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Binomial Thm - Proof

Proof.

Let Sn  be the statement Ha + bLn = „
k=0

n

Jn
k
N aHn-kL bk , where  a, b œ Ñ  and n = 1, 2, 3, … .

Basis. Verify that S0 is true. 

LHS = Ha + bL1 = a + b = J1
0
N a1-0 b0 + J1

1
N a1-1 b1 = „

k=0

1

J1
k
N a1-k  bk = RHS.

Inductive step. 

Suppose Sm  is true for some m œ Í , i.e.

Sm : Ha + bLm = „
k=0

m

Jm
k
N aHm-kL bk . 

Show Sm+1  is true, i.e.

Sm+1 : Ha + bLm+1 = „
k=0

m+1

Jm + 1

k
N aHm+1L-k  bk .

1. LHS

2. = Ha + bLm+1

3. = Ha + bL Ha + bLm

4. = Ha + bL „
k=0

m

Jm
k
N aHm-kL bk , using hypothesis

5. = „
k=0

m

Jm
k
N aHm+1L-k  bk +„

k=0

m

Jm
k
N am-k  bk+1

6. = „
k=0

m

Jm
k
N aHm+1L-k  bk +„

k=1

m+1

J m

k - 1
N am-Hk-1L bk
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7.

= Jm
0
N am+1-0 b0 +„

k=1

m

Jm
k
N aHm+1L-k  bk +„

k=1

m

J m

k - 1
N aHm+1L-k  bk + J m

Hm + 1L- 1
N aHm+1L-Hm+1L bHm+1L

8. = Jm
0
N am+1-0 b0 +„

k=1

m

Jm
k
N aHm+1L-k  bk +„

k=1

m

J m

k - 1
N aHm+1L-k  bk + Jm

m
N a0 bHm+1L

9. = Jm
0
N am+1 b0 +

i

k
jjjjjjjj„

k=1

m

AJm
k
N+ J m

k - 1
N E aHm+1L-k  bk

y

{
zzzzzzzz+ Jm

m
N a0 bm+1 , lemma

10. = Jm + 1

0
N am+1 b0 +„

k=1

m

Jm + 1

k
N  aHm+1L-k  bk + Jm + 1

m + 1
N a0 bm+1 , Pascal's formula

11. = „
k=0

m+1

Jm + 1

k
N aHm+1L-k  bk

12. = RHS

Conclusion. If Sm  is true, then Sm+1  is true. Since S1 is true, Sn  is true for all n œ Í . 

\ Ha + bLn = „
k=0

n

Jn
k
N aHn-kL bk , where  a, b œ Ñ  and n = 1, 2, 3, ….

á
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