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TRIGONOMETRIC INTEGRALS

In this section we use trigonometric identities to integrate certain combinations of trig-
onometric functions. We start with powers of sine and cosine.

EXAMPLE 1 Evaluate f cos’x dx.

SOLUTION  Here the appropriate identity is cos’ =1 ~ sin’x. We write
cos’c = cos*x - cosx = (1 — sin’x)cosx

It is useful to have the extra factor of cos x because if we make the substitutior
u = sin x, then we have du = cosxdx. Thus

f cos’xdx = f cos’x + cosxdx = f (1 - sin®x)cosxdx
=f(l—u2)du=u—%u3+C
= sinx — $sin’x + C =
The method used in Example 1 suggests the following general strategy to be used in

evaluating integrals of the form j' sin™x cos"x dx, where m = 0 and n = 0 are integers
and either m or n is odd.

HOW TO EVALUATE fsin’"xcos"xdx

(a) If the power of cosine is odd (n = 2k + 1), save one cosine factor and usg
cos?x = 1 — sin’x to express the remaining factors in terms of sine:

f sin™x cos**xdx = j‘ sin™x (cos’x)* cos x dx
= f sin™x (1 — sin’x)*cos xdx

Then substitute ¥ = sin x. »
(b) If the power of sine is odd (m = 2k + 1), save one sine factor and use
sin’x = 1 — cos®x to express the remaining factors in terms of cosine:

f sin®**'xcos"x dx = f (sin®)*cos™x sin x dx
= f (1 — cos*c)*cos"xsin x dx

Then substitute ¥ = cosx.
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Figure 1 shows the graphs of the
integrand sin’xcos’x in Example 2 and
its indefinite integral (with C = 0).
Which is which?
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FIGURE 1

Example 3 shows that the area of the
region shown in Figure 2 is /2.
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FIGURE 2

EXAMPLE2 Find f sin®x cosx dx.

SOLUTION Here the power of sine is odd and so we proceed as in case (b),
substituting u = cosx: :

f sin’xcos*x dx = f sin*x cosZx sin x dx
= { (1 — cos’)*cos’xsinxdx

f 1 = ) (~du) = -f (u® — 2u* + u®)du

u’ wooou
—[L£-2X i) ic
(3 5 77

. .
~3cos’x + 2cos’x — jcos’x + C L

[

The advice in (a) and (b) works if either sine or cosine has ari odd exponent. In the
remaining case (both m and n are even), we proceed as follows.

(c) If the powers of both sine and cosine are even, use the half-angle identities
sin’x = 2(1 — cos2x) cos’ = (1 + cos2x)
It is sometimes helpful to use the identity

sinxcosx = %sin 2x

ks

EXAMPLE 3 Evaluate f sin’x dx.
0

SOLUTION Here m = 2 and n = 0, so we use the half-angle formula for sin’s:

f sin’xd =%J‘ (1 ~ cos2x)dx = [%(x - %sin2x)]:)r
0 0

= %( ~ 3sin2m) — % - %sinO) = %17
Notice that we mentally made the substitution ¥ = 2x when integrating cos 2x.

Another method for evaluating this integral was given in Exercise 37 in Section 7.1.
B

 EXAMPLE4 Find f sin*x dx.

SOLUTION It is possible to evaluate this integral using the reduction formula for
f sin"x dx (Equation 7.1.7) together with Example 1 (as in Exercise 37 in Section 7.1),
but another method is to write sin*x = (sinx)? and use (c):

I sin*xdx = f (sin*x)*dx

_ 2
=J’(1 ;ost) dx

=i~f (1 — 2cos2x + cos?2x)dx
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Since cos?2x occurs, we must use another half-angle formula
. cos?2x = 3(1 + cos4x)

This gives

fsimxd =§f[1 - 20052x‘jl- 1 + cos4x)]dx

i

if (2~ 2cos2x + %éos4x)dx

1(3Bx — sin2x + gsindx) + C

Integrals of the form | tan™xsec"x dx can be integrated in the following cases.

HOWTO EVALUATE j‘ tan™x sec”x dx

(a) If the power of secant is even (n = 2k), save a factor of secAzx‘and use
sec’r = 1 + tan’x to express the remaining factors in terms of tan x:

f tan™x sec*x dx = f tan™x (sec’x)* 'sec’x dx

= J' tan™x (1 + tan’x)*'secirdx

Then substitute # = tan x.

(b) If the power of tangent is odd (m = 2k + 1), save a factor of secxtanx
and use tan’*x = sec’x — 1 to express the remaining factors in terms of
secx: :

J tan**'xsec"x dx = J‘ (tan’x)*sec™ 'xsec x tan x dx

= J‘ (sec™ ~ 1)sec” 'xsecxtanxdx

Then substitute u = secx.

EXAMPLE S Evaluate f tan®x sec*x dx.

SOLUTION Since the secant has an even exponent, we factor sec’x from the
integrand and substitute # = tan x so that du = sec’x dx. The rest of the integrand
is then expressed completely in terms of tan x by means of the identity

secx = 1 + tan’x:

f tan®c sec*x dx = f tan®x secx sec’x dx
= f tan%c (1 + tan’x) sec’x dx

f uS(1 + whdu = f u® + u¥)du
W

=—+—+C
7 9

=ltan’x + § tan’x + C
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EXAMPLE 6 Find f tan’x sec’x dx.
SOLUTION Since the power of tanx is odd, we factor tan xsec x from the integrand
and substitute u = secx so that du = secx tan x dx. Since an even power of tan x

remains, we use the identity tan’x = sec’x — 1 to express the remainder of the
integral completely in terms of secx:

j‘ tan’xsec’xdx = f tan“x sec®x sec x tan x dx
= f (sec®x ~ 1)*sec®xsecxtan xdx

= “(u2 - 1ubdu = f @' — 2u® + uS)du

1 9 7
u “oou
=4 _LE L2
11 9 7
= L sec!x — Zsec’ + 3sec’x + C

If n = 0, only tan x occurs. Here we use tan’x = sec’ — 1 and, if necessary, the
formula

j tanxdx = In|secx| + C

EXAMPLE 7 Findftanaxdx.

SOLUTION j tan’xdx = f tan x tan’x dx
= f tan x (secx — 1)dx

= f tan xsec®xdx — J‘ tan x dx

tan’x
= — ln|secx| + C
2
In the first integral we mentally substituted u = tan x so that du = sec’x dx.

If n is odd and m is even, we express the integrand completely in terms of secx.
Powers of secx may require integration by parts.

EXAMPLE 8 Find f secxdx.

SOLUTION We multiply numerator and denominator by secx + tanx:

secx -+ tanx
secxdx = | secx ————— dx
secx + tanx

_j‘ seckx + secxtanx
secx + tanx

If we substitute u = secx + tanx, then du = (secxtan x + sec’x) dx, so the integral



72 TRIGONOMETRIC INTEGRALS

becomes [ (1/u)du = In|u| + C. Thus we have

) fsecxdx = In{secx + tanx| + C

The method of Example 8 was admittedly very tricky, but we need Formula 1 for
our future work.

EXAMPLE9 Find f sec’x dx.

SOLUTION Here we integrate by parts with

u = secx dv = sec’x dx

du = secxtanxdx v = tanx

J‘ sec’xdx = secxtanx — f secx tan’x dx
= secxtanx — f secx (sec’x — 1) dx

= secxtanx — f sec’xdx + f secxdx
Using Formula 1 and solving for the required integral, we get

fsec3xd =1(secxtanx + In|secx + tanx|) + C

Integrals such as the one in Example 9 may seem very special but they occur
frequently in applications of integration, as we will see in Chapter 8. Integrals of the
form [ cot™rcsc"xdx can be found by similar methods because of the identity
1 + cot’x = csc’x.

(2) To evaluate the integrals (a) f sin mx cos nx dx, (b) j' sin mx sin nx dx, or
(¢) | cos mx cos nx dx, use the corresponding identity:

(a) sin AcosB = 3[sin(A — B) + sin(4 + B)]
(b) sin Asin B = 3[cos(A — B) — cos(A + B)]
(c) cosAcos B = 3[cos(A — B) + cos(A + B)]

EXAMPLE 10 Evaluate f sin4x cos S5x dx.

SOLUTION This integral could be evaluated using integration by parts, but it is
easier to use the identity in Equation 2(a) as follows:

f sin4xcos Sxdx = J'%[sin(—x) + sin 9x] dx
= %f (—sinx + sin9x)dx

= 1(cosx — lcos9x) + C ‘ -]
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EXERCISES 7.2

1-44 w« Evaluate the integral.

w2
1. f sin?3xdx

3.

1.

. J sin®x+/cosx dx

13

15.

17.

19

21,

23.

25

27

29.

3

b

33

35.

37.

39.

41.

43.

[}

J‘ cos*xdx

. f sin*x cos*x dx

0

) j (1 — sin2x)*dx

CosXx

. j‘ tan’x dx
j sec*x dx

[

. j tan xsec>x dx

. J‘ tan’x dx

1]
2
sec’x
. f dx
cotx

a2
f cot®x dx

a6

f cscxdx

sec’x

1~ sinx

1~ tan’x

/4
. f sin*x cosXx dx
f cos’xsin’x dx
J‘ cos?x tan’x dx
dx
/4
f tan®x sec’x dx

a3
f tan’xsecx dx

f cot*xcsctrdx

J‘ sin Sxsin2x dx
J‘ cos3xcosdxdx

dx

[ &)

/2
. f cosZrdx

0

. f sin’x dx

6. f sin*xcos’x dx

f -9

-2
f sinx cos?x dx
[i]

. T
10. j‘ sm(x + —6—) cosxdx

12 f sin®x dx

14. f xsin(x?) dx

. 16. j‘cotsxsiandx

j' dx
18. —_—
1 —sinx
20. ftan“xdx

22, f secbxdx

/4
24, f tan’xsec*x dx
a

26. J‘ tan’xsec’x dx

28. f tan®x dx

tan’xsec’x dx

<

30.
32. | tan’rsecxdx

J‘ﬂ/B
/2
34. f cot’xdx

-

36. f cot®xcsctx dx
38. f cscixdx

40. f sin3xcos xdx
42 f sin 3x sin 6x dx

cosx + sinx
_—dx

sin2x

45-46 m Evaluate the indefinite integral. Illustrate, and check
that your answer is reasonable, by graphing both the integrand
and its antiderivative (taking C = 0).

45. f sin’x dx

46. J sin*x cos*x dx

47. Find the average value of the function \f(x) = sin?tcos’x on
the interval [~ 7r].

48. Evaluate j' sin x cos.x dx by four methods: (a) the substitu-
tion u = cosx, (b) the substitution u = sin x, (c) the
identity sin 2x = 2sin xcos x, and (d) integration by parts.
Explain the different appearances of the answers.

49-50 ® Find the area of the region bounded by the given
curves.

49. y = sinx, y=sin'%, x=0, x=m/2

50. y = sinx, y=2sinx, x=0, x=m/2

51-52 m Use a graph of the integrand to guess the value of the

integral. Then use the methods of this section to prove that
your guess is correct.

2T
51, j cos’rdx
(1]

2
52. f sin 2arx cos Smx dx
Q

53-56 w Find the volume obtained by rotating the region
bounded by the given curves about the specified axis.

53, y = sinx, x = @/2, x = m y = 0; about the x-axis

54, y = tan’, y = 0, x = 0, x = @/4; about the x-axis’
55.y =cosx,y =0,x = 0,x = m/2; abouty= -1,
56. y =cosx,y = 0,x =0, x = 7/2; abodtyél

57. A particle moves on a straight line witﬁ velocity function

v(t) = sin wrcos’wt. Find its position function s = foif
P

f(0) =0.

58, Household electricity is supplied in the form of alternating
current that varies from 155 V to —155 V with a frequency
of 60 cycles per second (Hz). The voltage is thus given by
the equation '

E(f) = 1555in(120 71)

where ¢ is the time in seconds. Voltmeters read the RMS
(root-mean-square) voltage, which is the square root of the
average value of [E(t)] over one cycle. Calculate the RMS
voltage of household current.
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11. 16a/3  13. 4m(2ah + rAY2/3

15. [l a1 — 2% = (1 — x]dx

17. (@) 2/15 (b)) 76 (c) 8a/15

19. (2) 0.38 (b) 0.87

21. Solid obtained by rotating the region under y = sin x from
0 to a about the x-axis

23. Solid obtained by rotating the region in the first quadrant
bounded by x = 4 — y? and the axes about the x-axis

25.36 27.125/3/3m> 29.321]

31. (a) 80007/3 ft-b  (b) 2.1 ft  33. fx)
PROBLEMS PLUS = page 412

1. #/2 5.1 7. Does not exist

9. fx) = V2x/m 1. e 15 [-1,2]

17. /42 19. J1 +sin*xcosx 23, c = -1;}
25. 2x[%sin@?)dt + x7sin(x®) 27,y = §x?

31. 7/(30+2)

CHAPTER?

Exercises 7.1 = page 421
1. (xe¥/2) ~ (¥ /4) + C 3. —jxcosdx + ysindx + C
5. 1x2sin3x + 3xcos3x — Fsin3x + C
7. x(Inx)? — 2xInx +2x + C
9. l(sin20 — 20c0s26) + C 1L £Glnt - /9 + C
13. ¢¥(2sin30 — 3co0s36)/13 + C -
15. ycoshy — sinhy + € 17. 1 — 2/e
19. -} 2L (m+6-33)/6
23, sinx (Insinx — ) + C 25. Qx + e+ C
27. x(coslnx + sinlnx)/2 + C  29. 4ln2 — 3
31. 2(sinv/x — Jxcosvx) + C
33, Y2 -+ 1N+ C
35, (xsinmx)/m + (cosmx)/m® + C
12

: =y
37. (b) —Lcosxsin’x + (3x/8) ~ & sin2x + C

39. (b) 3,4  45. x[(Inx — 3(lnx)’ + 6lnx — 6] + C
47. (m + 643 — 12)/12 49. 0,0.70; 0.08

51. 1072 S53.2me 55.2-e¢7@*+ 2t +2)m

59. 1

Exercises 7.2 m page 428
1. w/4  3.3x +isin2x + sindx + C

5. 1cos’x —jcos’x + C 7. (3w — 4)/192

9. (3x/2) + cos2x — § sindx + C
11. {sin — §sin®x + &sin'x + C
for —1cos®x + Lcosdx — & cos' + C|]
13. [%cos’x — 2 cosx]Vcosx + C
15. }cos’x —'Injcosx| + C 17 In(l +sinx) + C
19.tanx —x+ C - 21 tanx + jtan®x + C  23. 4
25. {sec’r + € 27. lsec’x — tan’ + Infsecx| + C
29.% 3Litankx+C 333 ~@3)
35. —tcot’x —Lcot’x + C 37 In|cscx — cotx| + C
39. isin3x — lsinTx] + C 41 i[sinx + §sinTx] + C

A%

xﬂp

1.1

43. Lsin2x + C
45. —1cos’x + 2cos’x — cosx + C
[ if"s 7 ]
[IRY i
—2m ) mEJ/ 27

C1
53. n*/4

47. 0 49, 1 51. O 58. 27 + (w*/4)

57. s = (1 — cos’wr)/(Bw)

Exercises 7.3 = page 434

1.2/V3 3. -/I-x2+C

5. LsinT'Qo+ ixy1 — 4x2 + C 7. In(1 + /2)

9. [Vx? = 16 /(32x%)] + o5 sec™'(x/4) + C

11. /9x2 — 4 — 2sec™'(3x/2) + C

13. (x/va? — x? ) — sin"\(x/a) + C

15. (I/V3)n|(Va?+ 3 = V3)x| + C

17. 8 19.30+xH" +C

2L 4fsin'x ~ D+ (x — DVv2x ~ x2 ] + C

23. in{3x+1+/9x?+6x— 8|+ C

25. an"'x + D)+ (x F D/ + 2x + 2]+ C

27. 1[e'V9 — €% + 9sin~(e'/3)] + C  33. 0.81,2; 2.10
35. r/R? = rZ + 7r%/2 — R%arcsin(/R)  37. 2w’Rr?

Exercises 7.4 = page 443 o

A B A B C
+ 3. 5

-1 x+2 2r -1 (2x -1 2x+3

P

A B C D A B
—tot5t L1+ +

x x* X x-1 7 x—-1 x+1
4

x

1.

5.

Bx +C Ax+B Cx+D Ex+F
t Ty R 2 2 2
x°+2 x“+1 x“+ 4 x* + 4)
Ax + B Cx+D+Ex+F
+9  (xP+9? (x2+9)Y
A B Cx + D x2
15, — + =5 + ——— 7 = -
x x* x*+x+2 1 2
19. In3 + 3In6 - 3ln4 =1n &
21 3x = TIn|2x + 3| + C

23. x —In|x| +2In|x - 1|+ C=x+1n
25. 21n2 + 4 27. 41n6 ~ 3In5

13.

x+hnlx+1|+C

x~ 1)

+C
x|



