162  SETS, RELATIONS AND GROUPS (Topic 9)

INVERSE

To find an inverse function, we need only to interchange the elements of the ordered pairs of
the bijection. To achieve this for a permutation we swap the rows then (usually) rearrange
the order of the columns so the elements in the first row are in ascending order.

. | 1234\7" (1234
or exampre, 3142) “\2413
1234\(1234\ (1234\/1234)\ (1234 _
3142/\2413) \2413)\3142)7\1234)7¢
EXERCISE 9F.1

1 Simplify the following compositions of permutations:

L (1234) (1234 b (1234)(1234
1423)\4231 2314/ 4312
(123 4\ (1234 g (1234 (1234\(1234
2143/ 2143 3412/(2314)4a123
2 Find:
. 123 4\" b 1234\ "
314 2 214 3

A ERIEHE

3 Prove that, for all permutations p, ¢ on {1, 2, 3, 4}, (qp)~'=p lq¢7L.

—

4 Find permutations p on {1, 2, 3, 4} such that:
1234\ (1234 b 1234\ (1234
Pilsg124)7 2413 Plog14)7\2413

5 For each of the following, construct a Cayley table and determine whether the set of
permutations is a group under composition of permutations.

a {A, B, C, D} where Az(i ; g j), B:(; ; i ;1>,
c=(3i12) »=(i133)
b {4, B,C, D} where A:<1 ; 2 i), B=<; % i ;1>,
c=(3i132) »=(i331)

Is either a or b a cyclic group?

6 Explain why the group consisting of all the permutations on {1, 2, 3, 4, 5} under
composition of permutations has no subgroups of order 7.
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ANSWERS

EXERCISE 9E.5 I

3

b no
¢ {1}, {1, 5}, {1, 7}, {1, 11}, {1, 5, 7, 11} under X1z
are subgroups

b no ¢ i asubgroup ii a subgroup

EXERCISE 9F.1 I

a (1234 b /12 3 4
3421 412 3
¢ 12 3 4 d 12 3 4
12 3 4 2 41 3
a 12 3 4 b 123 4 ¢ 123 4
2 41 3 214 3 2 4 31
a 1234 b /1234
P=\a123 P=\1214 3
a A|B|C|D . 4
AT Al Bl CIlD closed, identity A,
inverse of A is A
Bl|B|C|D]A of Bis D
c|¢|D|A|B of Cis C
D|D|A|B|C of D is B
Is isomorphic to {0, 1, 2, 3} under +4.
+4 0] 1|23
0 [0]1]2]3
1 121310 a known Abelian
2 [2]3]0]1 group
3 [3]0]|1]2 {Example 55}
B!=B, B2=C, BS=CB=D, B*=DB=A
So, is a cyclic group.
b A|B|C|D is isomorphic to
AlA|B|C|D Xs | 1]3]5]7
7T |1 7T|513]1

which is a group
So, is a group, but is not cyclic.
{1, 3, 5, 7} under xs is easily checked to be non-cyclic.

EXERCISE 9F.2 I

2 o

Anti-clockwise rotation about the centre of the rectangle
through 0°.

e Likewise but through 180°.

eeeeee S

reflection in [y
reflection in [

REVIEW SET 9A I

oD

a {a,bcde f,g,h} b {a, b d f}

¢ {a,bd, f,g, h}

AxB={(L2),(L4),22), 4,3 2, 3 4}
{o. {1} {2}, {3} {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}

a no b no

a No, e.g, (1*2)*1:3*1:%
whereas 1*(2*1):1*%:%
ie, (1x2)%1 # 1x(2x1)

10

11

12

13

14

15

16

b No,eg, (0x1)x2=2x2=2*
0% (1%2) = 0%8 =28
ie, (0x1)%x2 £ 0x(1x2)

Yes, (a x b) x ¢

=(a+b—3ab)xc
=a+b+c—3ab—3(a+b—3ab)c
=a-+b+c—3ab— 3ac— 3bc+ 9abc ... (1)

and likewise show ax (b c) is also equal to (1).

b Each integer belongs to exactly one equivalence class con-

taining all integers which have the same remainder on di-
vision by 6 as that integer. These are the six equivalence
classes [0], [1], [2], [3], [4] and [5].

b Each point (a, b) is an element of an equivalence class

containing all points lying on a square, centre (0, 0) with
vertex at (|al + |b], 0).
{(0, 0)} is an equivalence class with only 1 element.

b Each point (a, b) belongs to an equivalence class consist-
. . b .
ing of all points on the parabola y = P excluding

b
(0, 0) where — > 0.
a

Not correct as this does not show that x Rz for all =z € S.
x may not be related to any other element in the set.

* 0|1 [2(3[4]5
0(0j0|O0O]JO|O|O
11112134510
21410214 ]0]|2
3(3(0(3]0[|3]|0
41412014 ]2(0
5(1]0]|5]4|3][2
a i no ii yes il doesnotexist IW not possible
b i no ii no ifi does notexist iv not possible
¢ I no 1di yes lii doesnotexist iv not possible
d i no ii no iii doesnotexist v not possible
e i yes i yes il 0 W ——r— a1
y y 1132 3

f i no ii no il doesnotexist v not possible
a yes, ffl(zx)=¥z—5 b yes, flz)=¢"
¢ no d yes, fl(z)=12 e no
a i 123 4 ii 123 4

2143 341 2
b i 1 2 3 4 ii 1 2 3 4 ¢ n=3

14 2 3 3124

Associativity holds as 2 x 2 matrix multiplication is associa-
tive.

Closure holds as the product of any 2 x 2 matrix is always
a 2 X 2 matrix.

[ (1) (1) } =1 s the identity matrix, a = 0.

1 0
1 a 1 67 _[1 a+b] [1 0 1 a
01 0 1] |0 1 — 101 01
for all a, b € Z.
= commutativity holds

The inverse of [ (1) a } is [ ! 71a } for all a € Z.

Thus, M under matrix multiplication forms an Abelian
group.



