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Complex numbers

6.1 The rectangular form of complex
numbers

In Chapter 0 we indicated that the set C of complex numbers could be
expressed as
C={x+yilx e Rye Ri=s—1}

We did not consider the complex numbers further at that point, but here we
shall consider them in more detail.

Recall that in the set of real numbers we can always find the sum, the
difference, the product, or the quotient of two real numbers, provided that we
do not divide by zero. There is some difficulty with root extraction, since we
cannot extract even roots of negative numbers. You will discover that in the
set of complex numbers we can do all of the operations possible in the set of
real numbers, and that root extraction is always possible in the set of complex
numbers.

In the complex number a -+ bi, a is considered to be the real part of
a + bi and b is considered to be the imaginary part or, sometimes, the coef-
ficient of the imaginary part.

‘ The complex number @ -+ 0i = a is considered to be a real number and
the complex number 0 4 bi = bi is called a pure imaginary number.
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bi ea—+ bi

Figure 6.1

When we wish to represent complex numbers graphically, we often use
what is called the Argand plane, in which we have a horizontal axis, called the
real axis, and a vertical axis, called the imaginary axis. The plotting of the
complex number a + bi, illustrated in Figure 6.1, is done in the same fashion
as the plotting of the ordered pair (a, b) in R%. Corresponding to the complex
number a + bi is a complex number called the complex conjugate of a + bi.
The complex conjugate of a -+ biis a — bi. We can readily see that this complex
conjugate is symmetric to the complex number a + bi with respect to the real
axis.

The complex conjugate of 3 + 4i is 3 — 4i; the complex conjugate of
5—2iis 5 — (—2i) =154 2i. Figure 6.2 illustrates the symmetry of 3 + 4i
and 3 — 4i with respect to the x-axis.
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If z = a + bi, we often use 7 to refer to the complex conjugate of z. If

z=4+1,
F=4 — |,

andif w =2 — 2i,
‘ w=2+ 2i

Two complex numbers a + bi and c¢ + di are considered to be equal if
and only if a = ¢ and b = d. Thus, we can see that two complex numbers
are equal if and only if their real parts are equal and their imaginary parts are
equal.

The four standard operations, addition, subtraction, multiplication, and

division, will be defined in this section. The operations of addition and subtrac-
tion are defined quite easily, as is shown below.

The sum of a + bi and ¢ + di is given by
@+ bi)+(c+d)=(a+c)+ b+ d).

The difference of a + bi and ¢ + di is given by
@+ bi)—(c+diy=(a—c)+ (b—d)i.

We can readily see that the sum (difference) of two complex numbers can
be obtained by taking the sum (difference) of their real parts and of their imagi-
nary parts, respectively. Examples of these two operations are shown below.
Let

w=3—4i z=542i, and u=4-11.

Then .
w4+ z=8—2i z+u=9+4 3i
w =3+ 4 Z=15—2i,
w4+ u=7-+ 5i w—z=—2— 6i

z—u=141i and z-—w=24+ 2i
The product of a + bi and ¢ + di is given by
(a + bi)(¢ + di) =(ac — bd) + (ad + bo)i.

This definition might be developed if we assume that multiplication of
complex numbers has the same properties as multiplication of real numbers—
namely, that it is commutative and associative, and that it distributes over
addition. This development is shown below.

(a + bi)(c + di) = a(c + di) + bi(c + di)
= [ac + (ad)i] + [(bo)i + (bd)i?]
= [ac + (bd)i?] + [ad - beli
= (ac — bd) + (ad + be)i  (since {2 = —1).
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Thus,
@2+ 35— 7)) =[2-5—3-(=D] + 2:(—7) + 3-5]i
=10+ 21) + (—14 + 15)i
=31 4§,
and

(3 + 41)(3 — 4) = [3:3 — 4-(—4)] + [3-(—4) + 4.3}
=[9 4 16] + [—12 4 12]i
=25+ 0i = 25.

The last example illustrated that the product of a complex number and its
conjugate is a real number. This is shown in general below.

(a + bi)-(a — bi) = a® — (bi)?
— q® — pj2
= q% + b2
The last fact is helpful in developing the definition of division of one
complex number by another. We would like (a -+ bi)/(c + di) to be a complex
number. This means that this quotient should have a real part and an imaginary

part. If we multiply both the numerator and the denominator of (@ - 5i)/(c + di)
by the complex conjugate of ¢ + di, we have the following development.

a+ bi _ (a-+ bi)c— di)

c+di (c+ diY(c —di)
_ (ac + bd) + (be — ad)i
- CZ+d2
_ac+bd | bc—ad,

- 4+ dr e

You may find it easier to remember the technique used in developing this
definition than to remember the definition. Using the technique above, we find
that
(7 — 20)(2 — 5i)

2 + 5)(@2 — 50)
_(14—10) 4 (=35 — &

(7 — 2i) = 2 + 5i) =

41725
439
=729
_4_ %,
=29~ "

Either of these last two forms would be considered appropriate as an answer.
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Exercises 6.1

1. Identify the real part, the imaginary part, and the complex conjugate of each
of the following. Plot each of the following complex numbers.

a. 7T—1i b. 3+2 c. 2450

d 1-3; e. —4i f. 444

g 92 h. -5 i A3 -2
jo e+ k. 3 L 3

Perform the indicated operations.

2. B-204+Q7+9) 3. (w430 4+ (=37 — 4)
4. 3i+@—30) 50 (—24+7)+Q@2—9)
6. B—-2)—QA7+4d) 7. (xr + 3i) — (=37 — 4i)
8. (6—-i)—@4—50) 9. 4+4)—3+2)
10. (6 — 23 + i) 11. (e + 13i)(3e — 2i)
12. i(4 — 3i) 13. 2 —-3)3 — 4)
4. B3-2D+0+19) 15. A4+ +03—2)
16. (4 —30) -3 —9) 17. 1 = (¢ 4 di)
18. [B -+ + Q2 —3)]4 + 5i) 19. [(5 —2)(3 + 4i)] = (4 + 6i)
20. [B -+ @+ 2D))5 — 6) 21, [(3 4 2i) — (—3 + D)6 — 30)
22, (1 4y 23, (3 + 22 =1+ 2
24, (—5 420 —~ (@4 — iy’ 25. A4+t =@ —10)P

6.2 The polar form of complex numbers

In Section 6.1 we explored the method known as the rectangular form of
representing complex numbers. In this section we shall examine the polar form
of representing complex numbers.

First, we shall consider the distance that the point representing a complex
number is from the origin. Through the use of the Pythagorean theorem we
can easily see in Figure 6.3 that the distance of the point x -+ yi from the
origin is given by a/x* + y2. This distance is usually referred to as the modulus
of the complex number, and it is denoted by ;.

Second, we shall consider the angle that the segment connecting the point
x 4 yi to the origin makes with the positive half of the x-axis. This angle is
denoted by ¢ in Figure 6.3, and it is called the argument or the amplitude of
the complex number x -+ yi. The argument of a complex number will be given
in radians, not degrees, in this book.
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x+ yi

Figure 6.3

We can note that tan § = y/x, but we cannot go further to state that
§ = Tan™' y/x, the reason being that y/x has the same value for two points
which are symmetric with respect to the origin even though they are on opposite
half-lines emanating from the origin. It is important to notice the quadrant
in which a complex number lies when determining the argument of the complex
number. If we consider the complex numbers —2 -+ 2i and 2 — 2i, we note
that —2 +- 2/ lies in the second quadrant and 3z/4 is an appropriate selection
for the argument of —2 + 2i. The complex number 2 — 2i lies in the fourth
quadrant and —=/4 is an appropriate selection for the argument of 2 — 2i.
These two complex numbers are graphed in Figure 6.4.
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For the complex number —2 -+ 2j,

ry_2 _
x =2 L
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and for the complex number 2 — 2i,

y_=2__
=3 1.
Since tan § = —1 for each of these complex numbers, it is necessary to see

which quadrant the complex number is in before we choose the argument of
the complex number.

You may ask why pick —z/4 instead of 7z/4 for the argument of 2 — 2i.
Remember that if the measures of two angles differ by an integral multiple of
27 radians, the two angles have the same terminal side. This means that if 8
is an argument for the complex number a + b7, then any number of the form
6 + 2nx, where n € J, is also an argument for the complex number a 4 bi.
To achieve uniformity in the determination of the argument of a complex
number, we shall agree that the principal argument of a complex number will
be in the interval (—=, 7].
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When writing a complex number in polar form, we usually consider
the origin to be the pole, and the ray which corresponds to the positive half
of the x-axis is called the polar axis. The complex number is written as
r(cos 6 + i sin §) where r and 6 are as described above.

Two complex numbers

rcos 8, + isinf) and ry(cos @, + isinb,)

are the same complex number if r, = r, and @, = 6, 4 2nzx for some n < J.
Although we do not customarily write complex numbers with negative moduli,
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yi

Figure 6.6

this is occasionally done. If r is negative, we first determine the ray emanating
from the origin which makes an angle of # radians with the polar axis. The
other half of the line determined by this ray makes an angle of § + = radians
with the polar axis. We might consider that if the modulus r in the complex
number r(cos 6 + i sin ) is positive, we moved r units along the ray (@),
making an angle of 6 radians with the polar axis. If r is negative, we might
consider the ray (ﬁ), making an angle of § + = radians with the polar axis,
to be the “negative half” of the ray (@) for the purposes of graphing.

We have included a sufficient amount of material to see that if we wish
to convert a complex number x - yi from rectangular form to polar form,
we can do it by letting r = +/x* + y®>and tan 6 = y/x.

Example 1
Convert —3 — 34/ 3i to polar form.

Solution

r=a/(=32+ (-3/3)2 =49 +27 =4/36 =6.
—3 — 3./ 3i s in the third quadrant.

tan 6 = —3_“?3 =4/3, so 6:~_3ﬁand

~3 — 3y/3 = 6 cos () + isin (-]

To convert the complex number r(cos 6 + i sin §) to rectangular form,
we let

x=rcosf and y=rsinf
This should be easy to see, since
r(cos @ + i sin 6) = (r cos ) 4 (r sin 0)i.
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Example 2

Convert 2’:cos (—-42) + isin (—-45):| to rectangular form.

Solution

Exercises 6.2

Convert the following complex numbers from rectangular form to polar form.

1. —1+1i 2. 1 —4/3i
3. —4 4. 3+ 3/3i
5. 6 —2/3i 6. 4 —4i
7. —1+4/3i 8. —9

Graph each of the following complex numbers. Then convert the complex number
from polar form to rectangular form.

9. 5(cos 3 +isin27) 10. 3(cos 3 + isin 3F)
1. 4fcos(~F) +isin (~F)] 12. 10(cos 3 + sin %)
13. 8(cos 27 + isin 7F) 14, 6(cos 3 - isin 27)
15. —6[cos (~%) +isin(~F)] 16 dcos (~m) + isin ()]

6.3 De Moivre's theorem

The representation of complex numbers in polar form has some distinct
advantages. One is that it is much easier to multiply or divide complex numbers
in polar form than in rectangular form. If we let two complex numbers z, and
z, be represented by

r(cos @ 4+ isin@) and rycos ¢ + isin ),

respectively, we have the following development for their product.
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z,+2, = [r(cos 8 + isin 6)]-[r(cos ¢ + isin P)]
= [r,cos 6 + (r, sin 6)i]-[r. cos ¢ + (#, sin P)i]
= (r,r,cos 8 cos d — r, rysin O sin @)
+ (r, r, cos 6 sin 4 r; 1, sin H cos )i
= r, 1y (cos 6 cos ¢ — sin @ sin ¢p)
+ r, #; (cos @ sin ¢ + sin @ cos )i
= 1,5, 08 (0 + ) -+ r 1y sin (6 + )i
=riry[cos (0 + $) +isin (6 + P)].
2°% = r 1 [cos (0 + @) + isin (6 4 P)].
Thus, we see that when we take the product of two complex numbers,
the modulus of the product is the product of the moduli of the two factors, and

the argument of the product is the sum of the arguments of the factors. This
result can be generalized in the following way.

If z = r(cos O + isin ), and n € N, then

z® = r™ (cos nf + i sin nh).

This result, known as De Moivre’s theorem, can be proved by mathematical
induction, as follows:
(i) z!=z=r(cosf + isinf)=r'(cosl-6 + isinl.f).
(i) Assume that z*¥ = r¥(cos k6 + i sin kf) for some k € J. Using this
as the induction hypothesis, we wish to prove that
zk*t = pE*l[cos (k + 1) 4+ isin (k + 1)4].
ZE+l — k.
= [r¥(cos k6 + i sin kB)]-[r(cos 6 + i sin §)] (by theinduction hypothe-
Sis)
= rk.r[cos (k6 + 6) + i sin (k6 + 6)] (by the previous result about the
product)
= r**'cos (k + 1)6 + i sin (k 4 1)8] (by properties of algebra).
k1 = pk*lcos (k + 1) + isin (k + 1)F].
If z = r(cos @ + isin @) and n € N, then 2z = r"(cos nf - i sin n@).

Examples using these results are given below.

Example 1

[3<cos % -++ isin %)J - [%— (cos% -+ sin %)]

Solution

<3 . %)[cos (% + %) + isin (% 4+ %—)J = 2[(:0571_75 — isin%}
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Example 2
Evaluate (1 + i)®

Solution
(1 + iy = [«/7<COS% + ”Sin%ﬂs
= /Zy[cos (6 F) + isin (6 7]
= 8(cos377r + isin 3%:)
= 8(0 — )
— —8i.

We have seen that finding products and powers is quite easy using polar
coordinates. Finding quotients is also quite easy. We first express 1/z in polar
coordinates. Using this result, we then find a way of expressing z,/z,. If

z =r(cos 8 + isinf),

then
RIS S
z ~ r(cosf + isin6)
1 r(cos 0 — isin 6)

" r(cosf + isin6) r(cosd — isind)
_ _r(cos —isinf)
" r2(cos’d — i2sin’ H)
cosf —isinf
r{cos? § + sin? 6)

— %(cos 6 — isin6)
- ri[cos (—0) + isin (—6)]

[since cos (—6) = cos 6 and sin (—6) = —sin 6)]. Using this result, if
zy=ry(cosf +isinf) and z,=r,(cos¢p + isind),

then
2= |necost + isind)| - [ L (cos (—¢) + isin(~ )|
= %[cos (6 — @)+ isin(6 — @),

using the rule for the product of two complex numbers in polar form. Thus,
the modulus of the quotient is the quotient of the moduli, and the argument of
the quotient is the difference of the arguments. Examples of this rule are shown
below.
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Example 3

[3<cos -+ isin 5 )] = [6(cos % 4 7sin %)J
Solution

Heo(5-5) +ton(F - F)] = oo F 210 3)
Example 4
12(cos vy + zsm Z)

[2(005 + isin 3; )T

Solution

12<cos% -+ isin 4) 12<cos + isin 4)

[2<cos 3% 4 isin 33”)] ~ 4(cos 3w + isin 3m)
= 142[(;05(4 7:) + isin (% — 37r>]

= 3[cos (=57 + rsin (=57)]

Exercises 6.3

Find the indicated products, powers, and quotients.

1. [S(COS <+ isin 2;>J [2(005 5 —+ isin 32”)]

AN (cos + isin f)] [13(cos( ) + isin (— n))]
3. [vE (cos 5 +isinZ)]+ VI8 (cos E + isin )]
o [fos(2) 160 ()] [ < i),
5. [3(cos 2 + isin )]

6. [J? (cos 34 +isin 3% )]

7. [cos T 4 isin |

8. [2(cos ¥ +isin¥)]"

6.3
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9. 8(cos vy + isin 3”)} (4(005 + isin )jl

35(cos— + isin 377{)1 [ (cos—— + isin ”)

) = [ifeo - 50 5)]
]

T
5
12. LB(COS% -+ isin %) - [\/ 3 (cos3— + zsm%ﬂ

10.

11. 4(cos T + isin

<o
e L

13. (1 — i)
3, i\®
14. (T*?)
15. (3 — /30"
16. (=2 — 2ip®

17. (1 — i =3 — /30

18. (@ + %)6 (2 20y

6.4 Roots of complex numbers

We indicated earlier that the extraction of roots is always possible within
the system of complex numbers. This process is accomplished fairly easily by
using an application of De Moivre’s theorem.

Let z = r(cos§ + isin6). We wish to find the complex number(s) w
such that y» — 7. Assume that w = p (sin ¢ + i sin ¢). Then, by De Moivre’s
theorem,

w® = p" (cos ng + i sin ne).
In order to have w® = z, we must have
p” (sin n + i sin nd) = r(cos & + i sin §).
This means that p” = r and np = ¢ or ndp = 6 -+ 2kn, where k € J. If p" = r
then p = v/ r, and if nd = 6 + 2k=, k € J, then

d):%{,ke‘]_

If % takes the different values 0, 1,2, ..., » — 1, then
6+ 2x (;[)3:94-4717 B ¢n:0+(n~1)27r

b 5

¢':7’ b2 = n “n n

will be # different angles which are not coterminal. Since these angles are not
coterminal,

n— 7] . . 0)
w, — r{cos— - 1sm—}J»
1 /\/ ( n -+ n
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Wy = (77[005 (0 -:2”) + isin (G——I;zﬁ)] ,

W= YT [cos 6+ (nn— 127 4 isin 6 + (nn— 1)27:]
are all different complex numbers, and z has n distinct ath roots.
Let us illustrate by finding the four fourth roots of —4.
—4 = 4(cos = + isin ).
Let
w = p(cos ¢ + 1 sin ).
If w* = —4, then
[p(cos ¢ + i sin $p)]* = 4(cos 7 + i sin 7)),
p*(cos 4 + i sin 4¢) = 4(cos = + i sin x).
pt =4, 4p =7 + 2km, k=0,1,2,3 (sincen=4),

p? =2, 4p=m or w+2x or w+4xr or = 6=,
p=~"2, 4p== or 3z or 5z or 7=,

— 5
p=~Z, $=T, ¢2:{Tﬂ, $y =7 by = 1Z.

The four fourth roots of —4 are given by

A/Z(cos——l—zsm‘l) \/7(3/—2—7——%“/2—51):1#—1,

d2(cos%—+zsin3%)=«/7<_N2/7+§i):‘1+i,

«/2(005——!—151 5%) «/7(_“2/7—%—2:i):—1~1,
w4=/\/2(cos7—+zsm%t):«/T(—zT——“/z——Tz):1—1

Anyone who is not convinced that 1 +i, —1 +7 —1 — i, and 1 — i are all

fourth roots of —4, can check this by using multiplication of complex numbers
in rectangular form.

The # nth roots of 1 can be found in a similar fashion. These are often
called the n nth roots of unity. Let us find the five fifth roots of unity. We can
express 1 in the form I(cos O + 7 sin 0). Thus, if

w = p(cos ¢ + i sin ¢),

p*=1 and 5¢ =0, 2=, 4x, 67, or 8x. Thus, p=1, ¢, =0, ¢, = 2#/5,
¢; = 4n/5, d, = 67/5, and ¢, = 8x/5. The five fifth roots of unity are given by

w, = 1(cos 0 + isin0) = 1,
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Wy = 1(cos—+ zsm%’f)
Wy = I(COS— -+ isin 451)
Wy = 1<cos— -+ tsm%r)

Wy = 1(c088—+ zsm%f)

These could be expressed without writing the modulus of 1. If no modulus
appears, then it is understood that the modulus is 1.

A e

10.
11.
12.

Exercises 6.4

Find the 3 third roots of unity. Express them in rectangular form.
Find the 8 eighth roots of unity. Express them in rectangular form.
Find the 7 seventh roots of unity.

Find the 10 tenth roots of unity.

Find the 3 cube roots of 2 — 2i.

Find the 5 fifth roots of —4 — 4i.

Find the 7 seventh roots of 5(cos % -+ isin %)

Find the 6 sixth roots of 13(cos —+ isin —- ) )

Find the 6 sixth roots of —64i.

Find the 3 cube roots of 27i. Express them in rectangular form.
Find the 3 cube roots of —/. Express them in rectangular form.
Find the 2 square roots of —25i. Express them in rectangular form.

Review Exercises

Convert 6(cos BT” —+ isin 1—361> to rectangular form.

Convert 12 — 12} to polar form.
Give the complex conjugate of

a. 3 — 14 b. 6, c. —3, d. 6+ 2.

Find the 2 square roots of 4i.
Find the 3 cube roots of —8.
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Perform the indicated operations.

a.
C.

g

h.

Convert —4(cos §41 -} isin

@B —2i(—5+17)

(25 4 50i) - (3 — 4i)

e. [3(cos % -+ isin %):Is

T

[3(005 —755 + isin 3

T

[3(cos % -+ isin 3

)

b.

B —2)—(—=5+70)

d. (—17 + 160) + (3 — 8i)

f.

1

I:Z(cos _Tﬂ + isin -T

T(cos % + isin %)]

0+ [Hes 4100 5)]

Convert —6 -+ 64/37 to polar form.

4

3z

Perform the indicated operations.

a.

b.

[5(COS gz_r -+ isin 3%
3

3z ..
[5(005 T + isin =

3+ 6i) +(—2 + 3i)
B+ 60)-(—2+30)

a -y

f.

) to rectangular form.

)]+ [2cos s )]
)] [2(eos 5 - 1sin )]

d.

(3 +6i) — (=2 +3D)
(3 + 6i) ~ (=2 +30)

’)

4

]

6.4



9.

11.
13.
15.

Selected answers

a = 43°18’, B = 104°14’, b = 32.51 yds or o = 136°42', B = 10°4(,
b = 6.207 yds.

No solution

a = 130°22, v = 11°48’, a = 41.0in.

a. 210ft b. 703 ft 17. 110ft 19. 1801t

Exercises 5.4

YNhwe—

11.
13.
15.

1.
7.
13.

o = 65°40, B = 40°20', ¢ = 40.09 ft.
@ = 31°45, B = 51°15', ¢ = 105.6 yds.
o = 62°42', y = 58°48’, b = 28.31 in.
B =25°41", y = 22°20’, a = 134.8 ft.
B = 42°10, v = 42°10, a = 63.30 yds.
a = 50°51/, y = 70°43’, B = 58°26.

a = 36°52, B = 53°%’, v = 90°.

240 ft 17. 37ft 19. 323 ft
Exercises 5.5

1939 sq ft 3. 4036 sq yds 5. 450.8 sqin.

778.6 sq ft 9. 606.7 sq ft 11. 280.2 sq in.

191,500 sq yds 15. 170.9 sq ft or 253.6 sq ft

No solution 19. 105.8 sq ft 21. 1284/3 sqft

17.

Review Exercises

1.
3.
5.
7.
11.

13.
17.

B =170° a = 218.7in., ¢ = 266.4 in.
a = 40°32', B = 49°28', a = 2,/66 ft = 16.25ft.
a = 64°59’, v = 40°38’, 'a = 26.92 ft.

a. 10° c. —828° 9. 414.1ft

a 2?” radians c. — ?—g radians

a = 35°26', B = 48°11’, v = 96°23' 15. No solution
b = 46.84 yds, « = 26°58’, v = 103°42’.

Chapter 6

Exercises 6.1

1.

3.
9.

15.

21.

a. 7, —1,7+1i

g 9, -2,9+2 i V3WVZ, T - VT k3,03
Zom— i 5. 6 7. 4n + 7

1+ 2 11. (Ge*+ 2b)+37 13, —6— 17i
1,5, c d 88 41,
-1—3__‘_1_3’ 17. c2+d2_c2+d2 19. 2—6—%1

39 — 21 23, .2 122 25, — 50 _ 32,

T125 T 128 289 T 289’

c. 2,52—5i e. 0, —4, 4

21
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Selected answers

Exercises 6.2

1. V2 (cos == - isin 3:) 3. 4[cos (—%) + isin (_%)]

5. 4J_[cos (—?) + isin (— %)] 7. 2<cos + isin %)

9. ——%-{-7——571' 11. 2—-2/73i
13. —4/2 — 4/ 2 15. =33 +3i
Exercises 6.3

1. IO(COSE + i sin 12”) 3. 643 (cos 1:5” 4 isin 1:5”)

5. 27(cos % + isin F) 7.1

9. 2(cos + i sin T) 11. —‘IT[cos (—2—”) + i sin (—%755)]
13. 16 15. 144[cos (—ZT) + i sm( 2;)}
17. ; (cos 2z + 7 sin 2—3”-)

Exercises 6.4

1.

3.

11.

Ll V3, 1 V3,

i, = — 55—

’ 2 2 2 2

1, cos +zsm27,cos4——+zs1n47,cos +zsm67,

co! 8 +tsm877t,cos&75+zsn1(.)7”,c05127f+t sin IZT”
[cos( )—f—zsm( 1_?:)]’ ﬁ(cos7 +zsmﬁ)

«/7( +tsm577r)

V5 (cos 35+’Sm35) V5 (cos I + s 1315”>

s(on 3ot (o )

Z/?(c 41” si %’E>’ {/T(cos 317 L isin 531571-)

V5o 120 8)

[c ( )—}-zsm( {%ﬂ ﬁ(cos%—i—isin%)v
(cos 12+’sm712) V7 (cos - i sin 1)
(05 % +tsm%”)’ VZ (cos 7 + i sin 27y

VI _ i
2 2

%S h h
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Review Exercises

i —

9.

/3 + 36

1+434 2,1 —A/3i
—5 4+ 10i

a. —1+4 31

C.

coss—”+'sin8—f
g 15 TiSns

lZ(cosz?” -+ i sin
5

3

27:)

T ..
a. 7—(cosﬁ + 7sin

e. —24-37

Exercises A.l

13.

15.°
17.

3

log 291 + log 243
log 291 — log 243

-%Jog31—%310g29

1
3

)

3. a.

c. 1+9

g —4+4

Appendix

log 729 + 4 log 281 — log 927

4[2 log 314 + log 475 — log 627]

1.967 - 103

Exercises A.2

1.
7.
13.
19.

2.4639
8.6894 — 10
4.96

1953

Exercises A.3

1.
7.

1.466 - 107
3.760 - 10t

Exercises A.4

1.
7.
13.
19.

9.8821 — 10
10.0547 — 10
26°50"
12°52

19.

15.
21.

8.42 - 10~

9.7143 — 10
6.0208

820.8
0.001328

4291
1.239

9.9004 — 10
9.9838 — 10
48°20
23°56'

3+ 14

3z . . 3w
€. 27(cos vy -+ isin —)

Selected answers

c. =3

4

5.0

21. 9.189 - 10—
5. 1.4053
11. 57912 — 10
17. 0.6512
5. 29.94

5. 10.2307 — 10
11. 9.5813 — 10
17. 4°43°
23. 37°4

213




