps hbld, .

2y Ewmut(Ew
3 u+0=0+tu=u

Aamrln=0
S a(bw) = (abu=w(@)
L Ggurvemian

7. (a+ b =~;a‘|‘l +‘b\l
et L0 w

Proof We illustrate the proof by demonstrating Rule 6. Be sure that you under-
stand why each of the following steps is valid.

alu +v) = a((ul,uz) + (1)1,1)2))
aluy + vy, U T Vy)
(a(u1 + vl),a(uz + vz))

= (auy + avy, au; + av,)

I

I

= (auy, au,) + {avy, avy)

= aluy, ) + alvy, v2)

=qu+ av ¢
= Length and the Dot Product The length (or magnitude) |u| of the vector
0 M u = (uy, uy) is given by

Figure 5 r\u| = \/l?:_uT%\

y u For example, if u = (4,~2), then [u| = V4 + (-2 = 2V/5 . If we multiply u by
/\ the scalar ¢, we multiply its length by |c|; that is,
< jeul = |el ]
/ A Do not be confused by the apparent double usage of the symbol | |. The symbol el
0\\(/ x called the absolute value of ¢, s the distance from the origin to ¢ on the real line (Fig-
ure 5). The symbol |ul, called the length of w, is the distance from the origin to the
Figure 6 head of u in the plane (Figure 6). '

EXAMPLE 1 Letu = (4, —3).Find [u] and |-2u]. Also find a vector v with the same
direction as u, but with length 1.

Solution |uj = V4 + (—3)? = Sand|-2u| = |-2|ja| =25 =10.To find v, sim-
ply divide u by its length |ul; that is,

w4 1, (473
Y | s T 3>’<5’5>

The length of v is then

u

[u|
We have discussed scalar multiplication, that is, the multiplication of a vector u

by a scalar c. The result cu is always a vector. Now we introduce a multiplication for
two vectors u and v. It is called the dot product and is symbolized by u - v. We de-

fine it by the formula
ll'V=u1’U1+u2v2\

L

il luj =1 n

v =




E:—,

Figure 7

5,12

8.6)

Figure 8
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For example, (4, =3) - (3, 2) = 12 + (—6) = 6. Note that the dot product of two
vectors is a scalar.
The properties of the dot product are easy to establish; we state them without proof

Theorem B

If v, and w are vectors and cisa scalar then these propertles hold

1. u: v—v o

2.u- (v+w)—u v+u w
3. c(u-v) = (cu) v—u (cv)
4.0-u=0

5. ,u‘-u—;|u|2,

To understand the significance of the dot product, we offer an alternative for-
mula for it. If u and v are nonzero vectors, then

u-v = |a||v|cosf

where @ is the angle between u and v. By the angle between u and v, we mean the
smallest nonnegative angle between u and v, 80 0=6=m
To derive this formula, apply the Law of Cosines to the triangle in Figure 7.

lu — v = [uf? + v’ — 2lu] [v|cos 6
On the other hand, from the properties of the dot product stated in Theorem B,
lu—v|2=(u—v)-(u—v)=u-(u—v)—v-(u—v)
=p-u—uU-vV-vV-utv-y
= P + v — 2u-v

Equating these two expressions for lu — v|* gives the desired result.
An extremely important consequence of the formula just obtained is the fol-
lowing theorem.

Theorem C Perpendlcularlty Cnterlon ‘ o ‘
“Two Vectors uandy are perpendlcular if and only 1f thelr dot product v, is 0

Proof 'Two nonzero vectors are perpendicular if and only if the angle ¢ between
them is 77/2; that is, if and only if cos§ = 0.But cos = 0if and only ifu - v = 0.The
result is valid for zero vectors, provided that we agree that a zero vector is perpen-
dicular to every vector. ¢

Vectors that are perpendicular are said to be orthogonal. |

EXAMPLE 2 Find b so that u = (8,6) and v = (3,b) are orthogonal. ;

Solution
u-v=(8)(3) + (6)(b) =24 +6b=0
Thus, b = —4. = I

EXAMPLE 3 Find the angle betweenu = (8,6) and v = (5,12) (see Figure 8).
Solution

u-v (8)(5) + (6)(12) 112
| [v] (10)(13) T 130

cosf@ = =~ (0.862

Then
g ~ cos™* (0.862) ~ 0.532 (or 30.5°) m
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1 y
u= {u, u,)
U= mm T T i
]
1
]
. I
J i
[}
]
i u o ox
u= i+ i
Figure 9
y
5.8 03,7
e
P2,-1)
Figure 10
1 y
®A(4,3)
13
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\L\ x
\ v
B(,-1)
@
C(6,-4)
Figure 11
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1
1
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|u| cos 6
Figure 12
0
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w v
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lu|cos 6
Figure 13

Basis Vectors Leti = (1,0) andj = (0,1), and note that these two vectors are
perpendicular and of unit length. They are called basis vectors, because any vector
u = {u;,u;) can be represented in a unique way in terms of i and j. In fact,

u = (ugu) = w{1,0) + up(0,1) = wmi + )
The geometric interpretation is shown in Figure 9.
EXAMPLE 4 If u is the arrow from the point P(2, —1) to Q(-3,7), write u in the
form ui + uz].

Solution We first translate this arrow so that it emanates from the origin (Figure
10). This can always be ‘accomplished by subtracting the components of the initial
point from those of the terminal point. Thus, the corresponding algebraic vector is
(-3-2,7-(-1)) = (-5, 8). We conclude that

u = -5i + 8§ "
EXAMPLE 5 Find the measure of the angle ABC, where A = (4,3), B(1,—1),and
C(6,—4), as in Figure 11.

Solution
w=BA=(@4-1i+ (@+1j=3i+4=(34)
v=BC=(6-1)i+(—4+1)j=5-3=(573)
lu| = VEZ+ =5
W = VFE (3R = VA
wev = (3)S) + (4)(-3) =3

cos= Y =3~ 01029
lv] 5v34
6 ~ 1.468 (about 84.09°) B

Projections Let u and v be vectors, and let 6 be the angle between them. For
now, we assume that0 = 6 = /2.Let w be the vector in the direction of v that has
magnitude [u|cos 6 (see Figure 12). Since w has the same direction as v, we know that
w = cv for some positive scalar c. On the other hand, the magnitude of w must be
ju|cos 6. Thus,
lajcos§ = |w| = |cv] = c|v]
The constant ¢ is therefore
_ S _mu-v_u-v
Ivl vl Juf vl v

Wz(?ﬁ%

For /2 < 6 = w, we define w to be the vector in the line determined by v,
but pointing in the direction opposite v (see Figure 13). The magnitude of

Thus,

this vector is |w| = —|ujcos8 = c|v| for some positive scalar ¢. Thus, ¢ =
(—|ujcos6)/ (Jv|) = —u - v/|v]’. Since w points in the direction opposite v, we have
w = —cv = (u- v/|v]*)v. Thus, in both cases we have w = (u-v/ |v[2)v. The vector

w is called the vector projection of u on v, or sometimes just the projection of u on

v, and is denoted pr, w:
- (u)v
PTy VP




r

Figure 14
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The scalar projection of u on v is defined to be |u|cos 8. It is positive, zero, Or nega-
tive, depending on whether 6 is acute, right, or obtuse. When 0 < 6 < 7r/2,the scalar
projection is equal to the magnitude of pr, u, and when 7 /2 < 8 =< m, the scalar
projection is equal to the opposite of the magnitude of pr, u.

EXAMPLE6 Letu = (~1,5)andv = (3, 3). Find the vector projection ofuon vy
and the scalar projection of uon v.

Solution Figure 14 shows the two vectors. The vector projection is

3,3) =2i + 2j
1(3,3)f R

Pr(3,3)<"1,5> = < ><3a3> =

and the scalar projection is

(-1,5) - (3,3) _ =3 +15

= =2V2
(-1,5)|[43,3)] V3 + 3
The work done by a constant force F in moving an object along the line from

P to Q is the magnitude of the force in the direction of the motion times the distance
moved. Thus, if D is the vector from P to Q, the work done is

(Scalar projection of F on D)D| = |Flcos|D|

lujcos 6 = [(—1,5)] |

That is,

Work = F D

EXAMPLE 7 A force F = 8i + 5j in newtons moves an object from (1,0) to (7,1),
where distance is measured in meters (Figure 15). How much work is done?

Solution Let D be the vector from (1,0) to (7,1); thatis, let D = 6i + j.

1,0
.0 Work =F + D Then,
Figure 15 Work = F-D = (8)(6) + (5)(1) = 53 joules ]
Concepts Review
1. If u = (u;, up) and v = (vy, v,) are vectors, then 3. The vectorsi = (1,0) andj = (0,1) are called
utv= ,cu = ,and ju} = . because any vector can be uniquely represented in the formai + bj.

2. The dot product of u = (uy, u,) and v = (v, v,) is de-

fined by u-v = _The corresponding geometric formu- 4. The .wo‘rk done by a force F in moving an object along
laforu- vis the vector D is given by :
A

Problem Set 13.3 )

1. Leta = —2i + 3j,b = 2i — 3j,and ¢ = —5j.Find each of 3. Find the cosine of the angle between aand b arkd make a
the following: sketch. ’
(a) 2a — 4b (bya-b (@) a=<(1,-3),b=¢(12) (b)a= {(-1,-2),b = (6,0)
(c)a-(b+c¢) (d) (—2a + 3b) - 5¢ (c) a=(2,-1),b=(-2,-4) (da= (4,=7),b = (~8,10)
(e) lajc-a @ b:b— b

2. Leta = (3,~1),b = (1,~1),and ¢ = (0,5).Find each of 4. Find the angle between a and b and make a sketch.
the following: (a) a = 12i,b = —5i
(a) —4a + 3b ®)b-c (b) a = 4i + 3j,b = —8i ~ 6j
(c) (a+Db) ¢ (d) 2¢- (3a + 4b) (c) a=—i+3jb=2i—6
(e) [blb-a @) I —c-c (d) a = V3i +j,b =3 + V3j
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5. Write the vector represented by AB in the form
a = ai+ aj.

(a) A(Z, 2), B(-3, 4)
© A(V2,-), B(0,0)

(b) A(0,4), B(—6,0)
() A(=7,¢), B(=4.3)

6. Find a unit vector u in the direction of a and express itin
the form u = ;i + w,j.
(a) a=(-3,-4)
(¢) a=(0,~4)

(b) a = (1,-T)
(d) a = (-5,-12)

7. Ifu + vis perpendicular tou — v, what can you say about
the relative magnitudes of u and v?

8. Show that (u + v) - (3u — v) = 3juf’ — V2 + 2u-v.

In Problems 9-12, give a proof of the indicated property. Use
u = <u1: u2>) V= <V1, VZ): andw = <W1: W2>.

9. (a + b)u = qu + bu

10. u-(v+w)=u-v+u-w
11 c(u-v) = (cu) v

12. Ifu + v = u,thenv = 0.

13. Find a vector that has the same direction as 6i — 8j and
three times its length.

14. Find a vector that has the opposite direction to —5i + 12§
and unit length.

15. Show that the vectors {6,3) and (—1,2) are orthogonal
(perpendicular).

16. Show that the vectors (-5, \/5) and (V27, 15) are or-
thogonal.

17. For what numbers ¢ are {c,6) and {(c,—4) orthogonal?

18. For what numbers c are 2ci — 8j and 3i + ¢j orthogonal?

19. Given a = 3i — 2j and b = —3i + 4j, two noncollinear -

“vectors (i.e., vectors such that the angle 6 between them satisfies
0 < 6 < 7),and another vectorr = 7i — 8j,find scalars k and m
such thatr = ka + mb.

20. Given a = —4i + 3j and b = 2i — j (two noncollinear
vectors) and another vectorr = 6i — 7j,find scalars k and m such
thatr = ka + mb.

21. Leta = a;i + ajandb = b;i + b,j be noncollinear vec-
tors.Ifr = r,i + r,jis an arbitrarily chosen vector in the plane of
a and b, find scalars k and m such thatr = ka + mb.

22. Show that the vectorn = ai + bj is perpendicular to the
line with equation ax + by = ¢. Hint:Let Py(xy, y,) and Py(x, y,)

be two points on the line. Show thatn - BP =0

23. Find the work done by the force F = 3i + 10j newtons
in moving an object 10 meters north (i.e.,in the j direction).

24. Find the work done by a force of 100 newtons acting in the
direction S 70° E in moving an object 30 meters east.

25. Find the work done by the force F = 6i + 8j pounds in
moving an object from (1,0) to (6, 8), where distance is in feet.

26. Find the work done by a force F = —5i + 8j newtons in
moving an object 12 meters north.

27. Prove the Cauchy-Schwarz Inequality:
- v] < o ]|
28. Prove the Triangle Inequality (see Figure 16):

ha+ v = fu + v]

Figure 16

Hint:
e+ vP=(@+v)-(u+tv)=uu+tZu-v+v-y
= [uf + 2u-v + |vP
Now apply Problem 27.
29. What can you say abbut the nonzero vectors u and v

in each case?

@) [+ v =2u-v (b) [u?2 = [vf =2u-v

30. Show that the diagonals of a rhombus (parallelogram with
equal sides) are perpendicular. Hint: Let u and v denote adjacent
edges. Calculate (u + v) + (u — V).

31. Let A and B be the ends of the diameter of a circle and
C be any other point on the circle. Use vector methods to show
that AC is perpendicular to BC. :

32. Prove that w = |vju + [u|v bisects the angle between u
andv.

33. Find pr, u for each of the following:
(a) u = (0,5),v = (3,4) (b) u = (-3,2),v = (3,4)

34. Find a simple expression for each of the following:
(a) prau (b) prau
(c) pru(-u) (d) pru (—u)

35. Derive the formula d = |ax, + by, + ¢/ Va* + ¥? for
the distance from P(x,, yo) to the line ax + by + ¢ = 0. Hint:See

Problem 22. Also let Q(x; , y1) be a point on the line. Find the mag-
nitude of the scalar projection of QP on .

Answers to Concepts Review: Ly + v, up + vy {cu, Cus)}
Vid + 13 2.uyv; + upvy;ul [vicos @ 3. basis vectors 4.F-D
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A-40 Answers to Odd-Numbered Problems

71. (a)

(b)

73. Quadrant I for ¢ > 0, quadrant Il for =1 < ¢t < 0,quadrant
111 for no ¢, quadrant IV for ¢ < -1

y
5

[ T 1 1t
-5 5%

-5

Problem Set 13.2

S5.lu+iv 7.1 9w~ 7934;875° W
1. 150N 13. N2.08°E;467mi/h  15. 80mi/h

23. o + B =14313°,B + v = 12687°, @ + v = 90°

Problem Set 13.3
1. (a) —12i + 18j; () —13; (0) =28, () 375
(e -15V13 () 13 - V13

5. (a) =51 +2j; (b) —6i — 4f; (¢) —V2i+ 7},

@ 3i+ (- el

7. = 13.18i-24 15 (6,3)-(-1,2) = 0
17. +2V6  19. k=3%,m = —3

(VY

nb, —nb air, — &
2. k=—"" = —— 23. 100 Joules
arb, — a2b1’m arb, — ayby

25. 94 ft-1b 29. (a) u =1, (b) 9= 60°
3. (@) (2,%); 0) (—%,-%)

Problem Set 13.4

1.2i—j 3.%i—-4 5i 7 Doesnol exist

9. (a) {teRir =3} () {teR:t = 20}

11 (a) {teRr <3} ) {reRt < 20, £2 not an integer}
13, (a) 9(3t + 4)% + 20e7; 5403t + 4)i + 2027 + 1)e;
(b) sin2ti — 3sin3tj;2 cos2ti — 9 cos 3tj »

15. 26 + i -2 m(ﬁ)

e‘3'<6t—7) _
17. —— i+ e (2
T\ (277)

19. —6t sin(31* — 4)i + 18t69'2_12j
2L (e — i+ (1 - e’l)j

23, v = —¢li + ej;a=e7li +ej; Iv| = Ve + é

10
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