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VECTORS BETWEEN, TWO Pq INTS
In 2-D: consider points A(z,,y,) and Bz, ¥5)

Y
P - B In going from A to B,
' ? &, —x, isthez-step, and
Y8~ Va | Y ~ Y, isthe y-step.
o A .
4 S Consequently
d—f X '..\'3 » X P

AT gt : . . » pogr TA |
Notice that if Q is (0,0) and A s (xa, ya) then OA.is [y}q ]

In 3-D: if the points are A(z4, y4, z4) and B(zs, ¥z, 93]

S Py - T4 Ta
AB = [ys my,a,] OA [ ] and note

B — &4 A

where a, b are the position vectors o‘éf A and B respectively.

DISTANCE BETWEEN TWO 'P'OINTS
The distance between two points A andw B is the length of vector AB (or BA), given by | AB I
Hence, the distance between points A gnd B is the length of vector Kﬁ given by | AB |

VECTOR EQUALITY |

Two %ctor,s, are equal if they have the same length

and d}irectieu

Cons#quemly, in 2-D their x-steps are equal i€, p=T71
and their y-btcps are equal ie, ¢g=38

.(wheﬁe, <> reads “if and only if”)

@ P ‘

In 3-D, [b] = [q] & a=p, b=gq and e=r.
|
|

EXERCISE 15G
X 1

A(3,6)

Find:
a8 the coordinatesof M

N ‘ b vectors CA, CM and CB.
NB(-L2) & . 168
™ & Verify that CM = 1CA + 3CB.

C(—4,1)
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el it
X % FindB if C is the centre of a circle with diameter AB:
a Ais 3, —2)and C(1,4)

¢ Ais(—1, —4) and C(3,0)

X3 . _
A1 5522 ,3)

b A is (0, 5) and C(-1, —2)

 Find the coordinates of C, D and B.

@ Use vectors to find whether or not ABCD is a parallelogram:
() AB. -1, B4, 2), C-1,4) and D=2, 1)
b AG, 0,3), B(-1,2,4, Cd4,—3,6) and D0, =5, 5)
¢ AQ, -3, 9), B(, 4, -1), C(-2,6,-2) and D(-1, -1, 2).

© Given ABCD,

fhe ordering of
letters is-eyelic,
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AG3,0) B@2,~1)

D E-d g

Find scalars » and s such that:
1. 27 _ [ -8
r[ L]+ =[]

Three or more points are said to be ¢

Notice that, A,

%/ Use vector methods to find the rel’;ﬁaining vertex of:

b }’P('—'] 4.3 Q(~2,5,2) ¢ W(~1,5, 8) ‘
! y Ty o ! -y T2 X

— .' Z(0,4,6)  Y(3,~2,~2)
4,0,7) R

3] [

ollinear if they lie on the same straight line.

¥ a Prove that A(-2, 1, 4), B, 3, 0) and C(19, 8, —10) are collinear and hence
find the ratio in which A divides CB.

B Prove that P(2, 1, 1), Q(5,

~5, —=2) and R(-1, 7, 4) are ¢ollinear and hence

find. the ratio in which Q divides PR.
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g a AQ -3,4), B(11l,-9,7) and C(-13,a,b) are collinear. Find a and b.
b K@, -1,0), L@, -3, 7) and M(a,2,b) are ¢ollinear. Find a and b.

.t PARALLELISM

If
Kol
e

- - ~8

2 i T4
Notice that a ={ 6 ] is parallel to b = { 3 ] and ¢ =»|:1-2] as a=2b and a

27 —3
Also a = [al is parallel to d = [»9] as a= —3d.
6

EXERCISE 15H
9 , 8] o

@ a == [—1] and b= [r} are parallel. Find r and s.
34 8

3 Te
Find scalars a and b, given that [-—1] and [2] are parallel.
2 te

@ a Find a vector of length 1 unit which is parallel to a = [_;1] .
(Hint: Let the vector be ka.) ‘ -2,

‘ —~3
& Find a vector of length 2 units which is parallel to b = [-1} .
2
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& What can be deduced from the fbliowing?

a AB=3CD b E’S’——“—%ﬁ, ¢ AB = 2BC d BC= %K&
o ) ; 3 17 T2 1
%) The position vectors of P, Q, R and S from O are ['2 ], [ 4 ], [ 1J [-«2]
respectively. " -3 2

@ Deduce that PR and QS are parallel.
b What is the relationship between the lengths of PR and QS?

TRIANGLE INEQUALITY

In any triangle, the sum of any two mdes must always be greater
than the third side. Thisis based.on the well known result “the
shortest distarice between two points is a straight line”.

& Prove that |a+ b| < la]+ |b] uising a geometrical argument.
[Hint: Consider & a is not patallel to b and use the triangle inequality

b aandb ;paral'lel ¢ any other cases.]

1
For example, o r_)] is a unit vector as its length is V12 +02+0%2 =1

x

@y
Notice that a = [ﬂ-z} < a =gy 4+ ug] + uzk.
P [
compenent form unit yeetor form

2 |
Thus, a= [ 3 } can be written as 1a.= 2i + 3j — 5k and vice versa.

~5

We call i, § a1_1d k the base vectors asany vector ¢an be written as.a linear combination of
the vectors i, j and k.

EXERCISE 151
@ Express the following vectors in component form and find their length:
s i—j+k b 3i—j+k ¢ i-05k d 1(i+k

Al
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¢ Find k for the unit vectors: ‘ )

L R

2 Find the length of the vectors:
& 3i-+4 b 2i—-j+k ¢ i4+2j-2K 4 —2.36i + 5.65§

@ Find the unit vector in the direction of: @ i+2 b 2i-3k ¢ —2i—35j~ 2k

@ Find a vector b if: ‘
it has the saime. direction as [fl} and has length 3 units
s it has opposite direction to [ :}1} and has length 2 units
_—
¢ it has the same direction as [ 4 ] and has length 6 units

_ 17
d it has opposite direction to [-2] and has length 5 units
—2)

Note:
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|

Up to now, we have learned how to aldd, subtract and multiply vectors by a scalar. These
operations have all been demonstrated|to have practical uses, for example, scalar multipli-
cation is used in the concept of 'parallglism and finding unit vectors.
We will now learn how to find the preduct.of two vectors with practical applications being
the reason for the definitions given.
Notation: With ordinary numbers numbers ¢ and b we can write the product of ¢ and b as.

ab or ax b

Consequently, a?, a® etc. makes sense as, for example, @® = aga or ¢ x axa. There

is- only one meaning for product.

With vectors, there are two useful ways for finding the product of two vectors that will he

defined later. These are:

» The scalar product of 2 vectors which results in a sealar answer, and has the notation

aeb (read a doth).

» The vector product of 2 vectors which results in a vector answer, and has the notation

a x b (read a cross b).

Consequently, for vector a, a? or (2)2 has no meaning, as it not clear whether we mean

a ¢ a (ascalar answer) or

So we should never write a” or (&)},

ANGLE BETWEEN VECTORS

Cousider vectors:

We translate one of the vectors so that

Using the cosine rule, [b

\ / This vector:is

a x a (avector answer).

they both emanate from the same point.

—a&+b=Dbh-a

and has length  |b — a].

—af* = [af* + bf” — 2 a] Jb] cos

‘ Wm0 @] _ [
But b 8—[1’:2] [aa]- [b:z.wfl‘:z]

So (.b1 —~-a1{)22 -+ (bg - (

which simplifiesto @

2)* = a +ag® +by* +by% — 2 a| bl cosd

can be used to find the angle.
- between two vectors & and b.



1 o _ lagby+asbg +asbs o
I 3-D, it ¢an easily be shown that  cosf = 101 1 02 2  38 where a = [a‘z]
,, al o
s
and b= [b,] can be-used to find the angle between two vectors-a and b.
b |

Definition:

This definition is simply an extension of the 2-dimensional definition, adding the Z-cotiiponent.

ALGEBRAIC PROPERTIES OF THE SCALAR PRODUCT

Dot product has the samealgebraic properties for 3-D vectorsas it has for its 2-D counterparts.

> asbh=Dbea
> aea=|a’
» ae(b+¢)=aeb+asc and
(a+b)s(c+dy=aec+aed+bect+bed
! ay }11
These propetties are proven in general a = [Za] b= [:a], ete.
IR 8

by using vectors such as
Be earefil not to confuse the sealar product, which is the product of two vectors to give a
scalar answer, with scalar multiplication, which is the product of a scalar and a vector to
give a parallel vector. They are both quite different.

GEOMETRIC PROPERTIES OF THE SCALAR PRODUCT

The proofs of these results for 3-dimensions are identical for those in 2-dimensions.
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EXERCISE 15J).1

i For px[g], 'qx[“:sl] and r::[’f]._, find:

a qep b qer ¢ qe(p+r) d 3req
& 2pe2p f iep g qej o odei
-2 - o 63
% For a= [1], b= [1] and ¢ = [»1] find:
L3 1 ‘ 1
a aeh b bea ¢ Jaf
¢ aea ¢ ae(+e f aebtaec
\
3 Find: a (+j—-Ke@i+k b iei ¢ iej

3 b ‘ &
% Using a= [a;:], b= {bi] and ¢ = [c;] prove that ae(b+c¢)==aeb +aec

. 3

Hence, prove that (a + b) -c(c?-}- dy=aect+aed-+bec+ bed.

.Uy

Iftwo vectors are

5 Find ¢ given that these vectors are perpendicular:
a8 p= [f] and q = [”12]

¢ a:[vt ] and b= [’3

L2

& For question ¥ find

where possil

parallel. Explain why sometimes

3
7 Show that a = [1
’ 2

8 a Show that [i
B

3

b Findtif [ t
-2 ]

. ~17]
,b:l:l,
1]

T 2
and [3 ]
)

is perpendi

% Consider triangle ABC in which
scalar product only, show that the

| perpendicular then
their scalar
produict is zéro.

b -r‘:‘[tii)] and s=[fd]

s 3 2t
-t:dt] d a= [__ljl and b= [_3]
i —4&

sle the value(s) of ¢ for which the given vectors are
the vectors can never be parallel.

1
and ¢ = [ 5 } are mutually perpendicular,
ik

are perpendicular.

1t
cular to [ -3 }
4

Aids (5, 1,2), B, -1, 0) and C(3, 2, 0). Using
triangle is right angled.
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10 A@,4,2), B(-1,2,3), C(-3, 3,6) and D@, 5, 5) are vertices of a quadrilateral.
a Prove that ABCD is a-parallelogram.
b Find | AB| and | BC|. What can be said about ABCD?
¢ Find ACe BD. What property of figure ABCD has been found to be valid?

1f a line has ‘

slope £ it
‘has direction
a

vector [b} .

11 Find the measure of the angle between the lines:
a z—y=3 and 32+2y=11 ‘ b y=x+2 and y=1-3z
¢ y+xr=7 and x—3y+2=0 d y=2—z and z—-2y=17

Notice that, as aeb = |a|b|cos8:

Can you
explain why?

Note: Two vectors form two angles as in the diagram drawn, i.e, 0 and o. The
angle between two vectors is always taken as the smaller angle, so we take & to be the
angle between the two vectors with 0 < g < 180°.

12 Findpeq for: a |pl=21q/ =5 and @=60° b |p| =86, |q| =3 and.&=120°
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13 Find the form of all vectors which are perpendicular to:

s 5] e 3] < [3] < [F] < [d]

PROJECTION (EXTENSION)
If a and b are two vectors then we say the projection of a on b is the length of the projection
vector of a-on b, ie., the length of XO in the given diagram.
the projection of a onb = |a|cosd

= Ja| ash

|a} |b|
__ashb
[b]

If 6 is obtuse, then the projection of a on b is given by OX = mgi—;Tb Prove this.

Hernce,







798 ANSWERS

NEHENAAERONE
s[a]nfg] 2a[a]e [_;i]me (4]

EXERCISE 15€C.4 ¢ ,.
1 a J_&uuxts b /17 units ¢ 5¢/2 uniis d v"—unm
29 units

2 a \/Tﬁ’unjts b
e 310 wits £ 2v/5 units g 85 units h 8+/5 units
P VSunits j Bunits

EXERCISE 15D |

1 a £

2v/10units ¢ 210 units d ~3x/1—0‘m1its.i

b P(O.

#P(0,0, -3) OP = /B units
=3 imits |
d P(— l, —iz, 3) y

___ KX
QP = /26 units = /14 upits

2 aiVidunits # (—3,%,2) b1 vIdwis ¢, -4, )
< § V2Lunits B (1,—4,0) d | VIdunits B (1.5, -2)

& a isosceles b right-angled ¢ right angled :
d swraightline  § (0;3,5), #= /3 units

6 a (0,500 & (0,2 0) and (0, -4, 0)

EXERCISE 15E.1 .

—. a
1 a b 6’1"'-“—”[%1;'
4
T3, -1, 4) ¢  OT = +/26 units |
- Y
XK
4 -4
g a Kﬁm[m }] b AB = /36 units
- ¥ BA = /76 units
3 -1 -
i @-[1] m-[1]
9 ‘ 2
4 a NM= [f‘lx] b MN = [T] ¢ MN = /42 dnits
-1 ,
5 a 67&:[2], OA = +/30 units
5v
b Xé::[»«%], = /30 vnits.

W MO w

¢ CB= [;1], = /35 units

6 a iZunits b +/Tdunits ¢ 3I units
EXERCISE 15E.2 e
1 a a=8, b=6, ¢=—6 b a=4, b=2, ¢=1
2 8 a=% b=2 c=1 b a=1, b=2

¢ g=1, b=-1, ¢=2
3 ar=2 s=4, t=-7 b F=-4, §=0, t=3

A e FB= [5] oe= [?i]

b ABCD is a parallelogram
EXERCISE 15F . e
1 a x=4qbx 2n¢x=—-§;pdx=-§-‘(rmq)

¢ x=1ids—0 f x=3@m-—n)

(3] 2=l e r=[3] o r- [}
4 a x:[jg] bxz[~§] ¢ xr[?}

5 a S*"(wZ 8, —-‘3)

»
Y

et
i

3
5 Ab= [4], AB = /29 units
7 a BB=1a b ABwb~ac BA—--b+a
d(T’ b+ ia e AD=b—4a f DA=1La—b

» 4] < 2]
o [?jj s3] < [A] @ [3] < [3)
) [ ]

10 a+ITunits b Idunis < ST R
¢ /3B units d /3 units [»-a;.m ] A
2vVIT
L #
EXERCISE 15G e
1 a ML4g b CA= m M = [g] (;‘;‘3‘ H

© 2 a B(—1,10) b B(-2,~9 ¢ BT, 4

€, 1, ~8), DB, —1, —13), E(11, -3, —18)

a paratlelogram B parallelogram ¢ notpatallelogram
a DO, —-1) b RE,1,6) ¢ X2 -1,0)

& r=2 $=~5 b red4q g=-1

a —7:2 b —1:2

a a=7 b=-1 b =%, b= 2

EXERCISE 15H :

1 r=3 & 3 a b [y
2 a=~6, b= -4 .:;. ~&
4 a E’“‘Eﬁ AB= 3CD -3 4

b RS I KL RS = LKL opposite direction
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¢ A, Band Care collinear and AB = 2BC
d A, Band C dre collinear dnd AC = 3BC

5w rR= [»f] ®B= [%6] b PR=10QS
EXERCISE 151
1

1 a [«11}, V3 units b [»21.], VIT units

i
¢ [ 3)'5], V26 uniits o [; ]., g units

2 ak=+1 bk=+1 ¢ k=0 d b=+ ¢ k=%
2 a Bunits B Bunits ¢ Sunits d =6.12unity
h & J2(i +20) b J5(21-3Kk) ¢ T (20 -5] -2K)

-1 -1
5 a 735[21] b "'725[:;] € 7%[«%] d _g[zg]
EXERCISE 154.1 ; :
a7 b 22 ¢29 d6(‘ eo2 f? g 5
2 b 2 ¢ 12 d 14 e 4t 4
1 81 ¢ O
t=6 b t=-8 ¢ t=00r2 d t=—%
t=-% b t=-8 ¢t=218F d impossible
Show aeb=Dbec=aec=0 8 b
AB e AC =, L BAC is-a tight angle.

0 b AB = /12 mnits, BC = /T4 units, ABCD is a thombus
0, the diagonals of a rhombus are perpendicular.

a 1013°% or 787° b 116.6° or 83.4°
¢ 634° or 116:62 d 71.6° or 10847
a5 b -9

k[)z] kf=0b k,[ff‘], k /=0¢ k[};]k« /=0
k[i], k/A=0e k[?]' k /=0
EXERCISE 151, '

h1

t= -2

1
2
3
5
&
7
9
1

”

1

12
13 a

-3

1 a -1 b 109.5° (cute 705°) ¢ |-5| 4
LABC +-62.5°, the exterior angle 117.5°
a 470 B 60 ¢ 8537

a 303° B 542° 5 a ME, 3P b 515°
a t=0e ~3 b r= —2, $=0§, t= -4
a 745° b 7245

ae H b= H o= [o] will do
0 0 1

aeh=-uasee¢ but b /=
10 a Hint: Sguare bth sides.
b Cansider the parallelo-
gram. Find AB and 53
efe.
11 -7
12 ae b isascalarand so aebec iia scalar ‘doited
with a vecfor which is meéaningless.

B N WS

=

EXERCISE 15K.1
1 a 2,511 b [2,4,1]
2 a axb=[-11, -2, 8]
ao(axh)*o—bo(axb)

a % b is a vector perpendiculir to both a-and b
l,Xi“‘“o fxj=0 kxk=0
b ixj=k jxi=-k jxk=i

ixk=—j kxi=]
axa=0 axh=-bxa

¢ —i—j—kdi—6j+2k

kx j= i

1
5 a [g] b 17 ¢ 17

2 0 9 2

I:“l] -3 [5] < [4] d [4]

=1 0 -1 -1

B ax(bto=@xb+@x9

11 a axbh b O € 0

12 a Iu[?] b Ic’[ﬁt}] ¢ (—i+i—2Bn
-8

d Gi+j+40n n ke R nk /=0

o oo (3] < (3

wa 3] e

EXERCISE 15K.2
1 & ixk=—j kxi=}j
2 a ash=-1 axb=[L51]
3 ms»oa—v%é-s ¢ sinf=YZ d sinf= 2%
R=1(238 -1 OB=[-112]
b OA x OB = [7, ~3,5] |OR x OB |= /83
¢ Area AOAB =1 |OA || OB |sind
*L’]mxﬁﬁ]z@mﬁs"
5 a oc is parallel taxﬁ b
EXERCISE 15K.3 ¢
1 a ﬂ mits® b ﬂ units?® ¢ ﬁ units®
2 8/ Zunits’* 3 a D(413) b \/'30 units®
4 a 4umis® & (VI2+23 3 4 3/3 -+ 6) units?
5 a (31,033,423, 43,3 b 70
¢ 9 unitsd & k=2:+2/33
7 S=%{laxbl+faxe+bxe+ (b — a) x (e—a)l}
9 a Yes b No 10 kw—

REVIEW SET 15A
1 a

7

Xxbh=hxce

=
Scale: 1em=10m/s

Scale: 1 ém= 10m



