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100§ FARALLEL LINES AND CONGRUENT FuSURES

ANGLES AND PARALLEL LINES

Angles

In the figure to the right. if = e fix the NB
position of ray OA on onc plane and rotate ray
OB from OA in the direction irsZicated by the
arrow. ZA40B gradually widens. The angle
resulting from rotating the ray ccanpletely s 360°,

and % of that angle is a right anle, which we

write as <R. We can express the measure of am 0 A
angle using a right angle as the basic unit.

o
360°

right angle = 4R 180°
4 right angles = 4ZR 45°

2 right angles = 24R

il
i

1. 1
Enght angle = 5 ZR

(Problem 1 ) Express thse following amgles in terms of ZR:

a ¢ @ or

(3. 150°

An angle greater than 0° but less than 90° is called an acute angle, and an angle
greater than 90° but less than 18&0° is called am obtuse angle.

B B B

acute angle right angle obtuse angle
0 A 0 A 0 A
0° < LAOB <%0 ZAOB =90° 90° < LAOB < 180°
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(Problem 2 ) wWhich of the following angles are acuie? Which are obtuse?

(1y 35° 2 xr
3) 130° @ 2R

3 .
5 22k © 06

Vertical Angles

Two intersecting straight lines form angles at the
intersection. Angles facing each other at the intersection
of two lines, such as Za and Zc, are called vertical
angles. £b and Zd are also vertical angles.

(Problem 3 ) Find the measure of Za and Zc,if £b = 40°.

When two straight lines intersect as in the diagram
to the right, the following generalizations hold true,
regardless of the measure of £b.

Za=180° - £b

ZLe=180° - £b

Therefore, La = Zc.

(Problem 4 ) Following the procedure we adopted above, explain why £b = Zd.

Property of Vertical Angles

Vertical angles are equal.
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Problem 5 In the diagram to the

right three straight

lines intersect. Find
the measure of Za, :
Zb, L, Zd. ~

d
45°

Angles and Parallel Lines

Corresponding Angles and Alternate Interior Angles

The diagram to the right shows a straight

.4}

line n intersecting two straight lines / and m.
Za and Zh are said to be corresponding c\2
angles. Other pairs of corresponding angles are 2\?
Zb and Ze, Zc and Zf,and £d and Z£g l

Za and Zf are said to be alternate
interior angles. £d and Ze are also alternate IAN
interior angles. g Y

Parallel Lines and Corresponding Lines

(Problem 1 ) We can draw parallel lines by using drafting triangles. Draw some
parallel lines in this way.
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If we draw two straight lines | and m
so that corresponding angles adjacent to them
form another straight line p, as in the diagram
to the right, then [ and m are parallel.

Moreover, if we draw a straight line ¢
which crosses parallel lines { and m. the
corrasponding angles thus formed are equal.
For example, Za= Zb.

Thus, the following generalizations hold true:
) If Za=Zb, then [ #m.

@) If llim,then Za= Zb.

N\

AN

N

N

(Problem 2 ) Using the symbol 1,
indicate which lines in
the diagram at the right
are parallel. Which of the
angles Zx, £y, £z, Zu
are equal?

Parallel Lines and Alternate Interior Angles

‘When two straight lines are paraliel, their alternate ingerior angles are equal. This can

be explained by the following line of reasoning.
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Let us assume that /i m in the diagram to the
right. Because Za and Zc¢ are corresponding angles,

La=Lc : \
{

Because £b and Zc are vertical angles, -

b= ¢

Hence, Za=«b \<C

(Problem 3 ) Inthe diagram > the right, if \

La=/1Lb. -

then r

Iliim \

Explain this by reasoning from the
fact that the corresponding angles
of the two lines are equal.

Let us summarize what we have kzamed so far about the relations berwesn angles and
parallel lines.

Properties of Parallel Lines
If a sradght line intersects two parallel lines.

(1) the corresponding angles are equal;
(2) the alternate interior angles are equal.

Necessary Conditions for Parallel Lines
If a straight lme intersects two other lines, those o
lines are paraBel if either of the following conditions
holds true:

(1) the comresponding angles of the two linas are

equal;
(2) the alternate interior angles of the two lines
are equal.
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(Problem 4 ) Let us assume that a Il b

and all ¢ inthe diagramto 4
the night. If we draw a

straight line |/ b
perpendicular to g, then |/

1s also perpendicular to b

and c¢. Demonstrate that

this is true using the

properties of parallel lines.
Then explain why bl ¢,

(Problem 5 ) Assuming that [lim in the

diagram to the right, find the {
measure of Zx, Zy. /7/\
y
m

n
(Problem 6 ) If {tim in the diagram to the \
right, then Za + £d = 24R. l
Explain why this is so. b a
d
c
m \
Interior and Exterior Angles of Triangles
We use the symbol A to designate a triangle ABC as AABC.
In AABC in the diagram to the right, £ZA, A
£B,and ZC are referred to as the interior
angles of AABC.
If we let CD be the extension of side BC,
ZACD is said to be an exterior angle of .
AABC at vertex C. interior angle exterior angle

L
B C D
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If we draw a straight line CE parallel to
side AB through vertex C, as in the diagram
to the right, then because alternate interior
angles of parallel lines are equal,

Za=JZa

Because corresponding angles of parallel lines
are equal,

Lb=1b

Because LACD = Za' + £b',

LACD = ZLa+ £b

Interior and Exterior Angles of Triangles

An exterior angle of a triangle is equal to the sum of the
two interior angles which are not adjacent to it.

We can apply this generalization to the diagram
to the right:

Za+ Zb+ Ze =Zd+ Zc
= /BCD
=2/ZR

The Sum of the Interior Angles of a Triangle

The sum of the three interior angles of a triangle is 2ZR.
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(Problem 1 ) Find the measure of £x in the diagram below.

Q) 34°
x 47° \ 128°

(Problem 2 ) No triangle can have two interior angles such that each is either a right
angle or obtuse angle. Explain why this is so.

We classify triangles according to the kargest angle they contain. A triangle whose
largest angle is acute is called an acute triangle; if the largest angle is a right angle, it is
called a right triangle; if the largest angle is obtuse, it is called an obtuse triangle.
The side of a right triangle opposite the right angle is called the hypotenuse.

acute hypotenuse
acue  &CU right obtuse

acute triangle right triangle obtuse triangle

(Problem 3 ) Ina right triangle what is the sum of the interior angles which are not
right angles?

(Problem 4 ) What kind of triangle — acute, right, or obtuse — can contain the
following two interior angles?

(1) 30°,80° @ 20°,30° 3) 50°,40°
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Interior and Exterior Angles of Polygons

Polygons

Plane figures made up of several line segments,
such as triangles, quadrilaterals, and pentagons, are called
polygons. We designate polygons by stringing together
the names of their vertices, for example, pentagon E
ABCDE.

¢ D

(Note: ") In some polygons extensions of the sides are located in the interior of
the polygon, as in diagram (2) below, and in other polygons the
extensions are not located in the interior, as in diagram (b). From now
on, when we speak of polygons, we will exclude figures like the one
in diagram (a), unless otherwise specified.

@ ®)

N

The angle formed inside each vertex ofa P
polygon by the two adjacent sides is called an
interior angle of that polygon. ZBAE in the exterior angle
diagram to the right is an interior angle at vertex A
of pentagon ABCDE.

interior angle

e

The angle formed at each vertex of a polygon
by one adjacent side and the extension of the other 0
adjacent side is called an exterior angle at that vertex.
/BAP in the diagram to the right is an exterior
angle at vertex A of pentagon ABCDE. C D
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(Problem 1 ) Inthe diagram above, if we extend B4 and create another exterior

angle at vertex A, that angle will be eqzzl to ZBAP. Explain why
this 1s so.

(Problem 2 ) In the diagram above, identify an extzrict angle at vertex B.

The Sum of the Interior Angles of a Quadrilateral

Quadrilateral ABCD can be divided into A
two triangles by drawing diagonal AC. If D
we add all the interior angles of these two
triangles, we get the sum of the four interior
angles of the original quadrilateral.

Since the sum of the interior angles of
a triangle is 2R, the sum of the four
interior angles of quadrilateral ABCD is B C

2ZR x 2=4£R

The Sum of the Interior Angles of a Quadrilateral

The sum of the four interior angles of a quadrilateral is 4 ZR.

(Problem 3 ) if three of the interior angles of a quadrilaseral are right angles, the
fourth angle must also be a right angle. Explain why this is so.

Polygons and Diagonals

Line segments which connect non-adjacent
vertices of a polygon are called diagonals of that .
polygon. diagonal
iagonal

The diagram to the right shows that
quadrilaterals and pentagons can be divided into
triangles by diagonals drawn from one vertex.

Thus, polygons can be divided into several triangles by drawing diagonals from one
vertex.




110 5 PARALLEL LINES AND CONGRUENT AIGURES

@roblem 4 ) Quadrilaterals, pentagons, hexagons, heptagons, and octagons can be

divided into triangles by drawing diagonals from one vertex. Fill in
the blarXs in the following table.

Quadrizateral | Pentagon Hexagon Hentagon Octagon

Vertices L 5

Diagonals from
one vertex

Triangles 2 3

The Sum of the Interior Angles of Polygons

(Problem 5 ) From the table above, what kind of relation can we establish between

the nurmber of vertices and the number of diagonals? Between the
number of vertices and the number of triangles?

In general, the number of diagonals we can draw from one verwex is
([number of vertices] — 3), and the number of triangkes that result is
([number of vertices] ~2). The sum of the angles of these triangles is the sum of
the interior angles of the origimal polygon.

Because the sum of the interior angles of one
triangle is 2£R, the sum of the interior angles of amy
polygon can be found by means of the following
formula:

2/£R X ([number of vertices] — 2)

The following generalization holds true for any
polygon of n vertices, that is, an n-sided figure.

The Sum of the Interior Angles of an n-sided
Figure

The sum of the interior angles of an n-sided figure is
2(x - 2)£LR.




e
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(Pl'Oblem 6 ) Find the sum of the mierior angles of a hexagon, a heptagon. and an
octagon.

The Sum of the Exterior Angles of Polygons

Leats consider the sum of the exterior zngles of a pentagon.

NNote: ) When we say the surm of the exterior angles, we mean the surn
obtained by adding cce exterior angle at each vertex.

(Problem 7 ) In a pentagon, what is the exterior angle

sum of the exterior ard
interior angles at one
vertex? B

interior angle

The sum of the exterior and interior ar.zles at
any vertex of a pentagon is 2ZR. Therefore, if we
add up the sums of the interior and exterior angles c D
at all five vertices, we get

2ZR x5 = 104R ey

The sum of only the five interior angles is

2(5~2)4R =6<R @
®
We can then find the sum of the exterior angles of a N
pentagon by subtracting (2) from (1). Thus,
10£4R - 6-R =4/R *

v/

(Problem 8 ) Find the sum of the exterior angles of a triangle and a hexagon as
above.

The Sum of the Exterior Angles of a Polygon

The sum of the exterior angles of a polygon is 4 ZR.




112 5 PARALLEL LINES AND CONGRUENT FIGURES

(Problem 9 ) Find the measure of Zx in the diagrams below.
o) @ 100°

85°

65 X

C Exercises )

1.  What is the measure of one exterior angle of a regular decagon? What is the measure of
one interior angle?

2. How many sides does a regular polygon have if I \ /
its interior angles are each 160°? 117 40°

y\&
3. If Ilim in the diagram to the right, find the m
measures of Zx and Zy. \







