[T11-05-10-30]

From Trigonometry by Gelfand, I. M. and Saul, M.

Chapter 8

Graphs of Trigonometric
Functions

One of the most important uses of trigonometry is in describing periodic
processes. We find many such processes in nature: the swing of a pendu-
lum, the tidal movement of the ocean, the variation in the length of the day
throughout the year, and many others.

All of these periodic motions can be described by one important family
of functions, which all physicists use. These are the functions of the form

y = asink(x — ),

where the constants ¢ and k are positive, and B is arbitrary. In this chapter,
we will describe their graphs, which we will call sinusoidal curves. Since
they are so important, we will discuss them step-by-step, analyzing in turn
each of the parameters «, k, and 8.

1 Graphing the basic sine curve
y=uasink(x - B) fora=1,k=1,8=0
In Chapter 5 we drew the graph of y = sinx:
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174 Graphs of Trigonometric Functions

That is, we start with the case @ = 1, k == 1, 8 = 0. Recall that we can
take the sine of any real number (the domain of the function y = sinx is
all real numbers), but that the values we get are all between —1 and 1 (the
range of the function is the interval —1 <y < 1).

Let us review how we obtained this graph. On the left below is a circle
with unit radius. Point P is rotating around it in a counterclockwise direc-
tion, starting at the point labeled A. If x is the length of the arc A P, then
\ Yy
P 1 +
x sin x

sin x is the vertical displacement of P. On the right, we have marked off
the length x of arc AP.The height of the curve above the x-axis is sin x.

As the angle x goes from 0 to 7/2, sin x grows from 0 to 1 (the picture
for x = 7r/2 is shown below).
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In fact, this is all we need to graph y = sinx. As x goes from 7 /2 to 7,
the values of sin x repeat themselves “backwards™:
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2. The period of the function y = sin x 175

And as x goes from 7 to 27, the values are the negatives of the values in
the first two quadrants:
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2 The period of the function y = sinx

As x grows larger than 27, the values of sin x repeat on intervals of length
27. For this reason, we say that the function y = sin x is periodic, with
period 2. Geometrically, this means that if we shift the whole graph 27
units to the right or to the left, we will still have the same graph. Alge-
braically, this means that

sin (x + 27) = sinx
for any number x.

Definition: A function f has a period p if f(x) = f(x + p) for all values
of x for which f(x) and f(x + p) are defined.

The function y = sinx has a period of 2. You can check that it also
has periods of 4, 6, —2, and in general, 27rn for any integer n. This
is no accident: if f(x) is a periodic function with period p, then f(x)
is periodic with period np for any integer n. This is why we make the
following definition:
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Definition: The period of a periodic function f(x) is the smallest positive
real number p such that f(x + p) = f(x) for all values of x for which
f(xyand f(x + p) are defined.

Using this definition, we say that the period of y = sinx is 2.

Let us also draw the graph of the function y = cos x. Following the
same methods, we find that the graph is as shown below:
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The period of the function y = cos x is also 27r. We will see later that this
curve can be described by an equation of the form y = asink(x — §).

3  Periods of other sinusoidal curves

y=uasink(x—p8) fora=18=0,k>0

Example 59 Find the period of the function y = sin 3x.

Solution: One pertod of this function i1s 27 /3, since sin 3(x +2n/3) =
sin(3x + 2m) = sin3x. It is not difficult to see that this is the small-
est positive period (for example, by looking at the values of x for which
sin3x = 0).

Example 60 Draw the graph of the function y = sin 3x.

Solution: The function y = sin x takes on certain values as x goes from
0 to 2mr. The function y = sin 3x takes on these same values, but as x goes
from 0 to 27 /3. Hence one period of the graph looks like this:
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Having drawn one period, of course, it is easy to draw as much of the whole
graph as we like (or have room for):
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The graph is the same as that of y = sin x, but compressed by a factor of 3
in the x- direction. In general, we have the following result:

What if 0 < k < 17 Let us draw the graph of y = sinx/5. Since the
period of y = sinx /5 is 107, our function takes on the same values as the
function y = sin x, but stretched out over a longer period.
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Again, we have a general result:

For O < k < I, the graph of y = sinkx is obtained from the

graph y = sin x by stretching it in the x-direction by a factor

of k.
Analogous results hold for graphs of the functions y = coskx, k = 0.

Our basic family of functions is y = «a sink(x — 7). What is the signif-

icance of the constant k here? We have seen that 27 /k is the period of the
function. So in an interval of 27, the function repeats its period & times.
For this reason, the constant & is called the frequency of the function.

Exercises
Find the period and frequency of the following functions:

Iy =sin5x 2. y=sinx/4 3. y=cosdyr/5 4. V= cos5x/4.
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Graph each of the following curves. Indicate the period of each. Check
your work with a graphing calculator, if you wish.

5. y = sin3x 6. y=sinx/3 7. y=sin3x/2 8. y=sin2x/3
9. y=cos2x/3 10. y =cos3x/2

11. The graph shown below has some equation y = f(x).
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(a) Draw the graph of the function y = f(3x).

(b) Draw the graph of the function y = f{x/3).

4 The amplitude of a sinusoidal curve
y=asink(x—8);, a>0,=0,k>0

Example 61 Draw the graph of the function y = 3 sinx.

Solution: The values of this function are three times the correspond-
ing values of the function y = sinx. Hence the graph will have the same
period, but each y-value will be multiplied by 3:
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5. Shifting the sine 179

We see that the graph of y = 3sinx is obtained from the graph of
y = sinx by stretching in the y-direction. Similarly, it is not hard to see
that the graph of y = (1/2) sinx is obtained from the graph of y = sinx
by a compression in the y-direction.

We have the following general result:

Fora > 1, the graph of y = a sinx is obtained from the graph
y = sinx by stretching in the y-direction. ForQ < a < 1, the
graph of y = asinx is obtained from the graph y = sinx by
compressing in the y-direction.

Analogous results hold for graphs of functions in which the period is not 1,
and for equations of the form y = acosx. The constant a is called the
amplitude of the function y = asink(x — B).

Exercises

Graph the following functions. Give the period and amplitude of each. As
usual, you are invited to check your work, after doing it manually, with a
graphing calculator,

1. y =2sinx 2. y=(/2)ysinx 3. y=3sin2x

4, y=1(1/2)sin3x 5. y =4cosx 6. y=(1/3)cos2x

7. Suppose y = f(x) is the function whose graph is given in Exercise 11
on page 178.

(a) Draw the graph of the function y = 3 f(x).
(b) Draw the graph of the function y = (1/3) f(x).

5 Shifting the sine
y=asink(x — B); a =1,k =1, B arbitrary

We start with two examples, one in which 8 is positive and another in
which 8 is negative.

Example 62 Draw the graph of the function y = sin(x — 7/5).
Solution: We will graph this function by relating the new graph to the
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graph of y = sin x. The positions of three particular points' on the original
graph will help us understand how to do this:
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What are the analogous points on the graph of y = sin (x — %)? It is
not convenient to use x = 0, because then y = sin (~—’55), whose value is
difficult to work with. Similarly, if we use x = 7, we will need the value
y =sin (3 — %) = sin 3% which is still less convenient.
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Butif weletx = %, 3 + %, m + %, things will work out better:
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That is, our choice of “analogous” points in our new function are those
where the y-values are the same as those of the original function, not where
the x-values are the same. The graph of y = sin (x — %) looks just like the
graph of y = sin x, but shifted to the right by % units:

But we must check this graph for more than three points. Are the other
points on the graph shifted the same way? Let us take any point (xq, sin xgp)
on the graph y = sin x. If we shift it to the right by %, we are merely adding
this number to the point’s x-coordinate, while leaving its y-coordinate the
same. The new point we obtain is (x¢ + —’;~ sin xp), and this is in fact on the
graph of the function y = sin (x - %).

YOf course, with a calculator or a table of sines, you can get many more values. Or,
if you have a good memory, you can remember the values of the sines of other particular
angles. But these three points will serve us well for quite a while.
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There is nothing special about the number %, except that it is positive.
In general, the following statement is useful:

If B > O, the graph of y = sin(x — B) is obtained from the
graph of y = sin x by a shift of B units to the right.

What if 8 is negative?

Example 63 Draw the graph of the function y = sin(x + ).

Solution: In this example, § = —%. Again, we will relate this graph to
the graph of y = sinx. Using the method of the previous example, we seek
values of x such that

sin (x + —JSZ) =0, sin(x + %—) =1, sin(x + %) = 0 (for a second time).

It is not difficult to see that these values are x = ~1’5—, % - % T - 1'5—
respectively. Using these values, we find that the graph of y = sin (x + %)
is obtained by shifting the graph of y = sinx by % units to the left:

In general:

The graph of the function y = sin(x — B) is obtained from the
graph of y = sinx by a shift of B units. The shift is towards
the left if B is negative, and towards the right if B is positive.

The number B is called the phase angle or phase shift of the curve.
Analogous results hold for the graph of y = cos(x — 8).
Exercises
Sketch the graphs of the following functions:

1.y =sin(x — %) 2. y=sin(x+%) 3. y=2sin(x - %)

4. y=14sin(x+%) 5 y=cos(x—%) 6. y=3cos(x+7%)
7. y = sin(x — 2m)
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8—11: Write equations of the form y = sin(x —«) for each of the curves
shown below:

y

14

i
/ |
\
| ol
e
/]

i
\§
i
. /
C
-

(d)

6 Shifting and stretching
Graphing y = asink(x — f8)

We run into a small difficulty if we combine a shift of the curve with a
change in period.

Example 64 Graph the function y = sin(2x + 7/3).

Solution: Let us write this equation in our standard form:

sin(2x + 7 /3) = sin 2(x + 7 /6)

7. Some special shifts: Half-periods 183

We see that the graph is that of y = sin 2x, shifted 7 /6 units to the left.

At first glance, one might have thought that the shift is 77 /3 units to the
left. But this is incorrect. In the original equation, 77/3 is added to 2x, not
to x. The error is avoided if we rewrite the equation in standard form.

Exercises

Graph the following functions:
Ly=sini(x~%) 2 y=sin(3x—-%) 3. y=cos2(x+%)

4--5: Write equations of the form y = sin k(x — 8) for the following graphs:
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7 Some special shifts: Half-periods

We will see, in this section, that we have not lost generality by restricting
a and k to be positive, or by neglecting the cosine function.

It is useful to write our general equation as y = asink(x + y), where
y = —B. Then, for positive values of y, we are shifting to the left. For
the special value ¢ = 2, we already know what happens to the graph
y = sinx. Since 27 is a period of the function, the graph will coincide
with itself after such a shift.

In fact, we can state the following alternative definition of a period of
a function:

A function y = f(x) has period p if the graph of the function
coincides with itself after a shift to the left of p units.
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Our original definition said that a function f(x) is periodic with period p
if f(x) = f(x + p) for all values of x for which these expressions are
defined. Our new definition is equivalent to the earlier one, since the graph
of y = f(x), when shifted to the left by p units, is just the graph y =
f(x + p). These graphs are the the same if and only if f(x) = f(x + p).

Let us see what happens when we shift the graph y = sinx to the left
by nm /2, where n is an integer.

For n = 1, we have the graph y = sin(x + m/2), a shift to the left of

y

the graph y = sinx:
\;/ 2;[ x

But sin(x + 7r/2) = cosx. The reader is invited to check this, either by
using the addition formulas or by looking at the definitions, quadrant by
quadrant. That is:

The graph of the function y = cosx can be obtained from the
graph y = sinx by a shift to the left of /2.

We don’t need to make a separate study of the curves y = acosk(x + 8).
Letting y = x+B+7/2, we can write any such curve as y = a sink(x+y).
Forn = 2, we are graphing y = sin(x + m):
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But sin(x + 7r) = — sin x. So we have:

The graph of the function y = —sinx can be obtained from
the graph y = sin x by a shift to the left of 7.

In fact, we do not need to make a separate study of the curves y =
asink(x + y) for negative values of a. We need only adjust the value of y,
and we can describe each such curve with an equation in whicha > 0.

The following general definition is convenient:
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The number p is called a half-period of the function f if
f(x + p) = —f(x), for all values of x for which f(x) and
f(x + p) are defined.

We have shown that r is a half-period of the function y = sin x.
Now let k = 3. We obtain the following graph:
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It is not difficult to check that

sin(x + 37 /2) = —cosx .

If k = 4, we will shift by 4(w/2) = 2m, which we already know is a
full period, and we will have come back to our original sine graph.

What if k = 5? Since 5 = 1 + 4, we have sin(x + 57/2) = sin(x +
/2 4+ 4 /2) = sin(x + 7 /2), because 2p is a period of the sine function.
So k = 5 has the same effect as k = 1, and the cycle continues.

In general, we can make the following statements:

Ifk = 4n for some integer n, then sin(x + kn/2) = sinx.

Ifk = 4n + 1 for some integer n, then sin(x + km /2) = cos x.
Ifk = 4n+2 for some integer n, then sin(x +km /2) = — sin x.
Ifk = 4n+3 for some integern, then sin(x+kx /2) = — cos x.

To summarize, we have now examined the whole family of sinusoidal
curves y = asink(x — B).

The constant « is called the amplitude of the curve. It tells us how far
from O the values of the function can get. Without loss of generality, we
may take a to be positive.

The constant k is called the frequency of the curve. It tells us how many
periods are repeated in an interval of 2. The period of the curve is 27/ k.
Without loss of generality, we can take & to be positive.

The constant B is called the phase or phase shift of the curve. It tells
us how much the curve has been shifted right or left. If we allow B to be
arbitrary, we need not consider negative values of a or k, and we need not
study separately curves expressed using the cosine function.
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Exercises

1-10: These exercises are multiple choice. Choose the answer
(A) if the given expression is equal to sin x,
(B) if the given expression is equal to cos x,
(C) if the given expression is equal to — sin x, or
(D) if the given expression is equal to — cos x.

1. sin(x + 2m) 2. sin{x + 3xw) 3. sin(x + 97/2)
4. sin(x —m/2) 5. sin(x — 37/2) 6. sin(x + 197/2)
7. —sin(x — 197/2) 8. sin(x + 1577/2) 9. sin(x — 1577 /2)

11. Prove that 7 is a half-period of the function y = cosx. Is 7 a half-
period of the function y = tan x? of y = cot x?

12. Prove that if ¢ is a half-period of some function f, then 2q is a period
of f.

13. Show that for all values of x, cos(x + km/2) =
a) —sinux, if k = 4n + 1 for some integer n,
b) —cosx, if k = 4n + 2 for some integer n,
¢) sinx, if kK = 4n + 3 for some integer n,
d) cosx, if x = 4n for some integer .

14. Write each of the following in the form y = asink(x — ), where a
and k are nonnegative:

a) y= —2sinx

b) y = —2sin(x — 7 /3)
¢) y= —2sin(x + n/4)
d) y=3cosx

e) y = 3cos(x — 7 /6)

f) y = —3cos(x + m/8)
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15. Draw the graph of the function y = cos{(x — 7/5)

16. Suppose we start with the graph of the function y = cosx. By how
much must we shift this graph to the right in order to obtain the graph of
y = sinx? By how much must we shift to the left to obtain the graph of
y = sinx?

17. Show that if k is odd, tan(x + k7 /2) = — cotx. How can we simplify
the expression tan(x + k7w /2) if k is even?

8 Graphing the tangent and cotangent functions

The function y = tanx is different from the functions y = sinx and y =
cos x in two significant ways. First, the domain of definition of the sine
and cosine functions is all real numbers. However, tan x is not defined for
x = ny /2, where n is an odd integer.

Second, the sine and cosine functions are bounded: the values they take
on are always between —1 and 1 (inclusive). But the function y = tanx
takes on all real numbers as values.

These differences are easily seen in the graph of the function y = tan x:
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Note that the graph approaches the line x = /2, but never reaches it.
This line is called a vertical asymptote of the curve y = tan x. This graph
y = tanx has a vertical asymptote at every line y = nm /2, for n an odd
integer.

To draw the graph of y = cot x, we note that

cosx sin(x — 7 /2) _

sinx ~ cos(x —7/2) —tan(x —7/2).



