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& a Both 2¢+1 and z—2 are factors of P(z)=2z*+az®+b2? — 122 - 8.
Find ¢ and b and all zeros of P(x).

B z+3 and 2x—1 arefactorsof 2z2* +ax® +bx? +ax + 3.
Find a and b and hence determine all zeros of the guartic.

7 a x343z? =92 + ¢ has two identical linear factors. Prove that e is either 5 or =27
and factorise the cubic into linear factors in each case.

B 32? +42? — 4+ m has two identical linear factors. Find m and find the zeros of
the polynomial in all possible cases.

THE REMAINDER THEOREM

234+ 522 — 11z + 3

Consider the following division: We can show by long division that

T—2
z? +5x2 — 11z + 3 _ g «— remainder.
=z + T +3 +
& —2 —2
i.e., on division by x— 2 its remainder is 9.
Notice also that if Plx) = 2% +5z? — 11z +3
then P(2)=8+20—22+3

=9, which is the remainder.

After considering other examples like the one above we formulate the Remainder theorem.

THE REMAINDER THEOREM

When polynomial P(z) is dividedby = — k until a constant remainder R is
obtained then R = P(k).

Proof: By the division algorithm,

P(z) =Q(x)(x — k) + R
Now if ===k, P(k) Q
: P(k)

(kY x 0+ R

[l

Use the Remainder theorem to find the remainder when 2! — 322 + o — 4
isdividedby « +2.

¥ Plo)-—g!-32" 404 then

Pl2=( 27 -3-2°+1( 2 4
=16+24-2-14
=34

when P(z} isdivided by z + 2, the remainder is 34. {Remainder theorem}

It is important to realise when doing Remainder theorem questions that
Pla)=(z+2)Q(z)+3, P(—2)=3 and ‘P(z) divided by =+ 2 leaves a remainder
of 3" are all equivalent statements.
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EXERCISE 8D.3
1 Write two equivalent statements for:
a If P(2)=7, then ... b If Plz)=(z+3)Q(z)—8, then ......

¢ If P(x) when dividedby 2« — 5 has a remainder of 11 then ......

4 Without performing division, find the remainder when:
a 224222 —Te+5 isdividedby z—1
b x*~2%+3r—1 isdividedby z+2.
3 Find a given that:
a when z%—2z-+a isdividedby x— 2, the remainder is 7
b when 22° +2% +ar—5 isdivided by x-+ 1, the remainder is —8.

4 Find a and b given that when #? + 222 +-ax+b is divided by 2 —1 the remainder
is 4 and when divided by 42 the remainder is 16.

5 If 22" +ax?—6 lcaves a remainder of —7 when divided by = — 1 and 129 when
divided by x+ 3, find a and n.

When P(z) is dividedby 2?2 — 32+ 7 the quotientis 22 +x — 1 and the
remainder is unknown. However, when P(z) is dividedby 2 — 2 the remainder
is 29 and when divided by z +1 the remainder is —16. If the remainder has the
form az +b, find g and b.

Asthe divisoris 2? — 32 +7 and the remainder has form az + b,
then Plz)— (@’ +tz-—- D0 35 +T)+tar+b
Q(z) D(x) R(z)
But P(2)=29 and P(—1)=—16 {Remainder theorem}

(P+2-1)22-6+T)+2a+b=129
and ((-1P2+(-1)-D{(-12-3-1+71)+(-a+b) =-16

~ { (5)(5) +2a + b= 29
= [ (-LH{l—atb= 16

{2a+bzzi
_ latb= 35

Solving these gives a =3 and b= -2,

& When P(z) isdividedby 22 —32z+2 the remainderis 4z — 7.
Find the remainder when P(z) is divided by: a z-1 b oz-—2

7 When P(z) isdividedby z+1 the remainderis —8 and when divided by z—3 the
remainder is 4. Find the remainder when P(z) is divided by (z—3)(z+ 1).

§ If P(z) isdividedby (z—a){z—0b), P(b) — P(a)
prove that the remainder is: b—a

) x (' —a) + Pla).
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9 If P(x) isdividedby (z—a)?, prove that the remainderis P'(a)(z —a) + Pla).
where P'(z) is the derivative of P(z).

An immediate consequence of the Remainder theorem is the Factor theorem.
THE FACTOR THEOREM

kisazeroof Plz) % (x—k) isa factorof P(z).

Proof: kisa zeroof P(x) & Plk)=0 {definition of a zero}
S R=0 {Remainder theorem}
& Plz) = Q) (z—k) {division algorithm}

< (w—k) isafactorof P(x) {definition of factor}

The Factor theorem says that if 2 is a zero of P(z) then (x — 2) is a factor of P(x)
and vice versa.

“ind k eiventhat  — 2 isafactorof 2% L kr® 3¢ 1 6 and then fully
factorise 3+ kz? — 3z + 6.

let Pizs] - the” 3016
By the Factor theorem, as z — 2 is a factorthen P(2) =0
2+ k22 -3(2)+6=0
8+4k=0 andso k=-2
Now & P2 - 3: 1 6-[2 Dz taz 3
Equating coefficientsof #? givess 2= -2.14a je, a=0
Equating coefficientsof z gives: -3=-2¢-3 ie, a=0
2 - 27 — 32 +6 = (z— 2)(z® - 3)
= (2 2)(z +V3)(z —V3)
or Using synthetic division : 2 B
2k+4 4k +2
1 k42 2k+1 |4k +8
P(2) =4k-+8 andsince P(2)=0, k= -2
Now Plyl — (2 200" t k< 2l £ 2k L 1]
=z 3
=(z- 2)(z +V3)(z ~ V3)

EXERCISE 8D.4
1 Find k and hence factorise the polynomial if:
a 22°+ 2?4+ kxr—4 hasafactorof z+2
b z*—32° —kx?+6x hasa factor of z —3.
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9 Find a and b given that 22 + ax? +bxr +5 has factorsof z— 1 and « + 5.
3 8 3isazeroof Plz)=2"—-22+[k-blz+[k*-T].
Find k& and hence find all zeros of P(z).

b Show that z—2 isa factorof P(z) =2 +mz?+ (3m —2)z—10m —4 for
all values of m. For what values of m is (z —2)* a factor of P(z2)?

4 & Consider P(z)=u2%—a® wherea is real.
i Find P(a). What is the significance of this result?
ii Factorise % —a® asaproduct of a real linear and quadratic factor.
b Now consider P(z) = 2°+a*, where a is real.
i Find P{—a). What is the significance of this result?
i Factorise % +a* asa productof a real linear and quadratic factor.

5 a Provethat “z+1 isafactorof 2"+1 <= nisodd”
b Find real number a suchthat = —1—a is a factor of P(z) = 2% — 30z — 9.

GRAPHING POLYNOMIALS

In this section we are obviously only concerned with graphing real polynomials. Do you
remember what is meant by a real polynomial?

Graphing using a graphics calculator or the graphing package provided would be invaluable.

CUBIC GRAPHING

Possible types to consider are: GRAPHING
PACKAGE

Bipe l: Pla)=alz—a)(z — f?)(z: o) 4 /—0 ? B
bpe2: Baj=ala-—alle—g)t, 0

Type 3: Pla)=(z—a)(ez® +br+c), A =0 ~4dac< 0, a /=0
Typed: Ple)=alz—0)>, a =0

What to do: (Use transformations of Chapter 6 wherever possible)

1 Experiment with Type [ graphs of cubics. Clearly state the effect of changing a (in
size and sign). What is the geometrical %ﬁﬁ ce of «, B and 4?

Experiment with Zype 2 graphs of cubics. What is the geometrical significance of the
squared factor?

Experiment with Tipe 3 graphs of cubics. What 13 the geometric significance of o
and the quadratic factor which has imagis

Experiment with 7ype 4 graphs of cubics. %Eﬁai is ﬂiﬁ geometric significance of a?
Do not forget to consider @ > 0 and a < 0.




Jr—4 S5z 2
ol B ——— 2pf 44—
€ bax+3 B o d 2z+ %ﬁ(a:wl)z
43
e Do .
¢ 1 x4+ 3 CER
15 — 10z
o — .
f 3:&‘+5+(w_1)($__2)

3 quotientis o + 2z +3, remainder is 7
EXERCISE 8C.4
2

5
i1 a 5$+1—h b iL +2I+—+§
< 33_4+~—f‘—7 d 2% - 3049

32

e P4t 4dre 124 —— .::2+2z_3-1~i

241
2 a Flo)=32" 82 +52+2
b Pla)=xa -4 ~ 132+ 19

EXERCISE 8D.1

1 a 4-% b -3+i ¢ 3+v3 d 0.2

0, +ivZ £ +1, +iv5

b m"“—— +iv3 ¢ 2=0,1+1
2=0,4+v5 € =0, +iv/5 t 2= +iV/2, +5
(2e43)(xz—5) b (z=3+ivDz—-3—i/T)
#(e+1+/5)(z+1—/5) d 232 —2)(2241)
(z-&}-l)wwl (z 4+ vB)(z —/5)

(24 i)z = i)(z+ VI (2= D)

P(z)=a(z* —4)(z—3) a &0

Pz) alz+2)(# +1) a /=0

P(z )—a(z—-s W& +2242) a /=0
Plz)=alz+1)(2® +42+2) a =0

(2) = a2 —1)(*“—2) a /=10

(2) =a(z=2)(z+1)(22 +8) a /=0

P(z) = a(® — 8% —2242) a /=0
(2)=af2® =42 - 1)(2* +42413) a =0

EXERCISE 8D.2

1 a =2 b=5 =5 & a=3 b=4, ¢=3
2 aa=2b= -2ora=-2,b=2 ba=3 b=-1
§ a=-2 b=2 z=1=%i ofr —14++3

=1, _%

”U

w
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a
“c:

o =13

5 a4 a=— -1, zeros dre %, #ﬁ
1ada/ll

b a=0, zerosare —Z, +

= —3, b=6 zeros are —%, 2. X
a=1, b=-15 zeros are -3, 1, 1+ 2
7 a Pla)={z4+37%«x—3) o Pla)=(a—1)>(x+5)
It wii= —2, 7erosare ~1 (repeated) and %
14

= 44 okl
I m= = 2l

o

zeros are & (repeated) an

o

EXERCISEBD.2
1 a Plx)=1{x=2Q0x)+T7,
leaves a remainder of 7.

Plz) divided by -2

b P(=3)=-8 Pl dividedby 2+3 leavesa
remainder of —8.
¢ P(5)y=11, Plz)=1{z2—5)Qz) +11
2al 861 2aog=3ba=2 & g=—5, b=0
5§ a=-3, n=4 & a -3 ® 1 7 3z-5
EXERCISE 8D.4
1 a k=-8, P)=(2+2)2e+1)z—2)
b k=2 Plz)=alz—3)(e+V2(z—-V2)
a=T. b= ~14
a If k=1, zerosare 3, =144
If k=-4, zeros are +3, 1.
4 ai Plu)

bi P(—a) =0, x+aisa factor il (z+a)(a® —ax+d®)
B b a=2

(LT ]

b m= 12

=0, z—aisafactor 0 (z= a)(a® +ar+d?)

EXERCISE 8E.1

1 a culstheaads atio. b touches the w-axis at o
¢ cuts the z-axis at o with 4 change in shape
2 a Pla)=2e+1)(z—2){a—13)
b Plz)=-20x+3)2a+ 1)(2x—1)
¢ Plz)=Li(a+4)*(z~3)
d P(az) = {5(a+5)(x+2)(z—5)
¢ P(x) = L{z+4)(z~3)
f Plx)=—2(x+3)(z+2){20+1)
3 a Plo)=(z—3)(z-1){r+2)
b Ple)=a(z+2)Q2u—1) ¢ Ple)=(c—-17(z+2)
d P(z)=@Be+2)(z—4)
4 a F b C ¢ A d E e D f B
a Ple)=52c~ Do+ 3)(z~2)
b Pz ‘):_2(r+2)"(r—1)
¢ Plz)= (x—2)(22° - 32+2)
EXERCISE 8E.2
1 a Pla)=2a+1)*(a—1)
b Plz) = (o+3){x+1)?(3z~2)
¢ Plz)= -2(z+2(c+1)(&—2)°
d Ple)=—(e+3)(z+1)(22—3)(z—3)
e Plz)=3(z+1)(z~4)" ¢t Plz)=a"(x+2)(zx—3)
aCbF ¢A d&EeBItD
3 a Plg)=(z+4)2x—D{z—2)*
b P(z)=1(3z—2)(+3)?
¢ Plr)=2(z—-2) 2z~ 1)(z+ 2)2x+1}
d Pla)=(v- 17 (§4°+ 5o -1)
EXERCISE SE.3 I
1 a ~-1,2++/3 b 1, 1+i ¢ L, ~1+2i
d L +iV/I0 e +££,3.-2 f 2143i
2 a 2=-2+iV3 b z=-2 -11
¢ = =2{trebleroot) d &= -1, ‘;,3
e

2=-3,2,1+v2 § o=~% 3244



