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Trigonometric identities

2.1 ldentities and equations

You should recall from your study of algebra that mathematical expres-
sions that jnvolve an eguals sign are called equations. An eguation, aciually
a statement that two expressions are equal, is sometimes called a statement
of equality. A statement of equality may be either true or false. Some examples
of equations appear below. T

(x~ I}{x + l)“ e 3% = 5,

We are actuaily considering two types of algebraic eguations here,
The first eguation is intended to indicate that if x represents any number
for which (x = 1)(x <+ 1) and x* -~ | are both meaningful expressions, then
{x = 1¥(x + 1) und x*— 1 are different names for the same number. An equa-
tion of this type is called an identity.

The second equation expresses a different idea. The two expressions,
3x — 4 and 3, may or may not be different names for the same number, Clearly,
if x = 3, we have a true statement of equality and if x == 3, we have a false
statement of equality. Equations of this type are called conditional equations;

The replacenient ser for an equation in one variable is a set of numbers any
one of which may be used to replace the variable, Sometimes we agree before-

70

2.1 Identities and @ Hons Z1

hand what set of numbers this will be. It may be the set of natural numbers,
the set of integers, the set of complex numbers, or any other set of nuambers.
Often we assume that the replacement set for an equation is the set of all real
numbers for which each expression in the eguation is a meaningful expression.

A conditional equation may be defined more accurately as an equation
Jor which at least one element in the replacement set results in a false statement
of eguality, The equation 3x — 4 = 5 is a conditional equation, since 2 is in
the replacement set for 3x — 4 = 5, and 3+2 - 4 = 5 is a fafse statement of
equality.

An identity may be defined as an equation for which each element in rhe
replacement set results in a true statement of equaliry.

From these two definitions, you can see that every equation is either a
conditional equation or an identity.

One should keep in mind that in algebra different replacement sets are
used for the variables on different occasions. For example, if the replacement
set for the equation x? + [ = 0 were the set of real numbers, there would be
no clements in the replacement set that reésult in a true statement of equality.
Ifthe replacement set for the equation x* - 1 == (Fisthe set ol complex numbers.
both 7 and —i result in true statements of equality. In each of these cases, the
equation x* + 1 = 0 1s 2 conditional equation, since, in each case, 2 18 in the
replacement set and 2 results in a lalse statement of equality.

In this section we shall extend the ideas of identities and conditional
equations fo trigonometric equations. This chapter deals with techniques fo:
verifying that some trigonometric equations are identities, and Chapter 2
explores methods of solving conditional trigonometric equations,

' In dealing with trigonometric expressions, we consider the replacemen
set to be all real numbers for which the expression is meaningful. The replace
MeEnt set ol a {rigonometric equation is the set of all real numbers for which eqcl
m Whether or not the resulting statemen
of equality is true,

There are three ways in which substituting a particular real number fo
the variable might fail to result in a meaningful expression:

1. It might leave a trigonomelric function undefined. v

2. It might create a situation which calls for dividing by 0.%

3. 1t might create a situation which calls for taking an even root of :

negative number.

The first of these three difficulties is illustrated in the equation sec xsin.
= tan x. You will remember that if x is a real number of the form =/2 -+ nx
where # € J, both sec x and tan x are undefined. Thus, the replacement sat fo
Sec X 8iR X = fan x is

Rm{fom%-—)nnn,nGJ}.
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The second ditficulty is iflustrated in the equation

1

. A Exercises 2.1
i —cosx

SIftde =
The right-hand member of the equation will not be defined if cos x = 1, since

ivi i Prove that the equations are conditional equations. State the replacement set for eacl
this would involve division by 0. Since cosx == | if x = 2nz, where 1 2 ki

. 5 equation.
replacement set for sinx = /(1 — cos x) is the set
R={xlx=2nm,nel} Example
We will use the symbol @ to represent the replacement set for the expres- St Hens i b
sion or eguation ulnder-consideration in any problem. Thus, in this last example Solution
we could have written
P = R.
P =R~ {x|x=2mnc J}. T ST .
i i - TR :‘E‘ ,—g}) Sln.“z" 1 QDS-E:.‘L_E‘ i 7-;1\/.2 =1
The discussion here has been basically algebraic in nature, and the student & o R gl 4 2 2
should recognize that the last two of the three difficulties listed can also occur _
in algebra. In practice, we must be alert to avoid the firs two difficulties, The cos x —§in x = L. 2. sgcx —flanx =1

third will eccur relatively infrequently in this book,

COS X == —r 4, sin 2x = 2sin X

As indicated earfier, a conditional equation is an equation for which at s S i ;
least one number in the replacement set results in a false statement of equality, 5 cos2x =2cos x. % B R
One way of proving that an equation is conditional is to demonstrate that such ;‘ S e T i e O F o BT /3’ coy ; = }5 oS X
a number s in the replacement set. Take, for example, the equation sin x = ; i
1/{i — cos x) for which the replacement set is @ == R — [x]x = 20z, & e}, .9 sin % ﬂ%sin B 0. tan 5 = = tan x
We note that e

o B : 1 1 1 H A, tan e = 2anx )/2( @51_;35_1 7= SEC X,
T & F, sing =0, = =2 and 0= = )
| —etsz 1 ~[—~0}" 2 2 3. Zsinxy —cosx + 1 =0 14, cosx —~ 2tapx Sosecx =0,

Thus, sin 7 == 1/l — ¢os #). and sinx = I} —cosx) is a conditional 15/ £SC X — $EC X = Sin X — COS X,
equation.

There are times when it is quite helpful to know whether a given trigonomet-
ric equation is an identity or a conditional equation, We have just demonstrated 2.2 The fundamental identities

the basic method of proving that a trigonometric equation is a conditional
equation—by showing that the use of a particular number in the replacement
set results in a false statement of equality.

If we cannot find 2 number which proves that a trigonometric equation
is a conditiopal equation. this does not necessarily mean that the equation in

In Chapter | we defined the sine function und the cosine function. Th
the other trigonometric funciians were defined in terms of the sine and cos|
functions. These four definitions give us four of the basic tngonomet:

s : - : : identities.
question 1s an identity. It may mean that we have not tried an appropriate ' .
number. [f we suspect that a trigonometric equation is an identity, we can . tan@ = sﬂ'.'_?, Do R {8|H---: Ez" b € J ]
afternpt to justify our suspicions by using technigues which are discussed es b
throughout the remainder of this chapter. The equation sec x sin x = tan x 3 cotd = Sgig. P =R~{0|8 =nz.n &l
is an identity, as you will be asked to verify in Exercises 2.2. A

Sa fur we have used only symbols with which the student is familiar to T P B R {5 6 = %i = J} _
represent variables. In trigonometry it is common to use lowercase Greek cos 0

letters to represent variables. We will use 8, ¢, @, 8, and v as var@ables fre- - ‘l , @ =R~ {0)60 =nm.n et}
quently. Their names are theta, phi, alpha, beta, and gamma, respectively, sin 6
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There is nothing in the equation tan # == sin §/cos § to tell us that this
1s an identity rather than a conditional equation. We shail use the symbol = to
represent the idea that one member of an equation is equal to the other member
of the equation for each number in the replacement set for the equation. Thus,
the four identities above could have been written

1. tanﬂzms 2. cotézc.gsg,
cost sin f

1 y 1
3 = —n " = oy
3. secé == 4, cscd iy

with the replacement set for each equation.

As indicated earlier, the replacement set for an equation is the set of all
real numbers for which each member of the equation is a real number. If there
1s 4 single real number for which the two members of the equation are both
real numbers, but not equal, then that equation is not an identity.

We shall use = in only two cases-—when we have proved that an eguation
is an identity and when we state a problem in which you are to prove that the
given squation is an identity.

Three very important identities that were developed in Chapter 1 appear
below.

ﬁfsm B+cos =1, 9 = R,

2
7\1:0{20#1.?:(:5&6 @ =R—{0\0=nmuneJ}

Several other identities were developed in the exercises. These are usually
called reduction formulas, since, when we are irying to evaluate a trigonometric
expression, we can use them to reduce the problem to the evaluation of a
trigonometric expression where the variable represents a number between
and w/2. These reduction formulas appear below.

6..tan.9+1=sec-0, .@:R—{QIQ:£+JW,HEJ}.

48, sin(—)=—sin8, + Z =R

“9. ¢os (—8) = cos b, g = R.

10. tan (—8) = —tan 4, g = R — {6’|6 = «g« 4 B, H & J},
1. cot(—§) = —~cot b, @ = R—{0{0=nmnel.

12, sec(—0) = sec 4, D =R~ {6|6w?*11xnefl
13. cse(—#) == —esed, @G =R—-1{0|0=nr,nell

}4 sin (@ - @) = —sin 4, 4 = R,

15, cos(f -+ =)= —cosd, @ = R.

16, tan (8 + =)= tan®, Qsz{ﬁiﬁmgﬂ—{—nmneJ}.

2.3 Yeritymg Tigonumen i isuh s
“17. cot(f + m) = cotb, D =R—{|f=nx.nell
T, .
"18, sec{f 4+ =)= —secd, 9=R—{9i6:i2—7):7r,;zEJ}.

'19, ese(f <+ ) = —csc b, G =R—-@l8=nr,necll
220, sin{m — f)=sing, s
<21, cos{m -~ §) = —cps b, &

R
R
-22. tan{x — @) = —tan ¥, 9 = R — {5]6’=£~?—1171’,n€]}.
R
i =
= R

+23, cot(x — @) = ~coL G, {6016 = nr, u & J),

{8;9i%+ifﬂ,ﬂ€.}}.

G =
.24, sec(m — 6) = —sect, & =
@ == [618 = nx, n € 7}

~25. csefmw — ) =.csef,
“26, sin{(fd + 2nm)=sinboneld D=
27. cos(f - nmy=costhnel @

-+ ni, neJL

28. tan(8 - um)=tanb,nsd, Z = iﬁ 8=

2
29, cot(@+nm)=cotbnel, G=R—{l8§=nznell

30, seclf L 2np)=sech, neld D= R—{@l@ = 12"_+ mr,nEJ}.

31, esc{§@+2nm)=cscbneld, @ =R-[8]@=nz,nell
The student should learn all these identities. They seem like a lot to
remember all at once, but in practice many of them can be remembered in other
ways. The last six identities refer to the periodicity of the trigonometric func-
tions. One way of remembering the others is to remember which functions arc
positive and which are negative in each quadrant.

2.3  Verilying trigonometric identities

The 31 basic identities considered inthe last section were originally dex'ffsi
oped in several fashions, We proved the identity sin® § + cos® 6_5 1 by usiny
the fact that we were considering a paint on the unit eirele. The first four de,:n
tities were simply definitions. The last 24 in the list were deve]opgd prin,xa:n}'
in the homework problems, through the consideration of the relative position
of different points on the unit circle. ‘

These techniques which we have used so far are helpful, but they w1-li_ b
of relatively little help in the development of further identities. f.\s an aid t
devetoping techniques of proving identities, let us consider two different way
of proving the identity

tan® @ 4 1 = sec* 8,
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We will consider the development given in the preceding chapter first.
(1) sin?d + cos® =1

gy S8 costd i b C -k
(&) o8 | Gomil T eosih €~#2 -am,n e J

(28] +1- (oL

(4) tan®@ + | =sectd

Ll 4 T seetl, T — R — {ete:_’z’_+m,ne J}.

In this proof we started with a known identity. Then we divided both
sides by the same quantity (cos® &) and indicared that those numbesrs which
would cause division by 0 were not in the replacement set for the equation.
The third step was simply an algebraic manipulation, so that we could apply
the definitions of tan 6 and sec 4 in the fourth step. It is important to note here
that we started with a known identity, not what we wanted to prove. One
Fliﬁiculty with this particular technique is that most students lack sufficient
1Hs{ght to see .which known identity, if any, could be used to start proving that
a given equation is an identity.

A second technique that can be used to verify identities consists of the
following steps:

1. State the desived identity,

2. Indicate the apprepriate replacement set,

3. Start with ong of the two sides of the equation, and

4. Attermpt to transform that expression into the other side of the eguation

through a series of steps Tnvolving
a. Algebraic manipulations and
_ b.  The use of previously proven identities,
This technigue is demonstrated below,

To prove: tan®d -+ 1 =sec’d, @ = R — {9{6’E~§~+mr,n EJ},

(1) tap®f 4+ 1 = (sin 3)2 4]

cos §
3 - sin'*’ & B
@ cos? g 1
3 :Singﬁ , cos’d
® Cos:d ' cos'é
(4) oy sin? @ -+ CGSE_Q
cos® @
1
5 SO
(3) cost @

2.3 Verifying trigonometric id=ntities

© (el
(7 = gect 4

c e 4 L=sectl, 9 =R— {0i6=32£+nz,ﬂe]},

This proof has not combined any two steps Into a single step. The first
step applies the definition of the tangent function. The second, fourth, and
sixth steps apply riles of algebra. The third step expresses 1 as cos® fBfcos® 8 sc
that we will have a common denominator for the addition of fractions. The
fifth step applies a previously proven identity, The seventh step used the defini:
tion of sec g,

This proof could be abbreviated quite satisfactorily as follows:

To prove; tan®d + 1 = sec®d, & =R~ {9!5:% depm, B E J}_,

TIRPS . %
(L W 4= costd ' costd

) _ sin® § 4 cos® # .
W cas® 0
.
3 =% d
{4 = sec?

o otan 6 4 1 =sectH, P =R~ 6]67_-7:_7% + nm,m € J}_

In practice, most students will prefer to combine steps as was done
this last proof rather than giving each step separately, as was done in the fi
proof. It should be noted that in using this techaique we started with the mc
complicated side of the equation and worked to obtain the less complicat

side,
Let us consider another example.

| —sinx . COSX  whatjs @2

cosx 1 -4+sinx

To prove:
The two sides of the equation are of about the same complexity. One mij
start by noting that the given equation will be an identity if and oply if

{1 == sin x)(1 4 sin x) = (cos x)(cos x).

Noticing that (I — sin x){I - sin x} == 1 — sin®x, by a rule of algebra, ¢
that 1 — sin® x == cos®x, we now kave enough clues to start the foliowing prc

(1) 1 ==sin®xcos’ x

(2) 1 - sin®x == cos’x

(3) (1 — sin x)}(1 + sin x) = (cos x){cos x)
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1 — sHix cos X .
4 - - what restrictions here?
() cos x 4+ sinx { )
.1l —sinx __ cosx

et L e P S G e oo i e B }
T oeosxy 0 I J-sinx’ 2 =R {-‘hx z—i-mr_.neJ,

The student should be able to provide justification for sach step in the
proof. In this particular proof, the analysis we made before starting helped
us see where we might start. There are several other ways that this identity
could be proved. One of them appears below.

We observe that the right side of the equation is cos x/(1 <4 sin x). We
might multiply the left side of the equation by 1, expressed in the form
(I + sir x}/(1 + sin x), in order to get the expression 1 --sinx in the de-
nominator. If we are fortunate, we will see where to go from there.

(1) 1 ;;):Iil X _ (1 ;;SSIE x)(ll +—‘L ;;2 ;C) (restrictions T
co bl
@ ~ G T
@ At T oS
@ T T
. I;Ssi;lef&“;ixnx, @:R-—{xlx z__’:';l-;-mr,ne J}.

As was suggested, we multiplied the left side of the equation by 1, expressed
in an appropriate form. Once we had done this, the following steps were largely
a matter of observation. :

It should be noted that in proving trigonometric identities the most
important tool is the power of observation. One peeds to observe what he has
and what he wants to get. Then he needs to select appropriate identities which
have been proved for making the desired manipulations. There is no series of
steps which will always work, The best way to develop the necessary power of
observation is to practice. This practice can be obtained in only one way,
through attempting to prove identities,

Another example appears below.

In order to prove the identity above, it helps if we notice that cos®
4 8In® ¢ 1s in the form x° -+ 3%, which can be factored as the sum of two cubes,

B et o P -2 5
Thus,

€os’ b -+ sin® ¢ = {(cos® ¢ - sin? p)(cos* ¢ — cos? ¢ sin’ ¢ - sin* ¢b)

2.3 Verifying frigonemetric idersties ‘v

= 1-(cos* ¢ — cos® ¢ sin® ¢ + sin’ )
= gos* ¢ — cos? ¢ sin® ¢ + sin’ .
o, c05° § 4 sin® ¢ = cos' p — cos? psin* b +sin' P, D =K.

Exercises 2.2

Most of the following equations are identities, Some may be cumditiogal equ.atiou;‘
Determine in which category each belomgs and prove your conclusion. Give the
replacement set for each cquation.

/.; sC xsin x = tan X

secd cot @ = cse ¢

iAn ¥y €3¢ Y = sec .

csc B cos & = cot 6.

sin ¢t cot & = €05 .

cos Btan B =sin 8.

sect x — tantx = 1. s
s —eotf B =1 /

gsety — sect y = 5in’ .

cos (—8icos § — sin G sin {—8) = L.
tan® G csc? 0 — seet Asin® g = 1.
cos® y tanty +sinf yeot? y = 1L

o N v

RN

—
bt

e

13, sec heot’ ¢ —ascideost b = 1

4 costo - sint o = cos® @ —~ sin? a.

15. sect x — tant x = sec® x + tan® x.

16 sectd — 1 = tan? g (sec® ¢ + 1)

17. esctz —cotfz =csctz + cot? 2.

18, tan*e -+ 1 = (tan o + Dfsec? o — tan o).
3, tanfa — 1 = (tan e — D{tan & -+ sec? &)

20, cot? 8 + 1 = (cot 8 + 1)ese® B — cot 5.

21, cot? 8 — 1 == (cot 8 — Ijlcot B + csc? @)

27, cosbo — sin® = ¢cos® v 4+ cost v,

73, cos® b — sin® b = cost b + sin? . M ’

4 cost x 4 sin® x = cos x(1 — cos xsinx) + sin x(l — cos xsin x).
25, cos'y +sin® p = cos ¥{1 — cos ysin 3) — sm y(cos y siny — 1)
76, cosd e — sin® e = cos (1l 4 sin @ cos &) — sin @l 4 sin o cos ).

J21. (an®y + 12 = (—sec ),

28, (cosx —sinx) =1 —2sinxcasx

29, {tana — 1P =secta — 2tan o

: 30. (1 4 cotz)® = 2cotz -+ csc?z. .
31, {cos 3 + sin B)* = cos? B+ sin® 8 + 4cos® Bsin® B + 4cos Bsin B.
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32, (cosm —sina) =cos’a +smie + 4cost o sin® e — 4 cos @ sin o

33. (sind +cosé) =sind + 2sin fcosfsin b + cos ) + cosd,
,,34 costxy —sintx=1 —2sintx

35, costw ~—sin*d = 2costa — I,

36, gos'f =1 — 2sin?8 + sint &,

37, sec? ¢ + osct o= sec? b ogse? .
sin®x 4+ 1 '

cos? x
39 et —coti 8= M

G sin® 2

40, oscta — 1 = cott e {eseta -+ 1.
sin® v — cos? ¥

cos? oy sIn®
2sintz — 2sin? 2 4 1

sin® z cos? z ’

43. tan*¢ +cot’d = 2tan?d - 2sect b -+ sect b csc? .
ta-p Y reoty 1

SBC ¥ CSC Y
45, 8in & + cos® P esc & -

Cs5C ¢ ¥

3&“ sec! x — tant x =

4f. tap*v —cotly =

42, tan®z 4 cotlz =

44,

2.4 Sum and diference identities

Some of the many identities useful in trigonometry deal with expressions
such as cos (« -+ &) and sin (& &+ 2). Identities involving these expressions will
be developed in this section.

First we shall develop the identity

cos{a - B)=cosacos @ — sina sin &
if @, 8 € R. To do this we use the unit circle and the distance formula. Con-
sider Figa?e 2.1, where the ares PJ and PR are assumed to have Jengths e and
59, r.espectwely. This means that the points O and R must have the coordinates
indicated. The points § and T depend upon the points P and @. S is the point

P

{eos (e £ By sin{a A} |

5 R (cos B, sin By
S8, H Q {cos e, sinai
il }
&
: w0

{cos &, — sina)

=
=

Figure 2.1
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corresponding to « ++ £, and 7 is the point corresponding to —a. This deter-
mineg the coordinates for the points § and T. Note that identities for cos (—a)
and sin (—a) have been used in giving the coordinates of T,

Because of the way in which the points § and 7 were selected, the arcs
PS and ’ﬁ:? have the same length, « 4+ &. Since, within the same circle, equal
arcs subtend equal chords, the lengths of the segments PS and TR arc equal.
Fhis leads us to the following development.

d(PS) = ~f[cos (& + B) — 1]* -+ [sin (@ + B) — OF
= »/cos’ (¢ -F 8) — 2cos(cd + &) + 1 + sin® (& + 5)
= A/2 - 2cos{a + B
dTR) = ~/{cos B — cos @y + [sin 8 — {(—sm )’
= a/{cos 8 — cos a)? + (sin B + sin @)*
= ~/cos? # — 2¢05 5 cos o + cos® o + sin? B+ 2sin Fsina +sinfa
= &/2 = Tcos Beos o = 2 sin /3 sin .

Since d{PS) = d(TR), we have
2= Zcos (e - By = /2 — 2cos B cosa + 2sian B sina,
2—-Z2cos(e+ B)=2—2cosBeosct + 2sin Bsina,

—2cos{e + B) = —2cos B rosa + 2sin 8 sin a,
cos (& + 8) = cos B cos o — sin @ sin &,
cos{a -+ B) = cos & cos B — sin e sin 5.

Ltos(a 4+ Bl =cosacos B—sinasinG, ack, Sck
Any real numbers « and £ could have been selected. & and & were chose:

to be positive with a sum less than = for the convenience of the illustratior
You may wish to experiment with other real numbers to demonstrate th

generality of the identity for yourself.
If we wish to use an expression for cos (@ — ), we note that & — ¢

= g~ (—3). This enables us to develop
cos(a — By =cosexcos B + sinasin 8

as follows:
cos (@ — B) = cos [a + (—B)]
= cos & cos {(— &) — sin a sin (—45)
= ¢0s & ¢0s @ — sin a {~sin 5)
= cos ¢t cos B + sine sin 8.
ceos{oe = By=cosxcos B +sinasing, ok 8cR
From the iaentity cos{oe — B)=cosccos B --sing sin 8 we ¢a
develop the identity

T .
cos (7 — 6) =sin 0.
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This identity will be most helpful in developing expressions for sin (e + 8)
and sin (@ — ). We note that

cos(f— _5) =cos Zcos B 4 sin = sin 6

2 2 2
= (0)cos ¢ + (1) sin &
= Sin #.

;o8 (_’25 _ 6)‘-5 sin@, % — R

Et is also true that sin (=2 — &) == cos 8 for any real number 8. We note

that
7T T i U
s l:? m— ("2—' st 6):’ == §811N1 (—2— g).
But since
i B e L
Tﬁ(”z‘ ‘9)*" =g tE=h
we have
o e & '
cosf = cos [2 ( > 6);]
.
= §in (7 6),
J.sin (125 — e) =cos8, D =R
We now note that cos[n/2 — (& + B8)] = sin{a + B). But since
e ‘ el ;
Fowim-(5-d)-a
we have

sin(a + ) = cos[ 2 — (+ )]

= S, -
eos [( 7 —a) BJ
== COS (wf = a:) cos B -+ sin (—725- ai) sin 8
= §in ¢ cos B + o5 & sin &,
ssin{a 4 B)=sinecos B |cosasinB, ac R Be R
To develop an expression for sin (o — &), we note that & — £ = o +
(—£) and use identities involving sin (— 3) and cos (— 3). The development of
sin{oo — 8) =sinx cos 8 — cosa sin 8
appears below,

2.4 Sum and difference atities 83

sin (e — B) = sin [e + (~£)]
= sin o cos (=) -+ cos & sin (— )
= sin¢ cos 8 + cos @ (—sin 3)
= sin & cos B — cos & sin B.
csin(e — B =smhacosd—cosasing, ach IR
In this section we have derived the six identities which appear below
In gach of them, ¢« and 5 may be any real numbers.
L. cos(a -+ 5) =cos e cos 3 — sin & sin B
2. cosla — B) =cos e cos B+ sin a sin B,

3. cos (35— - cx) == 8ip .

4, sin (i;__w aﬂ) == COS .

5. sin{e+ B)=sinacos B+ cosasin B
6. sinfog —B)=singcos B —cosasinfB .

These six identities are all jmportant in trigonometry, and they are use
frequently. The student should learn them, Some applications of these identiti
are included in the exercises.

Exercises 2.3

Use the identities of this section to evaluate the following.

Example
cos%
Solution
T b T
L
cos% = cos (f:— — %)
= cos g—cos —g— + sin —E— sm%
()T (K
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i i & sosgg 1 singz

Verify that each of the following equations is an identity.

CGS(F~E~) “'/23 cosx--i,—smx

|

{8/
9,

sin (x + T) = gi—(sm x 4 cos x}.

,EDZ sin (8 + %) =cos .

11. cos ((9 + %'— = —-gin 6.

12. sin{f + x) = —sinb.
13, cos{f 4 m) = —cos b.
14 cosdf = cos 3 cos & — sin 30 sin 4,
sin 7x = sin 4x cos 3x -+ cos 4x sin 3x.
6.} sin 3¢ == sin 5¢ cos 2 — cos 56 gin 2.
17. ¢os 5y = ¢os 9y cos 4y + sin 9y sindy.
18, sin(x + ;t)k——, sin (x — 7)) = 0.

‘ﬁ:?) (sin x cos ;5‘)2 + (cos x + sin 8)° = 2[sin (x + £) + 11.

cos (6 + &)

@ 1 wtanﬁtan«p“‘msﬁcos(ﬁ

21, cos(a -+ B)cosa — 8) = {cos & dos B)* — (sin o sin B)%

22, (cos'a cos @) — (sin « sin B)* = cos? o - sin? A,
. tan ¢ -+ tan 8
2‘3.7' tan(d_%mﬁ)—lﬂtandtanﬁ’

gy o Cotécotd — 1
et S5 cot g + cotd

¥
% se0 (5 4 y) = - XL

‘l—tanxtany
_Escaesc B
cot 3 +cota
tand — 1a

= ‘an(é’—*”)ﬂrg“%m“*“ﬁﬁp'

cotxeoty + 1
caty — cotx

26, cscl(a + 8) =

28. cot(x - =

S . __ secagec
9, sec(a_ﬁixmﬁ?ﬁ?"iﬁ
30, csc(@ﬂi))f%’

31. tan (6 +—;—f—) = —¢otd.

32, cot (a 4 -721)2 —~tan a.

2.4

11z

4. s T

[Usesin{a + B)and cos{a + 4)]

1 e

2.5 The "double-angle ities ot

33. sinZd = 2sindicosd,
34, cos2x = cos? x - sin? x.
35. cos2y = 2cos?y — L
36. cos2z=1— 2sin?z

37. tanZa = ——z—m-
| —tan® &

. t
38, tan a4+ B) = %ﬁﬁj

? (sin x cos »)* — {cos x sin p)® =sin” x — sin® p.
0, sin(x o @ sin{x — 1) = sin® x — sip? .

2.5 The “double-angle” identities

1n Section 2.4 we developed the identities
cos (et - B) = cos @ cos B — sin & sin 3
and
sin {@ + B) == sin a cos § + cos & sin 4.
These identities are the basis for the development of the so-called double-anglc
formulas, which give expressions equal to cos 26 and sin 24, You may have
derived these identities from the previous exercises.
First we shall derive the identity
sin2@ =2sin@ cosf, ¥ =R,
If. in the identity sin (@ + B) == sin @ cos 8 + cos & sin @, we let & = f anc
B =0, we have
sin (6 + #) = sin 6 cos 0 -+ cos 6 sin £,
sin 28 = 2 sin & cos 6,
©osin2f =2sinfcos, & =R

Int a similar fashion we can develop the identity
cos 26 = cos* § —sin* 6, % = K.

The derivation appears below.
cos (8 + 9 =cos@ cos — sin@ sin 6,
cos 26 = cos® # — sin® 4,
 eos2f =costH —sin'd, @ =R
There are two other commonly used identities involving cos 2, whicl
we can derive easily from the identity cos 26 = cos® @ — sin® 8.
First,
cos 28 = cos? § — sin® @
= cos? (l + cos? @ — sin* & — cos®d -
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= 2cos*d — (sin" # + cos* &)
== 2cos?f — 1,

Exercises 2.4
Socos20 =2cos' 0 — 1, & =R, i

2

Second, g i <
cos 28 = ¢os* # — sin* @ Using cos x/6 = «/ 3 /2, sin fr}ﬁ = 1/2, and tan =/6 == 1/ +/3 and the double-angle
5 i . - formulas, evaluate the following.
= cos* 8 4 sin® f_— sin* @ — sin® @ RS 1 ,
4 o8 =z 3
sl - 2sinte, % @ Wl L % el 3. Jan X
cocos20=1—2sin®8, @ = R. skl ’
il : oo .
These last two 1dentities involving cos 2§ are quite useful in developing Using cos =f4 = »/ 2 ]2 == sin =/4 and ihe double-angle formulas, evaluate the fol-
the so-called “haif-angle” formulas, that is identities involving sin8/2 and cos§/2, lowing.
which will be developed in the next section, " 7
The identities developed in these two sections are also most helpful in 4. siniz_ RS -
deriving identities involving larger multiples of the variable. We would like
to derive an identity expressing sin 3¢ in terms of sin 8. Using sin /2 = 1 and cos =/2 = 0, evaluate the following.
sin 3¢ = sin {24 + §) 5 ﬁj cos w
= sin 26 cos & + cos 2d sin @
= (2sinGcosd)cosf+ (I — 2sin?d) sing Verify that sach of the following equatitns is an identity.
=2sinfcos’ @ L sind — 2sin® g 8. cos 36 = 4cos® B — 3cos b
= 2sinf(1 —sin? @) + sin § — 2 sin’ 4 (9 sin4g = 4cos ¢ (sin § — Zsin” ¢).
= Zsin§ - Zsin®f +sinfd — 2sin° 4 10. cosde =8costar —~ Bcoster - 1.
= 3sm 8 — 4dsgin® f. @ sin 5x = t6sin®x — 20sin* x + 555311 .
. = 380 —_ i i 4
C.8in36 =3sinf —4sin° 8, D =R, 2, cos 5y = l6cos 1y 20 cos® ¥ +4- Jcos y .
f ; %, = I Serd = b
The tangent of the sum of two numbers can be expressed, since we have @ Sillg- COS 5= 52 -5 SIR X [H"” | A 2( 7 ):l
developed identities for sin (@ + £) and cos (¢ + 8). You may already have ek em
derived this identity from the exercises, P e
. sin (& + ) 7 ‘cos B —sin BV =1 -smg.
t ) = L . J 15, |cos s = sin
an i -+ .5) cos (e -+ H)? @R iy i g, /( 2 2) '
; . ; _ 2tanw
__sinecos £+ cos asin S sin 2ct = e
cos @ ¢os 4 — sin a.sin B ) . 3tand —iand &
sinctcos &, cosasin B T @ Yoo 1—3tan'¢
-+ &2 = fnrued,
_cosgcos S cosacos B 2 8/ " 2
= . - 18, tam 2y = :
cosacos 8 sinasin 8 TN N R— coty - tan y
cosaicos 8 cosacos B 2 19. cos 2x = cost x — sin x.
_ tana-+tang§ 5 i -g(jr_a \ = «in20
Tl —tanatan B ) AETEn Y e)wsm. ’
L _ fana-tan 8 _ z , i cos 2z ++ 2sin*r = 1.
ARt RS ey BRETE¥g bamnel Y W LT
; B Z
We should also note that if @ = B == @, we have S sy sl .
: 2tan @ vt ; 2
=l , 28 = = - g, J. W i
tan 20 - 7} :?&2—5— 7, B & @Seczq”‘p-tan?c,b
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225..1 sin @ sin 3¢ = sin® 20 — sin* 4.

26, cot2y = EE’%)W{
27. secycscy = Zosely
28, cosde =1 — §sin®a cos*a.

29. cosdz = 8sin'z — Bsin*z + L.

30, (cosy —sinyy =1 — sin 2y

é!) Zsin(a = B) - cos (e — B) = sin 2 + sin 23,
sin 3¢ _cos 3 _
S osimg cosg T
133 Zesc2x = cotx + tan x.
T4, cota — cot 2d = csc 2o,

’%{ cs¢t 2y — sec? 2y = 4 cot 4y osc 4y,
36. cos #cos 3¢ = cos®§ — sin® 26,
%N- fan B = sin 283

1 +cos2f

. . 4 cos 2
38. cot*¢g —tan‘g = s;'nQZQB{ :
39, 4dsinty =3 — 4¢0s 2y - cosdy.
| 4+ sin 2x 4+ cos 2x
1 + sin 2x — cos 2x

= col x,

2.6 The “half-angle” identities

_ In Section 2.5 we developed the double-angle identities or formulas. These
identities will be used in this section to develop the half-angle identities, involv-
ing sin 472, cos §/2, and tan 8/2, 4

We derived three different expressions for cos 2a. One of these was

cos2a =1 — 2sin’ .
If we substitute /2 for a, we have the following derivation.

cos 2 =1 — 2 sin? e,

cos 2 (i) = ] — 2sin? %

2
C?Sg i —ZSinzgw,
2 si'ﬂﬂ\"% =1 — cosb,
Singg _ I ——;osﬁ_
.'.sinﬂ-g-a L emd _;:OS 9, % =R,

2.6 The “half-angle'” ider ~ '=s 89

Using this identity we can find the value of sin® 8/2 if we know cos f.
ln order to evaluate sin 6/2, we need to know whether sin 6/2 is positive o1

negative. If 6/2 is in the first or the second quadrant, sin 8/2 > 0, and we take
the positive square root of sin® /2. If 6/2 is in the third or the fourth guadrant,
sin /2 < 0, and we take the negative square root of sin® #/2. Thus, we cannot
say in general which square root is appropriate. It is for this reason that we did =

not solve explicitly for sin 6/2.
In a similar fashion, we use the identity

cos 2o = 2cos e — |

to develop the identity

wsaggﬁ;@, 2 = R.
Fa

Thus,
cos 2e == 2cost @ — 1,
cosf = ZCDSE% — 1,

a

1+c036=2¢05-—§_=

1 +cosl .8

s = cos’ -5

s a8 1+ cos@ .
.. COS Tm—:"'"““—i"""‘s @“R‘

Here we determine whether cos 62 is positive or negative by determining
the quadrant in which cos 6/2 is located. If #/2 is in the first or the fourth
quadrant, cos §/2 > 0. If §{2 is in the second quadrant or the third quadrant,
cos 82 <2 0,

These two identities can be used t
have the following derivation.

i 5l
SIR® -
G 2
2 — O
tan 2

2 2
cos® -

) (1 —;086)
(} —1—2(:059)
[ — cosf

=T1F cosd

g __ 1 —cest
. g A el g2 =R— = 7 -+ N7, e J}
-4 7 1-+cos@ (Bly " J

o derive an identity for tan® /2. We

l
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We see that if 4/2 is in the first or the third quadrant, tan /2 is positive.

If 6/2 15 in the second or the fourth quadrant, tan 6/2 is negative.

These identities can be used to evaluate some trigonometric expressions
which we would not be able to evaluate otherwise. In some cases when we use
these formulas, the results look different from the results obtained by other
means. For example,

1+ cos .
e 5 T 6
GO T e s
12 2
k)
2

— e
2w a
i

cos w12 = (~'2 4 /3 )2, since =/12 is in the first quadrant. But from the
example in Exercises 3.3 we found that cosn/12 = (/6 4 +/2 }4. Is
(W6 - A/ 2)4 = (24 &/ 3)/27 We now show that it is.

V8T STy

«/6 —3J13 12
= I
_ 8+ 2/12
= 1%

q/fs o 2(24 3)

8 AT NT ST
= 4 - ;
This illustrates that sometimes expressions which look very different are
actually equal and that either may be the solution to a given problem.
Exercises 2.5

Use the identities developed in this section to evaluate the following expressions.

1 ) sin IQ“ 2. sin %f— @cos "g- 4, sm 53

'45_1) sin =

27
LA 7 T
"\. % Cos 57 » 6. cos 78
3 Lot T
8. tan s 12 10. tan %
B ke w
13/ cos ‘g, 14, cos 3

3 Jx
@ COS - 12 18. o

R R L T

X s T e
@) sifl = 8, tan—s—

Verify that each of the following equations is an identiy.

; (24 2
COS - = - SInA,

z 7
f B _t—cos@
E)ta Z T Tsm@B
g " - 1 +cosx
& ol % = ~omx
27. tanl“ﬁcmy —got .

2

. o _ ey
29, smacot—z— = 2¢o8 5

31. ianﬁ—’e——i:—:chthan—"g--
iz, tan%smcﬁ)—vlsufg

o s
35. 2iancsca = sect -

37, ose (o + B)— cof (@ + B)=

tan (a ; A }

X
4.{* e
39, cos? 8 = sip® 18 oS 5

2.7 Other important identities

34.

36.

38.

40

cos®

__2___
1 4cos

g =3

sect L =
g

o 5
(s:nj—-!—cos-z} = | Jesin y-

2 X 2
L T T T —cosx
L
1;—tan5—
e = 8€C z -F tan z.
1 tan <

(]

2

col y —+ e8¢ p = cot r.

v

2-sin2%_ — sm-'% = ¢os? 37 — ¢0s

1 =gans
2 COS

T T s

‘!l

14 tan—ﬁ

There are occasions when we would like to work with expressions |
sin @ cos ¢, sin § sin &, and cos # cos¢h. There are identities involving each
these expressions, but they are involved and probably difficult to rememi
The basic knowledge that the student should gain from this section is how
develop the necessary identities if he needs them.

We remember that for any @ and ¢ which belong to R, sin{f + ¢
sin # cos ¢ + cos ¢ sin § and cos (f + ¢) = cos # cos ¢y — sin & sin h. We
develop the desired expressions by manipulating these identities.
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First we will develop the identity of the form sin # cos ¢ ==
for 4, ¢ « R. We observe that the identity

sin () + @) = sin 6 cos @ + cos 8 sin ¢

contains the desired expression, but it also contains the expression cos 8 sin .
However, the ideatity

sin(f — ¢) =sinf cos d — cos 4 sin ¢
contains the same two expressions with a difference in sign that is just what we
need. The formal development appears below.
it (€ + ¢ =sind cosp + cosd sin
{-+) sin (6 — ) = sin & cos ¢ — cos G sin ¢
sin{f 4 ) + sin(f — ¢) = Zsinﬁ cos 9,

sinf cos b = —[sm (@ + ¢} -+ sin{f - ¢)l.

sin@cosh = —2—-[an @A+ P+ sin(@— @)l 6,0 <R

The development of the identity for cos§ cos ¢ is quite similar, We
ohserve that the identity

cos (@ + ¢} = cos f cos ¢ — sin & sin ¢
contains the desired expression and one other, This is also true of the identity
cos (f — ¢) = cos § cos ¢ + sin & sin ¢.
Adding these two identifies gives us the following derivation.
€08 {f + &) = cos & cos ¢ — sin 0 sin ¢
(++) cos (6 — ) = cos @ cos ¢ + sin & sin ¢
cos (6 + )+ cos (6 — ¢) = 2cos F cos ¢,

cosf cosd = }q[cos (@ + &) -+ cos (f — ).

.cos8 casp = _{cos (& + ¢) 4+ cos (@ — P, 6, e R
We can see that the identities
cos (6 + Py =cosfcosp —sinfsing
and
cos (8 — ) = cos £ cos ¢ + sin 6 sin ¢

both contain the expression sin 6 sin ¢ as well as the expression cos 6 cos ¢.
Adding these two identities gave us an expression equivalent to cos @ cos .

If we subtract the first of these two identities from the second, we can derive
an identity for sin @ sin ¢.

2.7 Other important lasaics

cos (f — &) = cos f cos b + sin 6 sin ¢
—Cos (0 + ) = —cosBcosd + sinFsing
cos (A — ¢} — cos(f + @) = Zsin & sin &,

sinfsind = é_[cos (6 — ¢) — cos(d + ¢)].

. sin @ sind = -%n[cos (6 — )y —cos(f o), 0.0 R

Exercises 2.6

se the identities developed in this section to evaluate the following expressions.

3x

;S BB . i COS— 3. cos cos 3

1. S‘:lI‘l—]--z—Sl'l-l—2 2. Sln4 0512 / 8 g
Tre e Ur . 3n g GGt

4. cos {508 5 /5- €0s —g—sin g 247724

Verify that each of the following equations is an identity.

. g
7. cosx - cosy = 2 cos (E_ﬂ) cos (T)

8. cos;:~cos}'2'“25m( Gl ) { 2 )
=k

9. sinx+8iny523m( Zy)cos( 3 )

% x i X —
10, sinx~smy52cos( 'Zf_y)gm(__f:l’).
11, sin3xsin 7x = %[cos 4x — cos 10x}.

12. 2Zcos 2o sinde = sin 6 + sin 2o,

13, cosdxcos2x = -%w[cos 6x -+ cos 2x].
i4. sinSxsin(—x) = -;—[cos 6x — cos 4x].
15. sin 3bcos Tp = —;_~[sin 10d — sin 441

16. cos 3xcos(—3x) = é—[l -+ cos 6x).

17. cos 2012 cos 46 — 1] = cos 64.
18, sm 2811 4 2 cos 48] = sin 68. _
19. 2 sin 2x cos 2x = 4cos x (sin x — 2 sin x).

o
20. sin%cos%a—?_*sm%'
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. s .W?E. = - — _‘{-E.V . _1_.

21, cos 3xcos(2 3x)sec(6 2) iy

27 2 = S 4

22, Zcos2f = T30

; i AN . R
o e s R | O O 2 S
23 sin{# + & —sinw = 2cos (H 1 5 )sm 5
24, 4 sin xsin 2x 5in 3x = sin 4y - 5in 2x — sin 6x,
25, sin 5S¢ cos Sdese 106 = é—
6. Acosxcos2xcos3x =1 4+ cos2x -+ cosdx + cos 6x.
27, Zceos2oceos2a = 2 4 Scosta — 8 cos? @,
28. sin 3xcos x = sin Jx cos 3x - sin 2x cos 2¥.

29, Zcos6fcos2d = (2c0s40 — icos 46 + 1).

Review Exercises

Verify the following identities.

L. sec?x{1 —sin’x) = 1.

5 L 1 hye .
& (sm 5 — cos %)—) =1 —smao.
3. sin Sy = sin 7y cos 2y — cos Ty sin Zy.
4. cos 2B = cost A - sint A
5. sine + cosacot @ = cs¢ e
6. sz = 2_'(3““_},1.2_
sec? z

1 — cos 26
7. W = tan 6.

S I T
8. sec —z—:zcscytanf-

9, tan Z(sin 8 -+ cot 8 cos B) = sec f.

10, sin 3¢ sin ¢ = sin® 2¢ — sin® ¢,

li. cos(x + =) —cos(x — ) = 0.

2. Zesedy =coty + tan v

I —2sin*¢ + 2sint ¢
$in’ ¢h— sind ¢

13. tan¢ +cot®¢ =

o B 2
4. gsc? ? i “1—*:“‘“&—@

15, {cosxeosz) — (sinxsimz)? = cos? 7z — sin? x.

16, cos?2y — 2costy = —1,
i, c:osyAi-sm-ys&cyE 1
sec ¥

18. tan —% = CsCa — ¢ota.

25,

26.

bed
1 — tans-
-—--~—-—“-(-I—“:: SeC ¢ — fan of.
1+ tanuf
Evaluate the following expressions.
"

sin ]% 27. tan % 28. cos <~—

T { 5 : (#
tan 13 31, cos \eﬁ) 32. sin

30.

z cotdcotd — I
cotlf + &)= "5t T cotd
Bt E

tande = S eers

Review  ~rcises $%

(cosa +sinay = 1 + dcos® e sm*a -+ 4 cos ¢ sin a.

cosda = 1 — Bsin® & cos® a.

(sin @ cos §)? — (cosw sin ) =

1 + sin 2x + cos Zx

- = Qot x.
1 — cos 2x + sin 2x

sintg - sin® 8.

G i
@) 289, sin g
% x
1_6,) 33, tan e



