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With X defined by Equation (7), the function
F(x) = f(x) = éul(x)

measures the difference between the original function f and the approximating function ¢,
for each x in [a, b]. o

We now use Rolle’s Theorem (Section 4.2). First, because F(a) = F(b) = 0 and both
Fand F' are continuous on [a, b], we know that

F(c)=0 for some c; in (a, b).

Next, because F'(a) = F'(c;) = 0 and both F' and F’ " are continuous on [a, ¢;], we know

that )
F'(c) =0 for some c; in (a, ¢1)- i
Rolle’s Theorem, applied successively to F", F", ..., F =1 jmplies the existence of
¢y in(a,c2) such that 7" (c3) = 0,
cs in(a,cs) such that F¥(cs) = 0,

¢, in(a,ca1)  suchthat F®(c,) = 0.

Finally, because F ) {s continuous on [a,c,] and differentiable on (a, cn), and
F®(q) = F"(c,) = 0, Rolle’s Theorem implies that there is a number c,+1 in (a, ¢x)

such that
Ft)(c,yq) = 0. (8)
If we differentiate F(x) = f(x) — Pa(x) — K(x — a)"*! atotal of n + 1 times, we get
FHD(xy = fD(x) — 0 — (n + 1)IK. (9)
Equations (8) and (9) together give '
)
K= m for some number ¢ = cp+; in (a, b). (10)
Equations (7) and (10) give
A P
— + y — n+1 .
7(8) = Pu®) + G 0~ @
This concludes the proof.
aylor Series by Substitution More Taylor Series
Ise substitution (as in Example 4) to find the Taylor series at x = 0of Find Taylor series at x = 0 for the functions in Exercises 7-18.
te functions in Exercises 1-6. ‘ %2
1. e=Sx ) 3. 5 sin (—x) 7. xe* , 8. x*sinx 9. 5 — 1+ cosx

(= 3
4 sin <7x) 5. cos Vx + 1 6. cos (x3/2/\/§) 10. sinx — x + 2;—' 11. xcos7x 12. xZcos (x?)
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13. cos?x (Hint: cos?x = (1 + cos 2x)/2.)

2
X

T—2x
1 2
18. —=

(1 —xp

14. sin’x 15. 16, xIn (1l + 2x)

i7. -
(1 - A)‘

Error Estimates

39. For dppro*umately what values of x can you replace sin x by
x — (x3/6) with an error of magnitude no greater than
5 X 10'4‘7 Give reasons for your answer.

26. 1f cos x is replaced by 1 — (x%/2) and |x| < 0.5, what estimate
can be made of the error? Does 1 — (x?/2) tend to be too large,
or too small? Give reasons for your answer.

21. How close is the approximation sinx = x when |x| < 10737 For
which of these values of x is x < sinx?

22. The estimate V1 + x = 1 + (x/2) is used when x is small. Esti- ‘

mate the error when |x| < 0.01.

23. The approxnmatlon e* =1+ x + (x%/2) is used when x is
small. Use the Remainder Estimation Theorem to estimate the
error when|x| < 0.1.

14. (Continuation of Exercise 23.) Whenx < 0, the series for ¢* is an
alternating series. Use the Alternating Series Estimation Theorem
to estimate the error that results’ from replacing e by

{ +x + (x¥/2) when —0.1 < x < 0. Compare your estimate .

with the one you obtained in Exercise 23.

25. Estimate the error in the approximation sinhx = x + (x3/3!)
when | x| < 0.5. (Hint: Use Rq, not R3 )

26. When 0 < k = 0.01, show that " may be replaced by 1 + &
with an error of magnitude no greater than 0.6% of h. Use
001
= 1.01.

#7. For what positive values of x can you replace In (1 -+ x) byx with
an error of magnitude no greater than 1% of the value of x?

28. You plan to estimate 7/4 by evaluating the Maclaurin series for
tan~! x at x = 1. Use the Alternating Series Estimation Theorem
to determine how many terms of the series you would have to add
to he sure the estimate is good to two decimal places.

29. a. Use the Taylor series for sin x and the Alternating Sertes Esti-
mation Theorem to show that
2 .
x~ _ sinx

| -=<

6 3 <, x#0.

b. Graph f(x) = (sinx)/x together with the functions
= | — (x*/6)and y = 1 for =5 =< x = 5. Comment on
the relationships among the graphs. .
30. . Use the Taylor series for cos x and the Alternating Series EStl—-
mation Theorem to show that
1 x* _1-—cosx A 1

<<

27 24 e z *70

-(This is the inequality in Section 2.2, Exercise 52.)

b. Graph f(x) = (1 — cosx)/x* together with
y=(1/2) — (x}/24)andy = 1/2for -9 =x = 9.
Comment on the relationships among the graphs.

Finding and Identifying Maclaurin Series

Recall that the Maclaurin series is just another name for the Taylor
series at x = 0. Each of the series in Exercises 31-34 is the value of
the Maclaurin series of a function f(x) at some point. What function
and what point? What is the sum of the series?

? 5 1Y 112641
31 (01)—(01)4,&91 (G V(R Vi

st T (2k + 1)!
‘2 4 ___lk,n_zk
1 -
42.21 444 4% (211
3 5 _lk 2k+1
: 3 3.3 35 L3O+ 1)
w4 (m/4)? 'rr/4"
34.(17/4)—£2—)—+(—3—)——--' (1)"( )

35. Multiply the Maclaurin series for ¢” and sin x together to find the
first five nonzero terms of the Maclaurin series for * sinx.

36. Multiply the Maclaurin series for e” and cos x together to find the
first five nonzero terms of the Maclaurin series for e* cos x.

37. Use the 1dent1ty sin?x = (1 — cos 2x)/2 to obtain the Maclaurin
" geries for sin®x. Then differentiate this series to obtain the
Maclaurin series for 2 sin x cos x. Check that this is the series for
sin 2x.
38. (Contmuatzon of Exerczse 37) Use the 1dent1ty cos’x =
cos 2x + sin® x to obtain a power series for cos?x.

Theory and Examples

39. Taylor’s Theorem and the Mean Value Theorem Explain how
the Mean Value Theorem (Section 4.2, Theorem 4) is a special
case of Taylor’s Theorem.

40. Linearizations at inflection points Show that if the graph of a
twice-differentiable function f(x) has an inflection point at
x = a, then the linearization of f at x = a is also the quadratic
approximation of f at x = a. This explains why tangent lines fit
so well at inflection points. ‘

41, The (second) second derivative test Use the equation

f”( ¢2)

fx) = fla) + fa)x — a) + (x —a)

to establish the followmg test.
Let f have continuous first and second derivatives and sup-
pose that f'(a) = 0. Then

a. £ has a local maximum at a if f* = 0 throughout an interval
whose interior contains a;

b. f has a local minimum at a if f* = 0 throughout an interval
whose interior contains a.




42. A cubic approximation Use Taylor’s formula with @ = 0 and

43.

44.

n =3 to find the standard cubic approximation of flx) =
1/(1 — x) at x = 0. Give an upper bound for the magnitude of
the error in the approximation when |x| =< 0.1.
a. Use Taylor’s formula with n = 2 to find the quadratic approxi-
mation of f(x) = (1 + x)*atx = 0 (ka constant). '
b. Ifk = 3, for approximately what values of x in the interval
[0, 1] will the error in the quadratic approximation be less
than 1/100?
Improving approximations to =
a. Let P be an approximation of 7 accurate to # decimals. Show

that P + sin P gives an approximation correct to 3n decimals.
(Hint: LetP = w + x.)

Bfl b. Try it with a calculator.

46.

47.

. The Taylor series generated by f(x) = Sno %gx" is

2:?__0 a,x" A function defined by a power series Zn=0anXx"
with a radius of convergence ¢ > 0 has a Taylor series that con-
verges to the function at every point of (—c, c). Show this by
showing that the Taylor series generated by f(x) = Sioe o anx” is
the series Dpeq anx" itself.

An immediate consequence of this is that series like

4 6 8
o2 X X X L
xsinx =x 3 + A T +
and
4 5
2% — 2 3 X X
xe*=x"+x +2!+3!+ ,

obtained by multiplying Taylor series by powers of x, as well as
series obtained by integration and differentiation of convergent
power series, are themselves the Taylor series generated by the
functions they represent. : .

Taylor series for even functions and odd functions (Continua-
tion of Section 11.7, Exercise 45.) Suppose that f(x) = S g anx"
converges for all x in an open interval (—c, c). Show that

a. If fiseven, theng; = a3 = a5 = -~ =0, i.e., the Taylor
series for f at x = 0 contains only even powers of x.
b. If fisodd, thengy = a, =as = - =0, i.e., the Taylor

series for f at x = 0 contains only odd powers of x.
Taylor polynomials of periodic functions

a. Show that every continuous periodic function [,
—00 < x < 09, jg bounded in magnitude by showing that
there exists a positive constant M such. that | f(x)| = M for
all x.

b. Show that the graph of every Taylor polynomial of positive
degree generated by f(x) = cos x must eventually move away
from the graph of cos x as |x| increases. You can see this in
Figure 11.13. The Taylor polynomials of sin x behave in a
similar way (Figure 11.15).

8.
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a. Graphthecurves y = (1/3) — (x?)/Sandy = (x — tan™" x)/x3
together with the line y = 1/3.

b. Use a Taylor series to explain what you see. What is

— o
lim x—tan x 9
x—0 x?’
Euler’s Identity o
49. Use Equation (6) to write the following powers of e in the form

50.

51.

52,

53.

54.

55.

56.

a + bi.
a. e’ b. ™ c. el
Use Equation (6) to show that ‘

i9 ~if i9 —if
e +e . — e
and sinf = ———

w00 =" — 2

Establish the equations in Exercise 50 by combining the formal
Taylor series for e’ and ™.
Show that:

a. coshif = cos@, b. sinhi@ = isinf.

By multiplying the Taylor series for e* and sin x, find the terms
through x* of the Taylor series for * sin x. This series is the imag-
inary part of the series for '

&5 et = e(1+1)x.

Use this fact to check your answer. For what values of x should
the series for e* sin x converge?

When a and b are real, we define e®@*%)* with the equation

et = gax. oibr = o%(cogs bx + isin bx).
Differentidte the right-hand side of this equation to show that

_gx_e(ah’b)x = (a + ib)el+b=.

Thus the familiar rule (d/dx)e* = ke** holds for k complex as
well as real.

Use the definition of e to show that for any real numbers 0, 0;,
and 6,,

a. eiaxeiez = el(0|+ez)’

b. e = 1/e.
Two complex numbers a + ib and ¢ + id are equal if and only if
a = cand b = d. Use this fact to evaluate

/e‘”cosbxdx and /e‘”‘sinbxdx .
from
/ plaibs gy = 2= ibz vk 4
a*+ b

where C = C; + iC, is a complex constant of integration.
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33. L(x) = 0,0(x) = —x%2 35 L(x) = 1,0(x) = 1 +.x%/2

37. Lix) =x,0(x) =x
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15. 22 ()" = x2 + 2% + 4xt + o
n=0
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17. E‘Jnx""l =1+ +3x2+4>+--
n=1

19. |x| < (0.06)"° < 0.56968
21. |Emor| < (107%)%/6 < 1.67 x 1071, ~102 <x <0

23. |Error| < (3%1)(0.13/6 < 1.87 X 107 25. 0000293653

27. |x] < 0.02 31 sinx, x = 0.1; sin (0.1)

33, tanlx,x = /3
3 5 6

> ai = 2 E— _______
35. e*sinx Jc+x+3 30 ~ 90

Kk—1) ,
- 2 x
49. (a) —1 (b) (1/\/_)(1 +i) (o) i

15 105,
53, x + x2 +3x 30%

43. () Q(x) = 1 + kx +

; will converge for all x

Section 11.10, pp. 831—833
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(b) for0 = x < 1007'/3
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1 1 1
9. 1 +=— ———= + ——
2xr  8x%  16x3
1. (L4 x)*=1+4x + 6x2 + 4 + x*
13. (1—2x)3— 1 — 6x + 12x* — 8x3
( 1)" B o0
15. y = 2 —xt=e™ 1T y= X)) =~ 1
n=0 ™ n=1
(=] (s} xzn xZZ
19. y="§=‘,( x"/nl)=¢e"—x—1 2L y="=02,,n! = gt/
b . 2 X xntl . _
23.yf-’l§=‘z)2x =1-% 25.y—’§6(2—n—_|'_—1—)!——smhx
B ( 1)n+l n
27. y = 221 )
o e 2n+1
X X
.y =x— -3
2. y=x 2,,=0 @n)! ~ & (2 + 1)
- 13 _ax* b X
31.y—a+bx+6x 3.4 4.5 667+
ax® + b’
3.4-7-8  4-5-8-9
33. 0.00267 35. 0.1 37. 0.0999444611  39. 0.100001
41. 1/(13-6!) ~ 0.00011 43. = 2
- 1/(13-61) = 0.00 N P TR R
%2 4
5. @5 -1
' 4 6 8
X _ x_ x __ X 4 15
®) % teg -7t 05
47. 1/2 49. —1/24 51.1/3 53. -1 55.2
59. 500 terms 61 4terms
5x7 _
63. (a) x +Z 3 + 40 + 112’ radius of convergence = 1
T x? 3x° 5x7
b5~ *~% "4 112
65. 1 —2x +3x2 —4x* + .-+ 7L () 3w/4
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