[o3-0%-25 -cALc-31)

CHAPTER 3

PROGRESSIONS

SECTION 1. PROGRESSIONS
SECTION 2. MATHEMATICAL INDUCTION AND PROGRESSIONS

Mathematics is said to be "the study of infinity.” {

In studying progressions you will encounter the concept of infinity for the first time
since elementary school. Infinite progressions will not be the major topic of this chapter,
but the idea of "any finite number,” which could be described astone step beftore infinity,
will be considered.

Progressions are functions which relate real numbers or complex numbers to each
natural number. A function which relates one point to each natural number is called a
sequence of points.

If we regard a progression as a kind of function, an arithmetic progression is a linear
function, and a geometric progression is an exponential function.

The study of progressions whose domain is the set'of all natural numbers — the
simplest infinite set — is the basis for the study of more general functions,

<65 -



3 PROGRESSIONS 67

(Example 2 ) 1t a,; = 2,,1_1 , then progression {a,] is
Ll
T2 48 16°

Expressions in #, such as 4n -3 and in Examples 1 and 2, express the nth

n-1

term of each progression.

In these expressions, if we take n = 1, we obtain the first term, n =2 gives us the
second term, n = 3 gives us the third term, and so on.

Such an expression in #, representing the nth term, is called the general term of the
progression.

@I’Oblem ) Write the first five terms of the following progressions:

(1 {1-3n) @ (n-n+1) @ {1

A progression with a finite number of terms is called a finite progression. Ina
finite progression, we often make special reference to the number of terms and the [ast
term.

For example,

3,6,9, 12, 15, 18, 21, 24, 27, 30

is a finite progression; the number of terms is 10 and the last term is 3().

Arithmetic Progressions ‘

The progression
3, 8 13, 1§, 23, ...
is created by adding 5 to the preceding number, starting with 3 as the first term.
A progression created by adding a fixed number to the preceding number over and over,

starting from the first term, is called an arithmetic progression, and the fixed number is
called the common difference.
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The following relations hold between the nth term 4, and the (n+1)th term a,,, of
an arithmetic progression with common difference d.

an”:an-i-d or d,,, ¢, =d

The progression
3,7, 11,15, 19, 23, ...

is an arithmetic progression in which the first term is 3 and the
common difference is 4.

A progression with a first term of 14 and a common ditference of - 6 is
14, 8, 2, -4, -10, -16, ... .
The first several terms of a progression in which the first term is 2 and the common
difference is 4 are

a=a, g=a+d, ay=a+2d a,=a+3d, ..

The General Term of an Arithmetic
Progression

The nth term ¢, of an arithmetic progression with a tirst
term of a and a common difference of d 1s

a,=a+ -1

(Problem 1 ) (1) Find the 20th term of an arithmetic progression in which the first
term is 4 and the common difference is 3.

(2) Find the 25th term of an arithmetic progression in which the first

term is 7 and the common difference is - % .

(Problem 2 ) Find the general term of the following arithmetic progressions:

(1) 23,30, 37,44, ... @ 2, °

Ben
P
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(Problem 3 )
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Which term of an arithmetic progression with a first term of § and a
common difference of -3 will be -377

(Demonstration 1 ) Find the first term and the common difference of an

arithmetic progression in which the 4th term is 14 and the
Oth term is 54.

[ Solution ]

Take a as first term of this progression and d as the common
difference, and then

a,=a+3d=14, a,=a+8d=54.
Solving these equalities, we obtain
a=-10, d=28.

Therefore, the first term is -10 and the common difference is 8.

(Problem 4 )

(Problem 5 )

Find the general term of an arithmetic progression in which the third
term is -4 and the 10th term is 38.

Find the common difference of an arithmetic progression in which the

first term is 3, the Iast term is 94, and the number of terms is 15.
Then find the 5th term and the 10th term.

(Demonstration 2 ) Prove that a progression in which the nth term is expressed

as 57+ 3 is an arithmetic progression.

[ Proof ]

Since
a, =5n+3
and
a, ., =5+ +3=5n+8
it follows that
a,,, -, =5

Thus, this progression is an arithmetic progression with a common
difference of 5.
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(Problem 6 ) Prove that the progression {pn + ¢} is an arithmetic progression,
provided that p and g are constants.

(Problem 7 ) Prove that if two progressions {a,} and {b,} are arithmetic
progressions, then the progression {a,+ b} is also an arithmetic

progression.

Next, let's consider the first n terms of an arithmetic progression,

Take S as the sum of the first n terms of an arithmetic progression in which the
first term is @ and the common difference is d.

S, =a+(a+d)+(a+2d)+...+[a+(n—1)d} (D

If we take [ as the last term of this progression and rewrite the right side by reversing the
order of the terms, then

s, =l+(-d)+(-2d)+ ...+ {{-(n-1Dd}. @
Adding up the corresponding sides of (1) and (2}, we obtain

25, =(a+l)+(a+i)+(a+l)+...+(a+£).

The right side of this expression is equivalent a i
to n tmes (¢ + ). Therefore, a N\w

b

28, =n(a+ ).
Thus,
n(g + 1) n
S” = 2 .

Substituting = a + {(n - 1}d into this
expression, we obtain

n{2a + (n — D}
S, = 2 .

e
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The Sum of an Arithmetic Progression

The sum S, of an arithmetic progression with a first
term of a, a last term of [, and a total of n terms is

The sum §_ of the first n terms of an arithmetic

progression with a first term of ¢ and a common
difference of d is

¢ o Matl)

" 2

S = n{2a + (2n— 1)d] .

(Problem 8 ) Find the sum of each of the following arithmetic progressions:

(Problem 9 )

(Problem 10 )

(Problem 11 )

1
@

(3)

The first term is 7, the last term is 61, and there are 10 terms.

The first term is -10, the common difference is 4, and there are
13 terms.

The first term is 21, the common difference is -6, and the last
term is -117.

Prove that the following equalities hold:

1

2

(1)
()

aln + 1)

1+2+3+...+n= 2

1+3+5+...-cv(21"1—1)=n2

Find the sum of the natural numbers from 1 through 100.

Find the sum of all the muitiples of 3 among the natural
numbers through 200.

If the sum of the first n terms of an arithmetic progression is

297, the first term is 45, and the common difference is -3, what is
the value of n?
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Geometric Progressions

A progression created by multiplying the preceding termn by 2 fixed number again and
again, starting from the first term, is called a geometric progression, and the fixed
number is called the common ratio,

Therefore, the following relation holds between the ath temm 4, and the (n+1jth term
a ., ofa geometric progression with a common ratioof .

n

As a special case, when no term is equal to 0, we have

a

i+l

aﬂ

=T,

_ ) The progression 1, 2,4,8,16, ... isa geomelric progression in which
the first term is 1 and the cOmmOn ratio is 2. A geometric

progression with a first term of 27 and a COMMON Tatio of - 3 is
1 1
271 -9! 3: -11 3 L] () PRI

The first several terms of a geometric progression with a first term of ¢ and a COMMOT
ratio of r are

2 3
4, =8, 4,=ar, 3 =07, Gg=0ar, -

k|

The General Term of a Geometric Progression

The nth term a, of a geometric progression with a first
term of a and a common ratio of r is

n-1

a,=ar
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@roblem 1 j (1} Find the 6th term of a geometric progression in which the first
term is 1 and the common ratio is 2.

(2)  Find the 5th term of a geometric progression in which the first

. L1
term is 3 and the common ratio is - 3

@roblem 2 ) State the common ratio of the following geometric progressions.
Then find the general term.

LW V22,2V, 4, . @ 1,-3,9,-27,81, ..

3 1L,-1,1,-1,1,..

@I'Oblem 3 ) State the first term and the common ratio of a geometric progression

n+ ]

in which the general term is T .

(P roblem 4 j Find the first term and the common ratio of a geometric progression in
which the third term is 4 and the 5th term is 36.

Next, let's consider the sum of the first # terms of 2 geometric progression,

If we take § as the sum of the first n terms of a geometric progression in which the
first term is ¢ and the common ratio is r, then

2 -2 -1
S, =at+ar+ar’ +  +ar Txa ! (1)
Multiplying both sides of this equation by r, we obtain
2 3 -1 "
1S, =ar+ar +ar + .. +ar +ar. (2)

Subtracting the left side and the right side of (2) from the corresponding sides of (1), we get

(1-nS, =a —ar,

If r+1, then
Call ="
S, =4

If r=1, then from (1), we obtain

S, =a+a+..a =na.
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The Sum of a Geometric Progression

The sum of the first # terms of a geometric progression
with a first term of @ and a common ratio of ris

for r#1, S,,=£g11—:*;—).

for r=1, § =nd

n

(Problem 5 ) Find the sum of each of the following Progressions:

(1) The first term i$ 3, the common ratio is 2, and there are 7 terms.

(2) The first term is 1, the common ratio is -3, and there are 6 terms.

(3) The first term is 5, the common ratlo is % , and there are

5 terms.

(Problem 6 _) Find the sum of the first n terms of the following geometric
progressions:

bl

=

1) 13, 52, 208, 832, .. @ V3,1,

eyl
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(Demonstration 1 ) If a fixed amount of a¢ yen is added to savings at the

[ Solution ]

(Problem 7 )

beginning of each quarter, find the cumulative balance at
the end of the nth guarter. Agsume that the interest rate for
a quarter is r, and that the interest is compounded quarterly.

At the end of the nth quarter the amount 'depﬂsited in the savings
account for the first quarter, second quarter, third quarter, ..., nth quarter
can be expressed in the following form:

a(l+ 7" yen, a(l + r)"il yen, a(l + r)”_2 yen,
v (1 + 1) yen.

1 //»-‘n quaners—\-.,_,\“

Ist l i a+n)
a

:f,.» (n—1) quaners,\w iary !

2nd i
[#)
2 guarters e
(1 - Dt i qu "3““\\: a(l+7)
a
1 quarter all +r)
nth [T |

a

If we take S yen as the sum of these amounts, then
S =all+r+all + r)2 + . Fa(l + r)".

This is the sum of a geometric progression in which the first term iy
a({1 + 1), the common ratio is (1 + r), and the number of terms is 7.
The common ratio is not equal to 1, and theretore,

¢ - a(1+r)[1_(1+r”)/‘>}_ a(l+n{(1+n -1} ERATA
- 1-(1+71). B r ‘

If we borrow A yen at the beginning of a certain year, then we must

pay back @ yen at the end of each year for the next » years in order
1o pay off the loan. Assuming an annual compound interest rate of r,
express a interms of A, r, and n.
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(Démonstration_2 ) Find the following sum, provided that x # 1.

n—1

2
1+2x+3x +...+nx

[ Solution ] Set
2 n-2 -1
S, =1+2+3x +..+(n-1x +nx . (4]
Muitiplying both sides by x, we obtain
S, =x+20 3 4t -1 @2
Subtracting (2) from (1), we get
#~—1 "

(1—x)S,,=1+x+x2+‘..+x —-nx.

Since x # 1, we can rearrange the right side to get

1-x A 1 (n— D" e m" !
A-0f,=7_", "™ = 1—x
Thaus,
¢ = 1—(n+1))1:"+n,ic"+1
n (1—1)2

(Problem 8 ) Find the sum of the first n terms of the following progression:

1e2, 402 702°, 1002, 13427,

1
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Various Types of Progressions

There are progressions besides arithmetic and geometric progressions in which the
general termn or the sum of the first n terms can easily be found. Lets consider some of
these other progressions,

(Demonstration 1 ) Find the following sum:

z 2 2 2
; 1"+2°+3 +...+n".

[ Solution ] In the identity (k + 1) — k" = 3&° + 3k + 1,
if k=1, then 2°—1°=3+-1+3+1+1:

if k=2,then 3°-2° =322 4+3+2+ [:

if k=nthen(n+ 1) —n" =3en"+3-n+1
Adding the corresponding sides of these equalities, we obtain
n+1' -1
742 2
=31"+27°+ .+ 43042+ .+ +n

2 3n(n+1)+n

I

3(12+22+...+n)+

2
Therefore,
n+1
302 +2% 4 L 4nd) =(n+ 1)3—§£%Ll—(n+l)
_ nln+ 1¥2n + 1)
= > i
Thus,

2 ] 4+ 1
12+2”-:»...+n2 = n(n+1)6(2n+ ).
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(Problem 1 ) Find the following values using the result of Demonstration 1

@ 1+27+37+ .+ 10°

@ 8 +9"+107+ ..+ 15%

(Problem 2 ) Prove the following equality, using the identity
(k+ 1)4 - 4 + 6k* + 4k + 1 as in Demonstration 1.

13+23+33+...+n3 =(—*(——n n; 1))2

Use this equality to find the following sum:

63+73+83+ v 133.

The Symbol Z for the Sum of a Progression

We can write the sum of the first n {erms of a progression o, ¢y, gy o dy e using
the symbol E* as
r
Z“k .
k=1
Thus,

n

Zczks a) + iy +agt .t d, \
k=1 !

Using this symbol, ?+20+ P+ n? can be represented as zkz. This
k=1

M r
i ; 2 2
expression can also be written Usig letters other than k such as E ioor 2 7.

i=1 j=1

*Z is the Greek letter corresponding to S. the first Tetter of Sum, and is read "sigma"

or, if you prefer, as "sum".
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] .
Moreover, z (2k + 3) expresses the sum 9 + 11 + 13 + 15 given by substituting 3,
k=73

4,5, and 6 for k in 2k + 3.

n
Furthermore, 21 is the sum of the first n terms of the progression 1, 1, 1, ., 1, ...
k=1l
Therefore,

L2 A= Jd4lele +l=n

k=1 ™~
n times

Analogously, if ¢ is a constant, then

N

Z C=cCh.

k=1

_(Problem 3 ) Express the following sums using z .

M 1"+27+3+ 40

2y 5+9+13+17+ .. +41

(Problem 4 ) Rewrite the following sums as the sum of all the terms without

using Z .

§ 4 7
M Y, Gk @ X0 @ D G+D
k=1

izl =1
I‘ i
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‘We can use 2 1o formulate the following expressions for the sum of the given

progressions:

The Sum of a Power

\ nin + 11 c #i _1)'?2 + 1
zkzﬂa_) Zk2= n+_6(nlJ
k=1 k=1
stz{ngn;lg}z - (

k=1 )

Given the two progressions

ay, g, gy ey @
by, by ban s b
the following generalization holds:
(a + b))+, + b))+ .. +(a, +b,)
= (a, +dy + .t )+ (b +by+..+b).
Also, for a constant ¢,

€a, + cdy + ...+ 04, = ola, + a,+ ...+ 4d,).

If we express these formulas using Z , we obtain the following formulas.

The Properties of 2

71 V H T
Z (a, + by =2 ay +2 b
k=1 k=1 k=1

n

I
2 Clly =°'2 thy
k=1

k=1

2 i B
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,GDEﬁ&ﬁgﬁaﬁQﬂ 2) Find the sum of the first n terms of a progression in
.. which the ath term is expressed as n o+ 3n—4.

[.Solution 1  Since the kth term of this progression is K + 3k -4, take S, as
the sum we want to find, and then

S, ii(k2+3k—4-);_i k%i ‘3k+i(-4)
k=1 k=1 k=1 k=1
: ;i'kz+3ik—4il
k=1 k=1 k=1

nn+ 12n + 1) + 3n(n+1)

= 6 2 4n
= % aln - D(n+ 7).
(Problem 5 ) Find the following sums:
" -1
@ ) Gk+ 1D @ Y G(+1i-2

k=1 i=1

(Problem 6 ) Find the following sums:

(1) 124+2+3+34+ .+nn+1
(2) 1+2¢3 4234+, +nn+Dn+2)

(Prob’lem 7__) Find the sum of the first n terms of the following progressions:
() 1+3, 2+4,3+5 46, 5-7, ..

() 1%-2, 2%+5 3748 4> <11, 5+ 14, ..
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We are given a progression {a,}. The progression {b_} created by
b,=a,,;-4, (n=123.)
is called the progression of differences of the original progression.
by=a,-q

[4) a

by=a,—a, a, G, 4y 4 "
A\VARVIAVEL" 4
b, by by by b,

n -1
N
-2 bn—i

bn—l=an_an-l

Adding up the corresponding sides of these equalities, we obtain
by +b,+ .. +b, =a,-a

Therefore, for n =2,
ay=a, + b +by+ .. +b, )
n-1
- al + 2 bk'
k=1

Thus, for 7 =2, q, can be expressed in terms of the first term «, and the sum of the
first n—1 terms of the progression of differences.

(Demonstration 3 ) Find the general term of the progression 1, 3, 7, 13, 21, 31, ...

[ Solution ] Take {a,} as the given progression and {b,} as the progression of
differences.
2.4, 6,8, 10, ...

This is an arithmetic progression in which the first term is 2 and the
common difference is 2. Therefore,

bn = 2n. 1
Thus, for n 22, 4,18
n—1

r-1
a, =ai+2bk=1+ 2k
k=1 k=

i

=1-§-n(n—l)=n2—n+1.

. P . 2 .
When we substitute n =1 into the expression r ~n+ 1,1t
becomes 1, which is the same as . Theretore, the general term

a, we want to find is yd
2 s
a, =n -n+1l. ~

/

-

,/‘
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&3

(Problem 8 ) Find the general term of each of the following progressions. Then find

the sum of the first # terms.
{h 1,265 10,17, 26, ...

(2) 3! 4) ls 10, "17, 64, e

(Dénionstration 4 ) Find the following sum:

1, 1, 1 . 1
’ 1+272.3%73.4 % an+ 1)
[ Solution ] In general, since 1 .1 1. S
’ kk+ 1) k k4 1°
1, 1, 1 1
12 273 3«4 aln+ 1)
={ )+(l 1_)+(l l)+ +(> - 1 )
- 273 37 4 : n+ 1
=1 1 H
T T+l na+1l
(Problem 9 ) Find the following sums:
n -1 " l
) — @ Y P
21 k(k + 2) ok -
(Problem 10 ) Use the identity
1 S P B 1 }
kk+ Dk +2) " 2 kGE+D " (k+ Dk +2)
I
to find Z kG + Dk +2)
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Deémonstration 5 ) Find the general term of a progression in which the sum-of

. 3
the first n terms s n° —n.

[ Solution ]

Take a, as the nth term-of this progression and S, as the sum of
the first n terms.

Since for n22,a,=8,-S, _,. we know that
3 3
a, =" -n-{(r-1) - (n- 1)}
=3n(n - 1). (1)
For n=1, since a4, =§,, we obtain
3 .
a =1 -1=0. )]
From (1) and (2), for all natural numbers n

a, =3nn-1).

(Problem 11 ) Find the general term of a progression {a,) in which the sum S, of

.3
the first #n termsis n —n+ 2,
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Exercises )

Given a progression in which the first term is 5. For this progression the sum of the
first 3 terms is equal to the sum of the first 5 terms. Find the common difference of the
progression,

Given an arithmetic progression in which the 5th term is 108 and the 20th term

is -237.

(1) Find the first term and the common difference of this progression.

(2) If the sum of the first » terms of this progression is a maximuam, what is the
value of n?

Given a geometric progression in which the third term is 12 and the 6th term is 96.

(1) Find the sum of the squares of the first n terms.

(2} Find the product of the first n terms.

Find the sum of the first n terms of the following progressions:

®m 1°.47,10% 13, ..

@) 2+3, 4+4", 65, 865, 10+7, ..

Given a progression 2, 3, 9, 18, 28, 37, 43,44, ... Find the general term of this
progression by taking the progression of differences, and again taking the differences of
the progression of differences.

Determine whether or not the progression in which the sum of the first # terms is
expressed by a quadratic expression in n, an” + bn + ¢, is an arithmetic progression.



