Trigonomeiric identities

2.1 ldentities and equations

You should recul} from your study of algebra that mathematical expres-
sions that involve an equals sign are called equations. An equation, actually
a statement that two expressions are equal, is sometimes called a statement
of equality. A statement of equality may be either true or false, Some examples
of equations appear below. Theg

{x — D)(x - l):xj—l, 3x —4 =5,

We are actually considering two types of algebraic equations here.
The first eguation is intended to indicate that if x represents any number
for which (x — 1}{x -+ 1) and x* -- | are both meaningful expressions, then
{x — 1¥x + 1} and x* - 1 are different names for the same number. An equa-
tion of this type is cailed an identity.

The second equation expresses a different idea. The t{wo expressions,
3x — 4 and 3, may or may not be different names for the same number. Clearly,
if x = 3, we have a true statement of equality and if x = 3, we have a false
statement of equality. Equations of this type are called conditional equations,

The replacentent set for an equation in one variable is a set of numbers any
one of which may be used to replace the variable, Sometimes we agree before-
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hand what set of numbers this will be. It may te the set of natural numbers,
the set of integers, the set of complex numbers, or any other set of numbers.
Often we assume that the replacement set for an equation is the set of all real
numbers for which each expression in the equation is a meaningful expression.

A conditional equation may be defined more accurately as an equation
for which at least one element in the replacement set results in q false statement
of eguality. The equation 3x — 4 =5 is a conditional equation, since 2 Is in
the replacement set for 3x — 4 =3, and 32 — 4 = 5 is a false statement of
equality.

An identity may be defined as an equation for which each element in the
replacement sel results in a frue statement of equalify,

From these two definitions, you can see that every equation is either a
conditional equation or an identity.

One should keep in mind that in algebra different replacement sets arc
used for the variables on different occasions. For example, if the replacement
set for the equation x* + | = 0 were the set of real numbers, there wouid be
no elements in the replacement set that result in a true statement of equality.
1f the replacement set for the equation x* -- 1 == {¥is the set of complex numbers,
both 7 and — result in true statements of eqguality. In each of these cases, the
equation x? + 1 = 0 is a conditional equation, since, in each case, 2 18 in the
replacement set and 2 results in a false statement of equality.

In this section we shall extend the ideas of identities and conditiona:
equations to trigonometric equations. This chapter deals with techniques for
verifying that some trigonometric equations are identities, and Chapter :
explores methods of solving conditional trigonometric equations.

j In dealing with trigonometric expressions, we consider the replacemen
set to be all real numbers for which the expression is meaningful. The replace
ment set of 4 trigonometric equation is the set of all real numbers for which eqc
;Whema or not the resulting statemen
of equality is true.

There are three ways in which substituting a particular real number fa
the variable might fail to result in a meaningful expression:

1. It might Jeave a trigonometric function undefined. ¥

2. It might create a situation which calls for dividing by 0.

3. It might create a situation which calls for taking an even root of ¢

negative number.

The first of these three difficulties is illustrated in the equation sec xsin:
-~ tan x. You will remember that if x is a real number of the form #/2 + nx
where 7 € J, both secx and tan x are undefined. Thus, the replacement set fo
secxsinx =tanxis

R—{xfx:%-«—mr,nel}.
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The second difficulty is illustrated in the equation

sin x = N S
] —cosx

The right-hand member of the equation will not be defined if cos x = 1, since
this would invelve division by 0. Since cos x = 1 if x = 2w, where 1 € J, the

replacement set for sin x = I/(l — cos x) is the set
R~ {x|x=2am,n < ]
We will use the symbol & to represent the replacement set for the expres-

sion or equation under consideration in any problem. Thus, in this last example
we could have written
P =R {x|x=2nx,n  J}

The discussion here has been basically algebraic in nature, and the student
should recognize that the last two of the three difficulties Iisted can also occur
in algebra. In practice, we must be alert to avoid the first two difficulties. The
third will cccur relatively infrequently in this book.

As indicated earlier, a conditional equation is an equation for which at
feast one number in the replacement set results in a false statement of equality.
One way of proving that an equation is conditional is to demonstrate that such
a number is in the replacement set. Take, for example, the equation sinx =
1/{1 — cos x) for which the replacement set is @ = R ~ {xi{x = 2nw, n eJl
We notc that
1 1 I 1
[ —cosn 1—-(-0) 2° and 02 5
Thus, sinws= 14L —cosw). and sinx = 1/} —cosx) is a conditicnal
equation.

There are times when it is quite helpful to know whether a given trigonomet-
ric equation is an identity or a conditional equation. We have just demonstrated
the basic method of proving that a trigonometric equation is a conditional
equation—by showing that the use of a particular bumber in the replacement
set results in a false statement of equality.

If we cannot find 2 number which praves that a trigonometric equation
is a conditiopal equation. this does not necessarily mean that the equation in
question is an identity. It may mean that we have not tred an appropridte
number. If we suspect that a trigonometric equation is an identity, we can
attempt to justify our suspicions by using techniques which are discussed
throughout the remainder of this chapter. The equation sec x sin x = tan x
is an identity, as you will be asked to verify in Exercises 2.2.

So far we have used only symbols with which the student is familiar to
represent variables. In trigonometry it is common to use lowercase Greek
letters to represent variables. We will use 8, ¢, «, B, and « as variables fre-
quently. Their names are thera, phi, alpha, beta, and gamma, respectively.

T e, snm=0,

2.2 The fundamental ~=ntifies i

Exercises 2.1

Prove that the equations are conditional equations. State the replacernent set for eacl
equation.

Exomple

sinx 4-cosx = L

Solution

VT V2 N 2 = L

I

cos x — sinx = L. sec x — fan x

H
C N =
L sin x
¢os 2x = 2CO5 X.

log

sin 2x = 2 8in.

SiA X — £OS X = COS.X — 5N X,

e o AW

X |
qec x — Csc x = tan x -— cot x. LS = = 3 COs XL
! i
P 10 tan ~ = —=tan x.
o 9 sin 5 = 7511‘1 X 5 5
v tan x -+ 1
== | e = SEC X
/J/l. tan 2x = 2 fan x. AL
13. 2sinx —cosx +1 =0 (4. cosx — 2ianx - 5€C X = 0.,

15 cscx — sec X = sinx — COS X

22 The fundamental identities

In Chapter | we defined the sine function and the cosine function. Th
the other trigonometric functions were defined in terms of the sine and cos
functions. These four definitions give us four of the basic trigonomet:

identities.

Slas “'::-R—-fjf? f =" tur,nel}
I. tal’lﬁ—casﬁ: R/ l I 5 }
2 cotB:E!_)iQ. % =R — {914 =nm.n et
) sin &
3 ~ L, ﬂ-‘-,—;R,,(ﬁ‘Q;E ’nrr,nEJ}.
3 secﬁ—cose % { i =
4 csc5=._l-a G = R — {06 =nm.n € J}

sin &
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There is nothing in the equation tan § = sin §/cos § to tell us that this
is an identity rather than a conditional equation. We shali use the symbol = to
represent the idea that one member of an equation is equal to the other member
of the equation for each number in the replacement set for the equation. Thus,
the four identities above could have been written

1. tanﬁzir}ﬁ, 2 Cotﬁz(—:—.qs—g,
cos @ sitn

2 sect?:—:L, 4, cscf = —>
cos § n

with the replacement set for each equation.

As indicated earlier, the replacement set for an equation is the set of all
real numbers for which each member of the equation is a real number. If there
is a single real number for which the two members of the equation are both
real numbers, but not equal, then that equation is not an identity.

We shall use = in only two cases—when we have proved that an equation
is an identity and when we state a problem in which you are to prove that the
given equation is an identity.

Three very important identities that were developed in Chapter 1 appear
below

e

£ sin?@ +cos*@ =1, G
L7

6. tan* @ + 1 = sec 0, :R——{B[G:f—-{w;m,nef}.

2
7\cot26+1.§csc20, G =R —{#l8d=nm,nel}

Several other identities were developed in the exercises. These are usually
called reduction formulas, since, when we are trying to evaluate a trigonometric
expression, we can use them to reduce the problem to the evaluation of a
trigonometric expression where the variable represents a number between 0
and w/2. These reduction formulas appear below.

I8, dn(—6) = -sinf, < P =R

v

‘9. cos{—f)=cosd, % = R.

10. tan (—f) = —tand, & =R — {Glt? o %— -nw,n e J},
11. cot(—f) = —cot b, G =R—~{fl0=nn,nell

12, sec(—) = sec b, 9= R-{616=5F +nmne 7h.

J

13. csc(—6) == —csc b, G =R {06 =nm,nell

14. sin (8 + =) = —sin 4, 9 = R.

15 cos{f + =)= —cos b, % = R.

16, tan (§ + =) == tan 6, @=Rw{§]6m%+mr,ne.f}.

2.3 Veritying migoenumen v tusinss
17. cot{# + m)=cotb, @=R—{0|8=nm,nel}
T
18. sec(d + m) = —sect, @=R—{9i65-2—7;17r,1161}_
19. csc(f + =) = —csch, G = R— {08 =nm,nel}
20. sin(xw — ) =sinf. 9 =
21. cos{m — ) = —cos 0, @D =
22, tan(w — 6) = —tanb, g

23, cot(xr — §) = —cot b, — 6] =nm,neJ}

4

- 91{9::—+117:,716]}.

i

2

R.

R.
R——{@IG:%A—mx,neJ}.
R

R

R~ 616 = nm, n e Jh

G =
24. sec(mw — 0) = —se¢ a, @
& =

25, csc{mw — f) =.csc b,
6. sin(f + 2nw)=sinf,n €J, @D =
27. cos (6 - 2nm) =cos b, n € J, 14

I

¢
{

R.
R.
R—Jlﬁlfii:—zyi-%rm,nej}.

28, tan(f + nm)=tand, nel, G =
29, cot (6 + nw)=cotb,n€J, G — Re— {818 = nm,n € J}.
30. SEC(ﬁ%Qn%)ES&C@,HEJ, ,@-—:R—{E)lﬁi%—{rnx,nej}.

U301 csc(f 4+ 2nmy=cscb,n € J, @=R-—-{8l§=nm,ne 1

The student should learn all these identities. They seem like a lot to
remember all at once, but in practice many of them can be ren’_lembered in other
ways. The last six identities refer to the periodicity of ihe tr:g'onometr}c func-
tions. One way of remembering the others is to remember which functions arc
positive and which are negative in each quadrant.

2.3 Verifying trigonometric identities

The 31 basic identities considered in the last section were originally devel

oped in several fashions. We proved the identity sin® # + cos? 6_5 1 by usint
the fact that we were considering a paint on the unit circle. The first fou.r 1de.n
tities were simply definitions. The last 24 in the list were deveioged prm}z}nl‘
in the homework problems, through the consideration of the relative posilion
of different points on the unit circle. ‘

These techniques which we have used so far are helpful, but they w1_1l_ b
of relatively little help in the development of further identities. {\5 an aid t
developing techniques of proving identities, let us consider two different way
of proving the identity

tan® @ + 1 = sec’ 6.
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We will consider the development given in the preceding chapter first.

(1} sin*8 +cos?=1
2 sin®f | cos*f 1 e T8 i
U ol T ol a1 p el =5

€ (2—‘&%}5 it s (3(31@)2

(4) tan'® + 1 = sectd

tan @ 4+ 1= sec? @, @‘:R—{Hlez%qwnz,nef}.

‘ In this proof we started with a known identity. Then we divided both
sides by the same quantity (cos?#) and indicated that those numbers which
would cause division by 0 were not in the replacement set for the equation.
The third step was simply an algebraic manipulation, so that we could apply
the definitions of tan 8 and sec 4 in the fourth step. 1t is important to note here
t}}at we started with a known identity, not what we wanted to prove. One
Fl;ﬁiculty with this particular technique is that most students lack sufficient
mSL’g‘nt to see which known identity, if any, could be used to start proving that
& given equation is an identity,

A second technigue that can be used to verify identities consists of the
following steps:
1. State the desired identity,
2. Indicate the appropriate replaceinent set,
3. Start with one of the two sides of the equation, and
4. Artempt to transform that expression into the other side of the eguation
through a series of steps Tnvolving
a. Algebraic manipulations and T
b,  The use of previously proven identities.
This technique is demonstrated below,

To prove: tan®f -+ 1 =sec’d, & =R — {Bjﬁz%——%—mr,n EJ}.

(1) tan*f + 1= (S"ﬂ N+

cos

) — Siﬂ2 v) v
@ cos? 0 !

3 - sin® @ i costd
® cos?f * costd
(4) o sin® § + COSE_@

cos® #

5 S
(%) cast @

2.3 Verifying trigonometric id~nnties ;e

® ]
() = sec® f

¢

cotant @ 4 1 == sec* B, Q:R—{Gjﬁz%ﬂ—mf,neﬂ,

This proof has not combined any two steps into a single step. The first
step applies the definition of the tangent function. The second, fourth, and
sixth steps apply rules of algebra. The third step expresses 1 as cos? f/cos® & sc
that we will have a common denominator for the addition of fractions. The
fifth step applies a previously proven identity. The seventh step used the defini:

tion of sec 8.
This proof could be abbreviated quite satisfactorily as follows:

To prove: 1an®f -+ 1 =sec*f, P = K — {t‘iiﬁ:% L. e.}},

TeTm Y
() gl “cosﬂffjrbosiﬂ

@) S sin? 6"{;1;206052 9 .
c0s
e
) T costd
(4) = sec’ @

.',t§p26+lzsec20, EJzR_{ilﬂz—g-%-rm,neJ},

In practice, most students will prefer to combine steps as was done
this last proof rather than giving each step separately, as was done in the fii

proof. It should be noted that in using this technique we started with the mc
complicated side of the equation and worked to obtain the less complicat

side,
Let us consider another exampie.
5 — 8in x £os X "
To prove: leomy,  COSF . Whatis D]
COs X 1+ smx

The two sides of the equation are of about the same complexity. Omne mif
start by noting that the given equation will be an identity if and only if
(1 - sin x){1 + sin x} = {cos x){cos x}.

Noticing that (1 — sin x)(1 + s$in x) = 1 - sin® x, by a rule of algebra, ¢
that 1 — sin® x = cos®x, we now have enough clues to start the following pre¢

(1) 1==sin® % cos®x

(2) 1 —sin®x=cos’x

(3) (1 — sinx}1 4+ sin x) = {cos x){cos x)
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l—sinx  cosx s "
@ ey =Txemy (Whatrestrictions here?)
1 —sinx _ cosx P { , x }
= Sy —R-lxlx=2 L un,n )
cos X I sinx @ X x 2+ﬂ eJ

The student should be able to provide justification for each step in the
proof. In this particular proof, the analysis we made before starting helped
us see where we might start. There are several other ways that this identity
could be proved. One of them appears below.

We ohserve that the right side of the equation is cos x/{1 - sin x), We
might multiply the left side of the equation by 1, expressed in the form
(I + sin x}/(1 = sin x), in order to get the expression 1 - sinx in the de-
nominator. If we are fortunate, we will see wheare to go from there.

) - ;;)ss lil - = (i cosS i; x)(i i ;;2 i) (vestrictions 7}
— sin?
) =L EaT
- = s 7 (L F )
@ =T s
. I;STxE}L?EZ;:,x’ @ ZR_{XIX z%wi—mr,ne J}_

As was suggested, we multiplied the left side of the equation by |, expressed
in an appropriate form. Once we had done this, the following steps were largely
a matter of observation. }

It should be noted that in proving trigonometric identities the most
importaat tool is the power of observation. One needs to observe what he has
and what he wants to get. Then he needs to select appropriate identities which
have been proved for making the desired manipulations. There is no series of
steps which will always work. The best way to develop the necessary power of
observation 1s to practice. This practice can be obtained in only one way,
through attempting to prove identities,

Another example appears below.

To prove: cos® ¢ + sin® ¢ = cos' ¢ — cos? b sin® ¢ + sin’ ¢, P = R.

In order to prove the identity above, it helps if we notice that cos®
+ sin® ¢ 15 in the form x° -- »°, which can be factored as the sum of two cubes,

x® yﬁ e (xz . yz}(x4 o xzyﬂ + yd)_
Thus,

cos® ¢ -+ sin® ¢ = (cos® ¢ -+ sin’® P){(cos* ¢ — cos’ ¢ sin’® ¢ -+ sin' ¢)

2.3 Verifying trigonometric ider*ies ’v

= 1-(cos* ¢ — cos® ¢ sin* P + sin® &)
= ¢ost ¢ — cost sin? ¢ - sin' .
. cos® ¢ -+ sin® ¢ = cos' P — cos ¢ sin? P | sin f, F = R

Exercises 2.2

Most of the following equations are identities. Some may be conditiox}al ecglgt:ouli,
Determine in which category each belongs and prove your conclusion. Give (he
replacement set for each cquation,

/ sec x sin x = tan x.

sec ¢ cot ¢ = cs¢

tan y csc y = seC ).

cscfcos f = cotd.

sin ¢ cot & = CO3 (.

cos Btan B =sin 8.

sec?x — tan’x = L.

csct B —cot?@ =1

csc? y — sec? y = sin® y.

cos (—8) cos 8 — sin 8 sin (—6) = 1.
tan? @ csc? @ — sect @sin?d = 1.
cos® y tanty - sin® ycot?y = 1.

e N v A

B

—
—

13, sec? ¢ cot® ¢ — esc* P eost b = L.

4 costa — sinta = costa — sin® &,
J15. sect x — tant x = sec? x 4 tan® x.
1 sectd — 1 = tan? $(sec® ¢ + 1.

17, esclz — cotfz = csc?z - cotfz

18, tan®e -+ 1 = (tan o -+ 1){sec’ o — tan o).
Yo tande — 1 = (fana — D{tan o + sec? &)

20, cot? 8 + 1 = (cot B -+ I)ese* 8 — cot A).

21. cot? f — 1 = (cot 8 — Dicot B+ csc’ﬁ).

22, cos®y — sin® iy = cos® v -+ cost v,

43 cos®  — sin® ¢ = cos' b + sin® . - '

3 cost x -+ sin® x = cos x(l — cos X sin x) - sin x{1 — cos x sin x}.

25, ¢os?y + sin®y = cos {1 —cosy sin 3} — sin y{cos y siny — 1.

36, cos® o — sin®a = cos (1 + sin @ cos er) — sinall -+ sin o cos a).
1. (tanty + 1)2 = (—sec )

28, (cosx —sinx?=1-— 2 sin x COS X.

,29'." (tano — 1)? = sec®a — 2tan .

30. (1 +cotz)y=2cotz+ cse? z. .

L 31, {cos 8 + sin 8) =cost B -+ sin? 8 + 4 cos? Bsin® B 4 4cos Asin 8.
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32. (cosm —sina) =cosia +sinfa +4cos’asin®e — 4 cos « sin .
33} (sin & + cosd) = sind + 2sin & cos d{sin & -+ cos ) - cos 6.

34 cos?x —sin®x =1 — 2sin’ x.

35 cosPo —smPa =2costa — 1.

36. cos'f =1 —2sin*d + sint &,

3;:‘/&3(:2 ¢ + csc” ¢ = sec? P cse? ¢

3% sec*‘x*tan'*xziif—fj—l.
cost x
' r o
39, ot B —cott B = M.
; sin® B

40, cscta — 1 =cot®* e (esc? «w -+ 1)
e L 2
4f. tan*y —cotty = w
cos? v sin® 1y

T
42. tan®z +cot’z = e g ek
sin? z cos? z

43. tan®é + oot = 2tan® ¢ — 2 sec? b + sec? ¢ csc .
tan » + cot y _

secycscy
45, Sin@ + cos® ¢ s ¢ e

csC ¢

44,

2.4 Sum and difference identities

Some of the many identities useful in trigonometry deal with expressions
such as cos (o 4 &) and sin (& = &). Identities involving these expressions will
be developed in this section.

First we shall develop the identity

cos (o - 8) = cos & cos 8 — sin & sin 3
if @, 2 € R. Te do this we use the unit circle and the distance formula. Con-

sider Figu?e 2.1, where the arcs Pa and PR are assumed to have lengths e« and
ff:?, {espectwcly. This means that the points  and R must have the coordinates
indicated. The points S and T depend upon the points P and (. §is the point

{cos (a -+ @), sin{a + 8))

St R (cos 8, sin B}
e f%? {cosm, sinaiy
£
5t
Pl
(cosa, —sina)
(4

Figure 2.1
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corresponding to o + 8, and Tis the point corresponding to —ea. This deter-
mines the coordinates for the points S and 7. Note that identities for cos (—et}
and sin (—e) have been used in giving the coordinates of 7.

Because of the way in which the points § and T" were selected, the arcs
BS and TR have the same length, a + 8. Since, within the same circle, equal
arcs subtend equal chords, the lengths of the segments PS5 and TR are equal.
This leads us to the following development.

APS) — oS @+ B) — 1T + s (@ + B) — OF
— o/Co5 (@ + By — 2 cos (& + B) + 1 + sin® (@ + £)
— T Gcos @ T A

d(TR) = ~/{cos @ — cos @y + [sin B — (—sm &)’
= /{cos 8 — cos a)’ + (sin B + sin @)*
= /208" [ — 2005 /8 cos & - cos? & + sin® 8+ 2sin A sin @ +sin* a
= +/2°" 3 cos Acos o + 2sin A sin .

Since d(PS) == d(TR), we have
T =3 cos (@ + B) = /2 —2cos Scosa + 7'sin 8 sin o,
2— 2cns(od+B)=2w?.cosBcoscx+2'sinﬁsina,
—2cos{ + 8) = —2cosBeosa -+ 2 sin 8 sin o,
cos (@ + B) = cos 8 cos a — sin G sin &,
cos (o 4 ) = cos ¢ cos 8 — sina sin A.
- cos{a + B)=cosacos B —sinasinG, ask, BeR.
Any real numbers & and @ could have been selected. o and 8 were choser

to be positive with a sum less than = for the convenience of the illustratior
You may wish to experiment with other real numbers to demonstrate th

generality of the identity for yourself.
If we wish to use an expression for cos (o — ), we nole that o@ —

== g+ (—£). This enables us to develap
cos (0 — B) = cos a cos B + sin o sin 8

as follows:
cos (@ — B) = cos [ + (— B
= cos & cos (— ) — sin « sin (—5)
= cos ¢ ¢os @ — sin & (—sin £)
= cos o cos 8 + sin & sin 8.
ceos{a— B=rcosa cos B+ sinasinB, acR Beck
From the ihentity cos{o — B)=cosccos B+ sina sin3 we ¢€a
develop the identity

T — i
coS (7 — 6‘) =sin 8.
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This identity will be most helpful in developing expressions for sin (& + 5
and sin (@ — 8). We note that

cos (% —8) :cosﬁcosﬁ—{—sinf—sin@

2 2
= (0) cos 8 -+ (1) sin &
= sin f.

;. COS (%‘ — 6) =sin®, & =R

It is also true that sin (/2 — 0) == cos 8 for any real number ¢. We note

that
COs [% - (% —6)} == 8ln (172— e 6)_
But since
T (5-0)-F-5ro=s
we have
cos f = cos [—g- - (_;E, — 9)}
= sin'(% —8).
.sin (% — B{) =cosb, @ =R
We now note that cos[z/2 — (e + B)] = sin{a + B). But since
Z @@ =(5-a)-8
we have

sin (e + B) = cos F%_ — (e + 19)]

|
-] (o),
= cos (frz- - ai) cos B -+ sin (-g—— cr) sin 8
= sin & ¢os B + cos & sin B.

o sin{a -+ 8) = sin o cos 3 + cos a sin B, acR Be R

To develop an expression for sin (@ — B), we note that a — B=a+
(—#A) and use identities involving sin {— @) and cos (—23). The development of
sin (o — 8) = sina cos B — cos a sin 3

appears below.

2.4 Sum and difference tities 83

sin (¢ — B8) = sin [ + (— 5]
— sin ¢ cos (—B) + cos & sin (—f5)
— sin & cos B + cos a (—sin 53)
— sin @ cos 8 — cos & sin S,
~.sin (o — B)==sina cos 8 — cosasin3, ac R <R
In this section we have derived the six identities which appear below
1n each of them, « and S may be any real nurmbers,

—

cos (et -+ [8) = cos a cos B — sin ¢ sin ol
2. cos{o — f) == cos ¢ cos A - sin & sin &,

3. cos (% - a) == 5in .

4, sin (—g—w oc) == COS .

5. sin(a -+~ @) =sinacos 8+ cosc sin f.
6. sin (g — [B) = sin « cos B — cos a sin A

These six identities are all important in trigonometry, and they are usc
frequently. The student should learn them, Some applications of these _identiti&
are included in the exercises.

Exercises 2.3

Use the identities of this section to evaluate the following.

Example
cos 75
12
Solution
2 4 6°
T 7T 4
cosﬁ—cos(ﬁ—#g)
= T cos = + sin - si Z
= cos - cos ¢ + sin sing
T TY o (VI L
={% (52) +{*% )(z)
NE T
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sin —= 2. sin i \ 3) 0 o
P (5 0132 By 95y
o iz T : . T
:‘5/) €08 5 {6, cosi3 }) sin 5 P

Verify that each of the following equations is an identity.

3 1 e mg- .
\_@, cos (% - x) = ngwcos X — —Ii-sm X.
v 9, sin (x -+ %) = gfzﬂ(sm x + cos x}
&’0} sin (f? +%) = cos 6

11. cos (6 -+ %) = —siné.

12. sin{f + =) = —sin 6.
13. cos{? + =) = —cos b,
14 cos 46 = cos 30 cos § — sin 30 sin .

sin 7x = sin 4x cos 3x -+ cos 4x sin 3x.

6.} sin 3¢ = sin 5¢ cos 2 — cos 3¢d sin 2¢.

17. cos 5y = cos 9y cos 4y -+ sin 9y sin 4y.

18. sin(x + @),—sm{x —7) = 0.
'1@ (sin x + cos ,@)2 + {gcos x + sin B)? = 2[sin (x + 8} + il

= e A o COS (B 4 &)
@ ! t.?m.Q t%n ®=Costcos g

21, cos(a + B8)cos (o — 8) = (cos a dos &) — {sin ¢ sin B)%
22, (cos @ cos B) — (sin « sin B = cos? & — sin® &

. ' _. tane 4 tan B
&) tan(a+'8)”1—tandtan,8

_cotfcotd —1
cakif )= cot ¢ + cotf

@ 5€C(x+y)§i_wﬁlw_

— tan x tan y
86 ¢t £5C 8
cot @ +cota
_ tan@ —tan
”*MW—@=rﬁﬁmﬁ%

cot ot 1
% cot(x — ) = SLEIRLEL,

26. cscla + B) =

29,/ secla — B) = %’
30, cse(f — b E%’

3l. {an (5 § 3-;_) = —cotf.

32. cot (a -+ -?;—)E —tan «.

2.4

A=
4. sin

[Usesin (@ + &) and cos (& + B).]

2.5 The "double-angle” 7 7 ~iities

33, sin2¢ = 2sin g cos ¢
34, cos2x = cos®x — sin®x.
35, cos2y =2cos?y — 1.
36. cos?z=1—2sin’z

T U O S BRE
| —tan®

38, tan(a -+ B) = %

@ (sin x cos p)* — {cos xsin ) = sin? x — sin® y.

0. sin(x 4 psin{x —y) =sin*x — sin? y.

25 The “double-angle” identities

In Section 2.4 we developed the identities
cos (o -+ B)Ecosacosﬂ-—sinasinﬁ

and
sin (@ -+ B) == sin « cos 8 + cos& §in .

{sJo]

“These identities are the basis for the development of the so-called double-angle

formulas, which give expressions equal to cos 26 and sin 26. You may have

derived these identities from the previous exercises.
First we shall derive the identity

sin2f =2sinfcosf, & =R,

If, in the identity sin (@ + ) = sin & cos B + cos cesin 3, we let « = ¢ anc

B = @, we have
sin (f + ) = sin 6 cos & -+ cos @ sin 6,
sin 26 = 2 sin § cos ¢,
- sin2f =2sinf cos b, Z =K.
In a similar fashion we can develop the identity
cos 20 = cos2 6 — sin* 8, & = R.
The derivation appears below,
cos (§ + 6) = cos 6 cos § — sin ¢ sin 6,
cos 26 = cos® f — sin® 4,
-~ coslf =cos’® —sin'l, F =R

There are two other commonly used identities involving cos 26, whicl

we can derive easily from the identity cos 2§ == cos® # — sin® &,
First, =
cos 28 = cos?§ — sin®f ¥
= cos? 6 + cos®d — sin® ¢ ﬂ#_dc{)sﬂ g

G T
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= 2¢os? B — (sin* 6 + cost ()
= Jcos*d — 1.
Leos2B=2c05t 0 — 1, @ =R
Second,
cos 20 = cos? 4 — sin’ §
= ¢os* 8 +4- sin® 6’~ sin® @ — sin® 4
= | — 2sin? 8. J’"
Lcos28 =1 — Zsini_ﬁ, % = R.

These last two identiiies invelving cos 26 are guite useful in developing
the so-called *half-angle” formulas, that is identities involving sin8/2 and cos §/2,
which will be developed in the next section.

The tdentities developed in these two sections are also most heipful in
deriving identities involving larger multiples of the variable. We would like
to derive an identity expressing sin 3¢ in terms of sin 4.

sin 3¢ = sin (26 + &)

= sin 26 cos f + cos 29 sin g
= {2 sin & ¢os 89) cos @+ {1 — 2sin*f) sin &
=2sinf cos*f +-siné — 2sintd
=208 (1 —sin*8) + sinf — 2sin* d
= 2sinf - 25n° 6 + sinf — 2sin® 8
= 3sin 8 — 4sin® 8.

.5in30 =3sing —4sin°8, P =R’

The tangent of the sum of two numbers can be expressed, singe we have
developed identities for sin (& + A)and cos{x -+ B). You may already have
derived this identity from the exercises.

/.

tan {o +B):~‘-i—ig~sgg—:§:—g, d+3¢ .
sin ¢ cos B - cos @ sin B

e b e e e e
cos ¢ cos @ — sin g.sin B

sin a cos B _cosccsmﬂ, 2% yamnel,
_cosdcos B cosdcos O 2
cosccos 8 sinasinf

T
s F e R, RE T,
cosacos 8 cosacos B¢ 2 2 ?

o JHBAL S S0
| —tanian &

tan a + tan 8 - £ _
Sotan (o + @) = A &, Boa+ 8 5 nr,n e J.
We should also note that if @ = 8 = @, we have
_ Z2tan@ 7w -
tan 26 e ey g, 26 = = N i

2.5 N

Exercises. 2.4

I,
Using cos n/6 = »../ 32, sin w6 = 1|2, and tan 7/6 = 1/ 3 and the double-angie
formulas, evaluate the following,

/ = x P
@ sin T 2. cos T @an ~3—

Using ¢os 7:."4"—4'::,/ 772 = sin /4 and the double-angle formulas. evaluate the fol-
lowing.

7! 7
4, sin :25 @ £0s -

Using sin z/2 = 1 and ces 72 = 0, evalugie the following.

6. sinmw ~Jeos w

Verify that each of the following equatiling is an identify.

~8. ¢cos30 =4dcos®f — 3cosf,

O sin 4¢ = 4 cos ¢ (sin ¢ — 2sin® &),
10. cosda = 8costa —8costa 1
sin 5x = 16sin® x — 20sin® x - Ssinx.
T2. cos 5y = l6cos®y — 20 cos® ¥ + 3 cos y.

@ sin—’;cos m;i = -lz-sin 24 I:Hf‘m‘: K= 2(362_)}

4
‘ 9 T 722_._
25— gin? 5 = COS Z.
_14. cos 5 sin =

E5: (CGS ~‘§- - gin —@—) = 1 — sin 8.

4 5 2180 o
@ siny = M ianta Ftanfa’
i %Stanqﬁ—ftanscb
@ tan 3¢ = Tt &
18, tanly = m.
cos 2x = cost x — sin® x.

. = Zsm2 —H—r‘})”smz&

cos 2z -+ 2sin’z = 1.
22, sin?L&- ’G L::,%ﬂ!@

23, cog’ ’lw e Toogly = —1.

. osect o
weld =y g
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{25..1 sin 8 sin 3¢ = sin® 20 — sin* 4.

26. cotly = %
27. secycescy = Zose 2y
78, cosde =1 — 8§sin®w cosa.

29. cosdz = 8sintz — Bsin®z + [

3_07._ {(cosy —sinp)? =1 — sin 2y
@/ 2. sin Faf — B3+ cos (e — B) = sin 2 + sin 28,

sin3¢ __ cos 3¢ _

S osimgr cosg T

iS?ff..f 2 ¢sc 2x = cot x -+ tan x.

34, cotw — cot 20 = csc 2o,
’ csCt 2y — sec? 2y = 4 cof 4y os¢ 4y,
36.> cos f cos 3¢ = cos® § — sin® 26,

% . sim2f
%\m B =TT cos 28

i s g G oos 2

38. cot*d —tan‘ g = s;'nQZQB{'
39, 4dsintoy =3 — 4¢os 2y - cos dy.
40, | + sin 2x 4 cos 2x
‘—\_\ 1 + sin 2x — cos 2x

= cofl x,

2.6 The “half-angle’” identities

_ _Ip Sec_tion 2.5 we developed the double-angle identities or formulas. These
{dentmes will be used in this section to develop the half-angle identities, involv-
ing sin /2, cos §/2, and tan /2, 4

We derived three different expressions for cos 2a. One of these was

cos2a =1 — 2sin’ .
If we substitute /2 for «, we have the following derivation.

cosd 2 =1 — 2 sin? e,

< cos 2(1)": 1—2 sinﬂ%v

! i 2
.\4 C?S f =1 — 2 sin? vgw:
: + S 232}15"% =1 — cos b,
sin? % = ‘I——”EM'
.. sin® —g- — 1—:—;:25“9’ ? =R

2.6 The “half-angle’ ider ‘s 89

Using this identity we can find the value of sin® 8/2 if we know cos f.
In order to evaluate sin 6/2, we need to know whether sin 6/2 is positive or
negative. If 6/2 is in the first or the second quadrant, sin §/2 > 0, and we take
the positive square root of sin® 6/2. If 8/2 is in the third or the fourth quadrant,
sin /2 < 0, and we take the negative square root of sin® #/2. Thus, we cannot
say in general which square root is appropriate. It is for this reason that we did
not solve explicitly for sin 6/2.

Tn a similar fashion, we use the identity

cos 2ot = 2cosaw — 1

to develop the identity
b
cos® —‘2— = 1+cosf 6, % = R.
b 2
Thus,
cos 200 = 2 cos® & — 1,
&
cos @ = 2cos® = — 1,
0§ ¢ = 2 cos 5

a

1+c036=2¢05-—§_=

1 Lcos@ .9
s = cos’ -
cosg%:%m——-ﬂl fgosﬁ’ @ = R.

Here we determine whether cos £/2 is positive or negative by determining
the quadrant in which cos 6/2 is located. If &/2 is in the first or the fourth
quadrant, cos 62 = 0, If §/2 is in the second quadrant or the third quadrant,
cos 02 <2 0,

These two identities can be used t
have the following derivation.

., 8
SIR° —=-
7} 2
2 — I
tan 7

2 2
cos® -

(1 __;086)

_ L—cost
1+ cos?

7] I —cos@
. 2 — R - e 2n, Ji.
tant g= g P R—{0|0=7n-+2m,nec i}

o derive an identity for tan® 6/2. We

I
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We sce that if #/2 is in the first or the third quadrant, tan #/2 is positive.

If 6/2 is in the second or the fourth quadrant, tan #/2 is negative.

These identities can be used to evaluate some trigonometric expressions
which we would not be able to evaluate otherwise. In some cases when we use
these formulas, the results lock different from the results abtained by other
means. For example,

1 + cos =
. T 6
cas Ti —_ 2
¢ g IE
2
- 2
_2+~"3
' 4

cos /12 = (~/'2 - &/3 )2, since =/12 is in the first quadrant. But from the
exar_nmpie 1;1_Exercises 33 we found that cos /12 = (v/G -+ ~/2 )4 Is
(VB -+ A/ T4 = (v 2+ /3)/27 We now show that it is.
J@ﬁJ?;/Fﬁ?ﬁﬁT
4 4

e+ a/TI+2
16

/8 3 24/12

16

BN EYeNE)

N6 A2 TS
S 1 — : :

This illustrates that sometimes expressions which look very different are
actually equal and that either may be the solution to a given problem.

Exercises 2.5

Use the identities developed in this section to evaluate the following expressions.

. E 3 i s —— ] i
@ sin {5 2. sin = : -@cos—g— 4, smga

2.7 AT HNRIE 1M s =
i " e Sy L b
Li? cos 5z o 6. oS 18 w SR .8 tan =
d g Yoot = e 5 Sa 3
! e L, A 2 7
9. tan gz i, 10. tan g é tan 75 12. sin=g
I RO Tr Cij:) Tz . i
1 28 o8 -2 i ]
1 cos 14, cos g {5,/ sin 3 16. sin n

: 11 In I L
@ COos -3 18. tan == @ tan & 20, tan-z

Verify that each of the foliowing equations is an identiiy.

o a o 1 g a f#
&ED sin - cos = sina. 22. cos® —cosy =i
AT "
i 8 _1—cos@ oo smY
{_33. tan 5 = —gmE 4. W0 =TTy
x _ tP-+cosx i:_ﬁinz .
2% ot g 26. col 5 =TT o5z
Y = — ?E‘?_ = u._._.z_w.__
27. tan 5 = osey cot y. 28, sec 5 = {Tcosd
; & a2 in= PR ]
29. sinwcotm = 2cos’ 3 30. (sm g + cos 2} =1 siny.
2B L= 8. 1 - -
31, wan®F I=2csc@tany 2. T =T T
& . 1+ tan—zz—
33, tan-;-sing = 2sin® 2 34, ————— = sgcz -+ ian .
2 2 1 z
i lﬂﬂ—f
35. 2 ian%-csca = sec? %- 36. coty +escy = ol %
37. osc(e +B)— ot (& +f)= 38 2sin?—}6'r - sin'—'% = ¢os? JT — ¢0s
a -+ 8 '
“m( 5 ) 1 - {an% cos &
X x X AR W S TFsna
s X = gin?om L cos - A Ctan —
39, costyg = sin’ yg = 0s g 1+ tan

2.7 Other important identities

There are occasions when we would like to work with expressions |
sin 6 cos ¢, sin G sin ¢, and cos f cos ¢p. There are jdentities involving each
these expressions, but they are involved and probably difficult to rememt
The basic knowledge that the student should gain from this section is how
develop the necessary identities if he needs them.

We remember that for any & and ¢ which belong to R, sin(f + ¢
sin @ cos ¢ + cos ¢ sin & and cos (0 + ) = cos & cos p — sSID # sin . We

develop the desired expressions by manipulating these identities.



92 Trigon  atric identities 27 27 Other iMmpormany (Ceniss

First we will develop the identity of the form sin # cos ¢ = cos (0 — ) = cos ¢ cosh + sin & sin ¢
for 8, ¢ € R. We observe that the identity ~-cos () 4+ ) = ~-cos fcos P + sin @ sin &

cos{f — ¢y — cos{f + by = 2 sin @ sin <,

sin{f + &) =sinfcos ¢ + cos f sin

contains the desired expression, but it also contains the expression cos & sin ¢, sip 0 sin ¢ = }—[cos (6 — @) — cos{f + ).
Hawever, the tdentity 2

sin{f —~¢)==sinfcos¢d —coséf sin

contains the same two expressions with a difference in sign that is just what we
need. The formal development appears below,

. sip 8 sin d = %[cas @ — ) —cos(6+ P 0, 0€R

sin(f + ¢) =sinf cosh -+ cosd sind ;
() sin (§ — ¢) == sin § cos ¢ — cos § sin & Exercises 2.6
sin (@ + @) +sin(f — ) =2 51116 cos ¢,

sin 8 cos & LSIH (6 -+ ) + sin{f ~ ). Use the identities developed in this section to evaluate the following expressions,
=5 Lol —
. sio o sin = 2 Sin-- <os % /3. cos 1;; cos 3—;
s Q cosh = T[sin (8 +d)+sin(@ —d)l, 6,4 R 127712 411 Py
7 o E LA e 6 sm 75057
i & i : : : : 4, CO553%CO8 5. ¢os sm : 57
The development of the identity for <osf cosd is quite similar. We 12 12 / g 8

observe that the identity

verify that each of the following equations is an identity,
cos (@ + ¢) == cos § cos p — sin 6 sin P

x4y (x — ¥ =
; 3 : ; c = cos :
contains the desired expression and one other. This is also true of the identity 7. cosx +cosy =2 COS( 2 ) 2 )

cos {(§ — ¢) = cos f cos ¢ -+ sin 8 sin ¢. 2. cosx~cesy-_s,—~lsin(x;y sm<x5 )
Adding these two identities gives us the following derivation. T (x —gy) c as( - y)
cos (¢ -+ ) = cos & cos  — sin & sin ¢ . e
(+)cos(d— ) =cosPcosd -+ sind sine 10, smxmsin.}‘f——“i‘cos( )Sm(—““*’_g )

cos (6 -+ &) -+ cos (6§~ ¢) == 2cos F cos B,

1 11, sinlxsim7x = %[cos 4x — cos 10x).
cos & cas = -Icos (8 -+ ) + cos (6 — ).

17, 2¢os 2 sin 4o = sin 6o + gin 2cr.
1 .
- B0 @ poap = ":.1’_[“’5 04+ Pyt cos(@— ), 8,8cRk 13. cos 4x cos 2z = —[ces 6x + cus 251

: ! 4 _
We can see that the identities 14, sin 5x sin (—x) = -[eos 6x — cos )

cos(f -+ d)==cosfcosp —sinf sin 15. sin3dcos T = -:;—{sin 10$ — sin 44}

and 1
16 cos 3x cos (—~3x) = {1 -+ cos 8x]
cos (f — by =cos6 cos P + sind sin
: i 17. cos 20 [2cos 48 — 1] = cos 64.
both. cog‘tam the e:)&pres'sgm sin @ sin ¢ as well as the expression cos g cos . 18, sin28(1 + 2 cos 48] = sin 68.
Adding these two Identities gave us an expression equivalent to cos @ Qos_q’). 19, 2 sin 2x cos 2x = 4 cos x (sin x — 2 sin® x).
If we subtract the first of these two identities from the second, we can derive

20. smﬁj—cos —di == -1*51112--

an identity for sin & sin . 3 SR R
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25,

27.
28.
29,

Trige stric identities 2.7
WA s Py 8
¢os 3x cos { o) 31) sec (6x 5 ) =
n _ sm4d
2cos 2 = T

sin (i = Ay — sinu = 2 cos (u + le) sin %

4 sin x sin 2x sin 3x = sin 4x + sin 2x — sin 6x,

1.

2

4005 xcos 2x cos 3x = 1 -+ cos 2x -+ cos 4x + cos 6x.
Zcos2ucos2a = 2 + 8cosfa — fcos’ o,

$in 5x cos x = sin 3x cos 3x + sin 2x cos 2x.

2 cos 68 cos 26 = (2 cos 46 — [Hcos 46 + 1)

1

sin 5¢ cos 5S¢ cse 10¢

Raview Lxercises

Verify the following identities.

L.

ta

Do kW

14

15.
16.

17

18.

sec? x {1 —sin?x) = 1,

(sin 525— — cos %)q =1—sindg,

sin 5y = sin 7y cos 2y — cos 7y sin 2.

cos 23 = cos* A ~ sint 8.

sina +c¢osacot e = csca.

2tan z.

sect z

1—co

_ﬁ%@ = tan .

x

2

tan 3 (sin @ -+ cot S cos &) = sec .

sin 3¢ sin & = sin® 2¢ — sin? ¢,

cos{x -+ x) —cosl{x —a) = 0.

Zese 2y = cot v + tan v,

| - 2sin*g + 2sint
sin? ¢h - 8in®

s 2z =

sect == 2 csc y tan %

tan® ¢ + cot? ¢ =

csc? ﬁ = ..___...g_ .
271 —cosf
{cos x cos z)* — {sin x sin z)? = cos? r — sin’ x.
cos? 2y — 2cosiy = —1.
cos y -F st ysecy 1
sec y -

2
fan 5 = gsc o — cota.

Review  ~rcises

; cotfeotgp — 1
19. cot{d + qJ)EW%OT&T.

3 tan z — tan® z

20. tandz = 4 _ganig
21, (cosea +sina) =1+ 4 cos? o sin? o -} 4 €os o sin .
22 cosde =1 — Bsina cos® .

23, (sin e cos §)* — (cos & sin 6) = sin* o — sin® 4.
1 + sin 2x + cos 2x

2 - = ¢ot X.
2. i — cos 2x + sin 2x
g tar19i
25, == sec ¢ -— tan o,
o
1 4+ taﬂ-“i‘

Evaluate the following expressions.

. 3
26. sin;r—'2 27. tan%— 28. cos(m ) 29, sin =07

8
4

T

T / §:£ . (_
30. tanﬁ 31. cos\ﬁlz) 32. sin
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Seleci.  answers

AW\ |
- -|27r 7£ 0 'lll in T dar N 8w
\/ Tv 3 3 3 3
¢ — i
!

— 2

; -
Exercises 1.5
i B 3
I. 1‘ _Eﬂ 2?: 3. }, = T
5. 2, —m Zm 7. 3,—}= T
9. y
|
l;
2 NI I NZE I
— | ¥}
13.

Exercises 1.6

1.

A=
™

—-

(]
&

QY

tan (—~x) = —tan x b. sec{—x) = sec x.
cot(—x) = —cot x. d. csc(—x) = —cscx.
-2 —2./ 3
—1 <. ﬁ or 3
1
2 £ —W
—a/ 3 k. —4/3
tan {w — x) = —tan x. b. coi{x — x) = —cot x.
sec {r — x) = —sec x, d. csc{m — a) = ¢scx.
2 WY
—1 c. e OF 3
1

Sefected answers

i =3 k. 2
5. a. tan{x + #) =tan x b, cot{x + =) = cot x.

C. sec(x-L 7)) = —secx d. cse(x ) 7)) = —¢sox.
6. a. —a/2 ) c. »/ 3

H

s ST .

e g V&Y

. 2 2./ 3

TN . ey TN

k ﬁ Qr 3

7. sinx = —}—3%. COS X = —%, tan x = %2, cot x = —1%, CSC X == ——%-

, 1
g, smx=:/—?, cosxt%, cotx=2,secx:§, CSC. =i 5

. 1
il sipx = ——— tanx = - | cotx = . secx:w@

A/13

13, sinx = —:}1—5, COS x = —7_116, tan x = 3,5ecx = — /10, cscx = —

Review Fxercises

1 a M2 el 1 -
a 5 c T e 1 & 5 i ax k.
12, a. -2 c. 1 ' e 1 g =)
2 2
\
. Chapter 2

Exercises 2.1

. ZePycosF —sinE=¥3 L_~3 -1,

6 [ 6 2 2 2
5. OEQ;cos(2-0):c050=i;2c050:2(1)=2i1.
e T o1 4 e P
9. xe.@,sm—j—],é~~51nz—~f{0)—0¢1.
e i
tan=- 4+ 1 ——=--1
13. Zeag. 6 _3
6 7 1
sin¢ )
1 2 4 2 2
(ﬁ“) 7T sy = o

Lxercises 2.2

The cquations in exercises 9, 22, and 23 are conditional equations.

10. cos @ cos (—6) — sin 6 sin (—8) = (cos )cos 8) — (sin 8} —sin )
= cos? @ + sin? @
= I

0 R 5 . CSC X =

20t

/3

. alm

i3
3
ng
3

+ 2.
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0 sin® & 1 1 -
11, tan® @ csc? § - sec? 4 sin? £ = (Cosg 6) (Smg 6) - (cosﬂ g) sin? @

_ 1 sin? &
T costd T costd
=sec?d — tan?d
== 4,
15. sect x - tan* x = (sec® x — tan? x)(sec® x + fan? x)
= (1)(sec? x + tan® x}
= gec®x 4 tan’x.
200 cot*B + 1 ={cot B+ Deot* B —cot B + 1)
= (cot B + Difcot? 8 + 1) — cot 5]
= (cot 8 + Dfesc® B — cot B).
31, (cosB +sinfAY =cos' B8 4+ 4cos* Bsin B + 6 cos® Bsin® §
4+ 4 ¢os Bsin® 8 4+ sint 8
= cos* § + 6cos? 8 sin® 8 + sint 8 + 4 cos? 8 sinf
+dcos Bsind B
= {cos* B + cos® Bsin? B} +4cost Bsin? B
-+ {cos® B sin® 8 -+ sin* #) + 4 cos B sin B {cos® 8 - sin® &)
= ¢os® Acos® B + sin® B) + 4 cos? Fsin® B
+ (cos? B 4+ sin? B) sin? § + 4 cos @ sin £ (1)
=cos? B (1) +4cosf@sin? 8+ (Dsin? B +4cosBsin 8
= cos? @ + 4 cos? 8 sin? 8 - sin? B 4 4 cos 8 sin B.
152 2
42. tanz 4+ cottz = i]:;lsgz * gionsz;
_ (sin® z){sin® z) I (cos® z)(cos® )
- {cos® z)(sin® z}
_sint z 4 (1 — sin 2)(1 — sin® 2)
B sm? z cos® z
_sintz4+1 —2sin’z +sintz

- sin? z cos® z
_2sintz—2sin*z 4+ 1
sin® z cos® z

Exercises 2.3

FNE—T (3T =7
s VIJE . NIANE
e : 1

16. sin 3¢ = sin (5 — 2¢)
= gin 5¢ cos 2¢ — cos 3¢ sin 2¢.
cos{(f +¢) cosfcosp —sindsing
cosdcos g cos f cos ¢
_cosficosg  sindsmd
T cosfcosg cosfcosg
sin g ) /sin ¢
= L= (cos 6’)(cos gt':)

=1 — tan ¢ tan ¢.

20.
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25, sec(x + 1) = &M—in}Tj

COS X COS ¥ — sin x sin y

_ COS X €Os ¥
COS ¥ COSy  sinxsiny
COSXCOSY COSXCOSy

(esa) s
COs X C—os_y)
[ — (sin x)(sin y)
cos x/\cos ¥
. secxsecy
Tl —tanxtan y
39, (sin x cos p)* — (cos x sin ¥)® = sin? x cos? y — cos? x sin? y
= sin? x cos? ¥ + sin? x sin? y
—sin? x sin? y — cos? x sin? y
= sin? x (cos® y + sin® y)
— (sin? x + cos? x) sin? y
== §in® x (1) — (1) sin? »
= sin® x — sin? y.

Exercises 2.4

5 0 7. —1
Il. sim 5x == sin (3x + 2x)
= sin 3x cos 2x + cos Jx sin 2x
w= (3sin x — 4 sin® x(1 — 2sin® x) + (4 cos® x — 3 cos X)(2 sin x cos x)
=3sinx — 6sin®x — 4sin®x + 8sin®x + 8 sin x cost ¥
— 68in x costx
= 3sinx — 10sin® x + &sin’ x + B sin x{1 — sin® x)
— 6sin x(1 — sin? x}
= 3sinx - I0sin®x + 8sin®x + 8sin x(1 — 2 sin? x - sint X)
— Gsin x -+ 6sin® x
= 16sin® x — 20sin? x + 5 sin x.
2fan¢ - 2tana
T-+tanfar  secfcr
2(sin cﬁ)
_ \cosa
T
cos? ¢

= (Sin o }(c052 a:)
cOos o

= 2 Sin & COS L
= sin 2o

20. sin (l;— — 6) =z 3in —Z-cosﬁ — cos%—sinﬁ

ST

= TZ {cos & — sin §),

16,
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f

1— 2( )(ct)s2 ¢ — 2cosdsind - sin* &)

I — [{cos? & -~ sin®f) — 2 sin & cos §)]
1 —[I — sin 26}
sin 2.
25. sin@sin 36 =sinG(3sind — 4sin’g)
= 3sin?d — 4 sin* ¢
=dsm*f —sin?d — 4sin*f
== 4 gin® (1 — sin® ) — sin* &
== 4 5in? @ cos? § — sin? @
= {2 8in & cos A)® — sin* 4@
== gin® 28 — sin® 4.
cosx |, sinx
33. cotx }tanx & sy
{cos xHcos x) -+ (sin x){sin x)
= SHL X COS X
sin? x + cos?x
sIn x COS X
1
~ §n X cos x
_ 2
T 2sin x cos x
-
T sin 2x
== 2 cse 2x.
1 +sin2x -+cos2x _ 14 2sinxcosx -+ (2cos? x — 1)

1~251n2(7—5')

40. T +sm2x —~cos2x 14+ 2Zsinxcosx — (1 — 2sin®x)
_2sinxcosx 4 2cosfx
T 2smxcosx -+ 2sint x
_ 2cos x(sin x - €05 X)
— 2sm x (cos x - sin x)
COX - cotx .
SiT 2
W
r\\u“
Fxercises 2.5 /
T __“’2—2 Vgl 3. + v 2/ 7 ey
5. «/2+322+,\/3 5 vzfj«/2+27 &
4/2_;3 &7 = Agh ‘2+“" o ddd B,
9. VWOI T —44/3 1i. \/2#«/30[' -} .a/
13. ____”2}«.[2: 15. ’V_.&:f_ V2
17 Y D & 19, 242 \’25[,\!3_2 ) ‘
' 24472 |
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23. tanﬁ’g—l_c‘as’8

2 1+ cos &
_ {1 —cos 81 — cos B)
T {1 Fcos BT — cos )
(1 — cos B
T I cosig
_ (1 cos 8y
T T sinip
( — CO8 B)
sin 5
l—cosg
= mmE TsinA

f

B

fan =

2
. r: a. ) 8. . a.
if tan 5 > 0, s in the 1st or 3rd quadrant. HT is in the 1st quadrant, s between

i

Znr and 2nx +% for some n = J: 8 is between dnx and dur -+ 7, which means
1 —cosf
sin 8

33 igm is in the 3rd quadrant, g- is between 2Znw + 7 and Znx - 3—” for some n e J;

sin 8 > 0, and = 0.

B is between dnz + 2 and 4uw + 3%, which means sin £ > 0 and I———CES B 0

If tan wg— <0, f; is in the Znd quadrant or the 4th quadrant. Show that in either
1—‘cos B
sin @

an 2. — 1L —cosy
27. tan Ay {from Wo, 23}
—_ 1 _cosy
smy siny
= L3¢y — cot p.
sin z
4 1_i_tanz_I_'_i‘—l-cosz

1 — tan =

case; sin A < 0, so < Q.

L sin z
Z 1-+cosz
(1 + cos z + sinz)
1 +cosz
l +cosz —sinz
I +cosz
_ l-4cosz+sinz
T Lcosz) —sinz
_i-+cosztsinz 1 4cosz+sinz
T (I +cosz)—sinz 1 +tcosz 4 sinz
1 +cos*z +sin*z 4 2cosz 4+ 2sinz + 2sinzcosz
- 1 +2cosz +cos’z —sinicz
24 Zcosz +2sinz + 2sinzcosz
T 14+ 2cosz +cos¥z (1 — cosiz)
_ 2[1 - cos z 4 sin z -+ sin z cos z]
- 2cosz + 2cos® 2
_ 201 -+ cos z){1 + sin z)
— 2¢cosz(l + cos 7)
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1 4sing 3. Sﬁ{“é“=”“1-359+2mf,nEJ}U[aicﬂ=7r+1.369+2mr,na.l}.
;:os z n . 7.5 =40, ﬂ~2~js not in the range of the sine function.
:Eag;+€a.s__‘;:secz+tanz. 1?_ g:g@fﬁ s 1,165+,;7r’,;ej}‘ 11. 8§ =4,
g - =2“2:.985+2H?i’,llEJ}U{Z|Z$TL’"—.985+2!Z7L’,?EEJ}.
38. Zsing% - sin’:% = 2(1 i _3") - (1 — cos? %_) 15. S ={aje = 464 + nn, n € J1. 17. 8§ =4
R— 18, S={0|¢ =2nw,u < J}.
. Pt oot & 2 2. S={BiB = .89 +nr,n e J}.
= 1 —cos - — 1+ cos? 23. S=[y|y:2mr,neJ}U[y§y=I.23I+2mr,nEJ}U
s ¥ ¥ ¥ly=—1231 4 2nx, n e J}.
= CO8* o — <08 3
25 §= {tx{aﬂ =5 +wmne J}U e = 167 + 2um, n € JY U
Exercises 2.6 g {{E El.g =m — 167 + 2um, 1 & J)
. = =128 L, n e JTU BB = —1.249 -k p, 1 JL
L "}f & 42 3 _“Zg_ = S:{{Iitm BS54+ imone YU it =n — 955 + Znn, n € J) U
tir = 955 + 2 s 3
1 re(S5 (152 w2 LB+ £52) 4 en(2 252)] sa e
' 2 2z 2z 2 2 2 2 . : Exercises 3.2
_ 2x . 2y
ﬁcos("i“)*i“"os(j) L’I/.}-.S=-{xix2£-i_gf_1£nmj}.
== CO8§ X -+ COS Y. : Pl ELR
12 2cos2asin4au2-m%m[sin(4a+2a)+sin(4a—2a)} ' 3 SI{BW“%‘!‘%JIEJ}' 5. 8=
= sin 6a -+ sin 2a. A St{ T AT o { -
17. cos 26[2cos 48 — 1] = 2 cos 26 cos 48 — cos 20 ‘ a4 12,+2”1“J}U Py =—vz FT’"EJ}'
=2-—é—[€03(20—§—46)—%—c05(26—419)]——c0529 i 9 5—{Blﬂ=§5+%ﬁ,ﬂﬂ}'
= cos 68 + cos (—28) — cos 28 : 41, §= {x s Tl L J}.
= ¢os 08 + cos 28 — cos 26 : 1 ! 4 Rl
= ¢os 66, 13. S=lala=—.101 = - F [ o 8 o L
19. Zsin 2x cos 2x = 2(2 sin x cos x}(I — 2 sin? x) fe| i A )ta 2 2 + 0Ly e JIL
= 4 cos x(sin x — 2 sin® x). j “15 S={zlz =3 +dnz,n € J},
24, 4 sin x sin 2x sin 3x = 2(2 sin x sin 2x) sin 3x 17 S={yly ==zt 2nr,n el
1 . = S={;5’§,8=2f17r,1ze.f].
= 2{2 - uwzw[cos {x —2x) —cos (x + 2})]} sin 3x . S ={xlx—.616 + nz e J) U x|x = —.616 + nr, n € 7.
= 2[cos (—x) — cos Ix] sin 3x ‘ 3. 5=0
= 2 sin 3x[cos x — cos 3x] 5. S={zlz=2mmr,necJlUiz|z = 927+ 2un,n e JL
= 2 sin 3x cos x — 2 sin 3x cos 3x 27 S=iyly= 7f3~ L1176 + 2nm, 1 2 J).
32.é_[sin(l\-+x)+si11(3x—x)]—sin6x @) Sz{lgiﬁ=T7r+’”fs’1€~’}U{B|3$1-107+”N,HEJ}
= sin 4x + sin 2x — sin 6x. . 3. S=laje —n+ux,ne
5 T, uw
33. bm{xlx:ﬁ—%—_g—,nej}u{x§x=.369+'—l3f,ne.]}-

% Exercises 3.3
Chapter 3 ;
1. S:{aga=3’;3f,ue.r}u{ege=z+2m,nen.

3 S:{x|x=ﬂf,ne.f,u:é4k+2,kEJ}-

Exercises 3.1
—_— o o — il = ; 2
Lo S={x|x=—73+2m neJ}Ulx|x =x+ .73+ 2o, n € J]. % S={Biﬁ=%}-f-*—’;—”,nef}u{ﬁlﬁ:w+2fzw,zzef}-

3, Se{zlz=—1107 4 nm,n e JL



