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Mathematical Induction

Mathematical induction is a method of proving that a statement is true for all positive integers. Here is
how it works.

First, show that a statement we will call "statement-one" is true. Second, show that if statement-one is
true, then statement-two must be true and if statement-two is true, then statement-three must be true,
and if statement-three is true, then statement-four must be true, and so on without end.

Let's label statement-one as S7 and statement-two as S; and so on. Then we can summarize the pro-
cess described above.

First.
S71s true.

Second.
81 1s true = S s true,
S, is true = §3 is true,
S3 is true = Sy is true,

Third.
The statement S, is true, wheren =1, 2, 3, ... .

The bad news is that it looks like the second part will take some serious time, since apparently one
must prove infinitely many implications of the form if this statement is true, then the next one is frue.

That is, infinitely many implications of the form S, = S, .

The good news is that we can accomplish this in a finite amount of time if we can prove that if any
statement-k is true than the next one, statement-(k-+ 1) is must be true, too. That is, if we can prove
Sp=8 . foranyk=1,2 3, ... .

The following examples illustrate the proof technique of mathematical induction.
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[EX1] Prove:1+2+3+...+n="22forn=2,3,4,....

Proof.
Let S, bethe statement 1 +2+3 + ... +n= @, n=1273 ...
Basis. Verify that Syistrue. LHS =1 = % =RHS.
Inductive step. Show that if S, is true then Sj,1 must be true, k € Z*.
Suppose S, is true for some k € Z* | i.e.
Sp:1+2+3+ .. +k= @ . [Note: statement S; is known as the induction hypothesis. |

Show that then Sj,; must be true, i.e.

_ (k+]) (k+2)
= 3 .

Ser1: 14243+ .+ (k+1) = LG
LHS =1+2+3+.. +k+(k+1)

@ + (k+ 1) [Note: here we have used the hypothesis, statement S .]

_ k(k+D+2 (k+1)
- 2

_ (k+D) (k+2)
- 2

= RHS

Conclusion. If Sy is true, then Sy is true. Since S7is true, S, S, 3 ... are all true.

n(n+1)

S8, istrue. 1+2+3+ ... +n= 3

O
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[EX2] Prove:1:2+4+2-3+3-4+...+nn+1)= %n(n+1)(n+2) forn=1,2,3,....
(J11-BA p. 88 Demonstration 1)

Proof.
Let S, be the statement 1-2+2-3+3-4+ .. +nn+1)= T nn+1)(n+2), n=1,2,3, ... .

Basis. Syis true because LHS =1-2=2 = W =RHS.

Inductive step.

Suppose S, is true for some k € Z* | i.e.
Sk 12423434+ L +k(k+1)= % k(k+ 1) (k +2).
Show Sy is true, i.e.

Sie1:1:2+2:343 4+ . +ktk+D)+Gk+1D)k+2)=Gk+1D)(k+2)(k+3).

1
3

LHS 1:2+2-3+34+ ... +ktk+D)+k+1)(k+2)

Th(k+1)(k+2)+(k+1)(k+2)

k3—3+k2+%+k2+3k+2

T+ 1) (k+2)(k+3)
= RHS
Conclusion. If Sy, is true, then S;, is true. Since Sy is true, S7, S, S3, ... are all true.

124234344 L nm+1)= S+ 1) (n+2),

O
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[EX3] Bernoulli's Inequality (J11-BA p. 89 Demonstration 2)
Bernoulli's Inequality

Let a > —1 [Note: says same as 1 +a > 0]

Thm: (1+a)'=1+na,n=0,1,2,3, ... .

Proof.

Let S, be the statement (1 +a)’ = 1+na, n=0,1,2 3, ... .

Basis. S is true because (1 +a)’ = 1= 1+0a

Inductive step.

Suppose Sy, 1s true for some k=0, 1, 2, ..., 1e.
Sp:(l+af=1+ka

Show Sy is true, i.e.
Ser1: (1 +a@f* =1+ (k+Da

LHS = (1+a)f*!
=(1+a¥ (1 +a)

>(1+ka)(l+a) [using hypothesis]

=l+ka+a+kd
=l+ka+a [ ka? = 0]
=1+Gk+1a
= RHS
Conclusion. If Sy, is true, then Sy, is true. Since S, is true, Sy, S1, >, ... are all true.

L(l+a)y'=1+na,n=1,2,3, .. ,anda>—1.

O
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[EX4] Prove: a(by +by +b3+...+b,)=aby+aby+abs+...+ab,forn=2,3,4, ... .
Proof.

Let S, be the statement a(by +by +b3+ ... +b,)=ab; +ab, +absy+ ... +ab, forn=2 34, ... .

Basis. Sy is true because a(by + b)) =ab; +ab;

Inductive step.

Suppose S, is true for some k € Z* | i.e.

Spralby +by+b3+ ... +by)=aby+aby+abs+ ... +ab;
Show Sy is true, i.e.

Sir1:a(by +by+b3+ ...+ by 1)=ab) +aby +abs+ ... +abiy
LHS =a(by+by+bs+ ... +by +bp4q)

:a[(b1 +b2+b3 + ... +bk)+bk+]]

=alby +by + b3+ ... +bk)+arbk+1

=aby+aby+abs+...+ab.+ab,_, [using hypothesis]

= RHS

Conclusion. If Sy, is true, then S;,1 is true. Since S is true, S5, S3, Sy, ... are all true.
salby+by+bs+ ... +b,)=aby +aby +abs+ ... +ab, forn=2 3,4, ... .

O
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1 1 2 4 2n—1 on
[EXS] Prove: — — —— - Z2 = — o= — .- —o— = —T—, ne N, n 22 (J10 p. 48 #4)
1 1 2 4 _ 8

[Inbook J10atp. 4844, — - —7 - =57 -~ =7 = =7
Proof
Basis:

o | 12

2 xo1 x+1 x-1

1 1 2
LHS = - = = RHS
x—1 x+1 x2 -1

Induction:

Suppose S, 1s true

< 1 1 2 2k-1 ~ 2k
k'x—l x+1 x2+1 xzk_l+1_x2k—1

Show S, is true

1 1 2 2k—1 2k 2k+1
et x—1 x+1 x2+1 7 241 i B X2 — 1
LHS = ! - : - 2 - = 2 - 2
x-1 x+1 x2+1 x4l x4
2k 2k
B 21 x4
2k+1
= 25
=RHS
Since Sy 1s true implies Sy 1s true, and since S, is true, all of Sp S3, S4, Ss, ... are true.
A o1 2 4 2
P T s e |
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|

Proof.
Let S,, be the statement

Basis. 7 is true because

Inductive step.

Suppose S, is true for some k € Z* | i.e.
Sk

Show S, is true, i.e.
Skt

LHS =

= RHS

Conclusion. If S, is true, then Sy is true. Since S is true, 87, S, S3, ... are all true.
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